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Preface 





Chemical reactors are at the core of the chemical engineering discipline, 
and chemical reactor analysis and design is one of the ‘distinguishing 
courses that clearly separates the chemical engineers ‘from the other 
engineering professionals. Given that chemical reactor analysis and 
design is a mature and stable topic in the curriculum of chemical engi- 
neering, however, it is natural to ask what is the motivation for a new 
text on this topic. 

We offer our motivations here. This book grew out of the combined 
experience of the two authors teaching this subject to undergradu- 
ates for more than 30 years. Given the rapidly changing landscape 
of scale and type of reactors of interest to practicing chemical engi- 
neers (chemical vapor deposition reactors, pharmaceutical fermentors, 
micro-reactors, as well as traditional catalytic crackers, bulk polymer- 
ization reactors, etc.), it seems unwise to ‘emphasize one industrial sec- 
tor and treat its reactor types in detail. Practicing chemical engineers 
work in a broad array of industrial sectors, and many will change sec- 
tors during their careers. If chemical engineering has any important 
distinguishing characteristic, it is a set of fundamentals that apply to 
all scales and all types of reaction and transport processes involving 
chemical change. 

This book is all about reactor fundamentals. Rather than presenting 
many facts about reactors, we focus on the framework for how to think 
about reactors — a framework for thinking that enables one, with some 
experience, to establish any of these facts for oneself, and discover new 
facts given new situations.. All engineering and science textbooks do 
this to some extent; in this text, we will do it to a rather large extent. 

Computations matter in this subject. Reactor fundamentals, like the 
fundamentals in any subject, are few in number. But the diversity of 
the consequences of these fundamentals is enormous. Computational 
approaches provide a powerful and general approach to systematically 
investigating these consequences without making unrealistic simplify- 
ing assumptions. We attempt to exploit the significant advances in 
computing algorithms, software, and hardware in order to revise and 
streamline the presentation of reactor fundamentals. We focus on two 
high-level languages intended for numerical computation, Octave and 


Vii 


Matias. Octave is freely available for a variety of hardware platforms 
and can be down-loaded from www.octave.org. Matias is commer- 
cially available from The MathWorks, Inc., and is becoming a commonly 
available tool of industrial engineering practice. These languages allow 
us to focus on essentials and ignore programming details, which is the 
goal of any “high-level” language. 

Students should not feel compelled to recall the detailed informa- 
tion in the figures, but recall only the concepts, principles and main 
results. Students will have the computational tools to re-create the fig- 
ures in this or any other textbook on this subject. For example, all 
calculations required for the figures in this text were performed with 
Octave. Students should not feel compelled to memorize design equa- 
tions for reactor types. The goal is to develop sufficient expertise so 
that students can set up appropriate models from the basic principles 
for each new problem they encounter. That is the time-tested way to 
instill confidence that one can analyze a new situation, which we fully 
expect to be the experience of practicing engineers. 

Newly practicing engineers certainly will need to learn the economics 
of manufacturing their main products, main reactor configurations, de- 
tailed energy-recovery schemes, contacting patterns, new catalysts, and 
reactor monitoring and control systems. Rather than make inadequate 
efforts to include all of this information as a survey during the reactor 
design course, we feel this material deserves separate coverage, or can 

be learned during the early years of engineering practice. We do not 
regard it as poor preparation that some of this information is not in- 
cluded in university curricula; rather, we regard learning this material 
on the job as part of the maturation process of the practicing profes- 
sional chemical engineer. 

Finally, we hope the text conveys some of the excitement that chem- 
ical engineers feel for chemical reactions and chemical reactors. Under- 
standing the fundamentals prepares you to investigate new situations. 


Grounding in the fundamentals enables you to explore with confidence 
and be creative. Enjoy. 


JBR 


JGE 
Madison, Wisconsin 


Austin, Texas 
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Setting the Stage 





1.1 Introduction 


The chemical reactor lies at the heart of most chemical processes. The 
design and operation of the reactor often determine the success or fail- 
ure of the entire process. In the overall process, feedstocks are deliv- 
ered to the chemical reactor at the appropriate temperature, pressure, 
and concentrations of species. The chemical reactor is that essential 
component in which the feed is converted into the desired products. 
The chemical reactor is the place in the process where the most value 
is added: lower-value feeds are converted into higher-value products. 

The reactor is normally followed by separation processes that sep- 

arate the products from the unreacted feed and the reactor byprod- 
ucts. The modern chemical processing plant, whether processing fine 
or commodity chemicals, manufacturing pharmaceuticals, refining pet- 
roleum, or fabricating microelectronic devices, is a highly integrated 
operation. In addition to meeting production and purity goals, the pro- 
cess design and operation also are influenced by the sometimes con- 
flicting goals of minimizing energy consumption, and minimizing the 
amount of feed or product that must be kept in storage. 

Many aspects of reactor analysis and design are treated in this text, 
including predicting performance, specifying initial and feed condi- 
tions, sizing the reactor, specifying operating conditions, and selecting 
the reactor type. To accomplish these goals, we construct and illustrate 
a set of reactor analysis and design principles. As we will see, the prin- 
ciples are small in number, but the consequences of the principles are 
rich, diverse and complex. These principles can be applied at many size 
Scales to many different types of chemically reacting systems. While 
the reactor of interest is often a man-made vessel, sometimes the Te- 
actor is a living organism. We will illustrate throughout the text, using 
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many different examples, the diversity of systems and issues addressed 
by chemical reactor analysis and design. 


Batch, continuous-stirred-tank, and plug-flow reactors. We model 
many chemical reactors using three main reactor archetypes: batch, 
continuous-stirred-tank, and plug-flow reactors. By virtue of their de- 
sign and the typical operating conditions, many complex chemical re- 
actors can be well approximated by these three simple reactor types. 
The material and energy balances of these three reactors are sets of 
first-order, nonlinear ordinary differential equations (ODEs) or nonlin- 
ear algebraic equations, or in some situations, differential algebraic 
equations (DAEs). The great simplification that has become standard 
practice in introductory reactor design texts is to neglect the momen- 
tum balance and a ‘careful treatment of the fluid flow pattern within the 
reactor. 

Concentration, temperature and pressure are therefore the usual 
dependent variables that are solved as functions of time or distance 
along the reactor as the independent variable. Sometimes the reactor 
model is quite simple, such as describing a single reaction in an iso- 
thermal reactor, and a single ODE or algebraic equation describes a 
single species concentration or extent of a single reaction. More often 
the design involves many reactions and nonisothermal operation, and 
coupled sets of ODEs or algebraic equations are needed to describe 
the temperature, pressure and species concentrations. Regardless of 
the complexity, the design problem is approached in the same manner 
using the same set of principles. In all but the simplest cases, numer- 
ical methods are required to solve the models. Fortunately, high-level 
programming languages are readily available and easily can be used to 
solve the complex models. We make extensive use of numerical meth- 


ods and high-level programming languages in this text to solve complex 
models. 


1.2 Some Classifications and Terminology 


Ideal mixing and plug flow. The batch, continuous-stirred-tank, and 
plug-flow reactors are defined by certain idealized assumptions on the 
fluid flow. The batch and continuous-stirred-tank reactors are assumed 
to be ideally well mixed, which means that the temperature, pressure 
and species concentrations are independent of spatial position within 
the reactor. The plug-flow reactor describes a special type of flow in a 
tube in which the fluid is well mixed in the radial direction and varies 
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only in the axial or tube length direction. Plug flow often describes 


well the limit of fully developed turbulent flow, i.e., flow in the limit of 
Jarge Reynolds number. If the flow in a tubular reactor is not turbulent 
(Reynolds Number less than 103-10*), then the flow may not be well 
modeled as ideal plug flow, and other models are needed to describe 
the reactor. 


Homogeneous and heterogeneous reactions. Another important re- 
actor Classification pertains to the phase in which the reaction occurs. 
The reactants and products of homogeneous chemical reactions are in 
asingle phase. Examples include: steam cracking of ethane to ethylene, 
and the photochemical reactions of chlorocarbons in the troposphere 
that lead to ozone destruction for gas-phase reactions; enzymatic iso- 
merization of glucose to fructose, and esterification of an acid and al- 
cohol to produce an ester for liquid-phase reactions; and, the fusing of 
limestone and charcoal to produce calcium carbide, and the interfacial 
reaction between strontium oxide and silicon dioxide to form strontium 
silicate for solid-phase reactions. Sometimes the reactants and prod- 
ucts are transported through the reactor in one phase, but the reaction 
occurs in a different phase, often a solid phase. The heterogeneously 
catalyzed reactions such as zeolite-catalyzed cracking of high-boiling 
crude oil and iron-catalyzed ammonia synthesis from hydrogen and ni- 
trogen involve two phases. Sometimes three phases are present simul- 
taneously during the reaction, such as synthesis gas (CO + Hz) reactions 
over iron-based catalysts that are suspended in a high molecular weight 
alkane to help moderate the reaction temperature and dissolve the re- 
action product. Multiphase reactions need not involve heterogeneous 
catalysts. The reaction of liquid p-xylene and gaseous O? to produce lig- 
uid terephthalic acid, occurs via free-radical intermediates in the liquid 
phase of the reactor. Another two-phase, noncatalytic reaction is the 
low-pressure epitaxial growth of Si(100) films from gas-phase disilane 
(Si2Hg). 


Batch, semi-batch and continuous operation. The operation of the 
reactor can be classified as batch, semi-batch and continuous. In batch 
operation, the reactor is charged with reactants, the reaction takes 
place, and after some processing time the contents of the reactor are 
removed as product. Batch reactors, depicted in Figure 1.1, are often 
used for liquid-phase reactions, and the manufacture of low-volume, 
high value-added products, such as specialty fine chemicals, pharma- 
ceuticals and fermentation products. Batch reactors also are used in 











Figure 1.1: Schematic diagram of a 
batch reactor. 





Figure 1.2: Expanded view of the 
internals of a batch reactor. Cour- 
tesy of Autoclave Engineers, Divi- 
sion of Snap-tite, Inc. 
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situations where it is not prac- 
tical to implement a continuous 
process. The great flexibility of 
batch processing allows the reac- 
tor to be used for the manufacture 
of many different products. Fig- 
ure 1.2 provides an expanded view 
of the internals used in a batch 
reactor showing the cooling coils, 
tubes for adding (sparge tube) and 
removing (sample tube) fluid, and 
baffles to ensure complete mixing. 
This unit is placed in a cylindrical 
vessel that comprises the exterior 
of the batch reactor. 


The batch cycle begins by 
charging the reactants to the ves- 
sel, and often heating the reac- 
tants to the reaction temperature. 
The cycle often ends by bring- 
ing the contents to a. discharge 
temperature, emptying the vessel, 
and cleaning the vessel before the 
next charge of reactants. Product 
may or may not form during these 
preparation steps and they often 
involve manual labor, so manufac- 
turing costs can be considerably 
higher than a corresponding con- 
tinuous process. 


The semi-batch process is sim- 
ilar to the batch process except 
feed addition occurs during the 
batch cycle. Products may also 
be removed during the semi-batch 
process. The addition/removal 
policy allows one to control the re- 
action rate or heat release during 
reaction. The semi-batch reactor 
also may provide. more complete 
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Figure 1.3: Schematic diagram of a CSTR; the effluent composition 
of the CSTR is identical to the conditions that exist in the 
reactor. 


use of the reactor volume in reactions such as polymerizations that 
convert lower-density reactants to higher-density products during the 
course of the reaction. 

The continuous-stirred-tank reactor (CSTR) is shown in Figure 1.3. 
Reactants and products flow into and out of the reactor continuously, 
and the contents of the reactor are assumed to be well mixed. The well- 
mixed assumption can be realized more easily for liquids than gases, 
so CSTRs are often used for liquid-phase reactions. The fluid compo- 
sition and temperature undergo a step change when passing from the 
feed stream into the interior of the reactor; the composition and tem- 
perature of the effluent stream are identical to those of the reactor. 

The CSTR is used extensively in situations where intense agitation 
is required, such as the addition of a gaseous reactant to a liquid by 
transfer between the bubbles and the continuous liquid, and the sus- 
pension of a solid or second liquid within a continuous liquid phase. 
Polymerization reactions are sometimes conducted in CSTRs. It is com- 
mon to employ a cascade or series of CSTRs in which the effluent from 
the first reactor is used as feed to the second and so forth down the cas- 
cade (Figure 1.4), The cascade permits one to realize high conversion 
of reactant, while minimizing total reactor volume. 

The plug-flow reactor (PFR) is a constant cross-section, tubular re- 
actor as depicted in Figure 1.5. Under turbulent flow conditions, the 
velocity profile becomes plug-like, which greatly simplifies the mate- 


< rial and energy balances. The velocity, composition and temperature 
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Figure 1.4: Schematic diagram of five CSTRs in series; the effluent of 
each reactor becomes the feed to the next. 
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Figure 1.5: Schematic diagram of a plug-flow reactor. 


are functions of only the axial position. In this text, we are usually 
interested in only the steady-state profile in the tube and neglect the 
dynamics. 

Plug-flow reactors are used for gas-phase and liquid-phase reac- 
tions. If the PFR is filled with a porous catalyst and the fluid flowing 
in the void space is turbulent, the reactor is referred to as a fixed-bed 
reactor. We will see that the isothermal PFR usually leads to higher con- 
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Figure 1.6: Cross-sectional view of a 1 yl combinatorial screening 
reactor. Copyright 2001, Symyx Technologies, Inc., used 
with permission.! 


version of reactant per unit volume than the CSTR, i.e., there is more 
efficient use of volume in a PFR. For this reason, PFRs are employed in 
situations that require high capacity and high conversion. PFRs also 
are used in situations involving highly exothermic or endothermic re- 
actions; a bundle of small-diameter tubes can be placed in a furnace 
for endothermic reactions, or surrounded by a high-temperature boil- 
ing fluid for exothermic reactions. PFRs are the reactor of choice for 
gas-phase reactions due to the problems of mixing gases in a CSTR. 


1.3 Scale 


The size or volume of chemical reactors varies widely. Reactor volumes 
can range from hundreds of nanoliters for combinatorial, lab-on-a-chip 
reactor systems, to several hundred thousand liters for certain petro- 
leum refining operations. In the combinatorial reactors, one is inter- 
ested in determining if a reaction proceeds and in minimizing the scale 
of the experiment so many combinations or conditions can be screened 
rapidly. Figure 1.6 presents a schematic view of 1 Hl test reactors that 
are used for combinatorial screening of heterogeneous catalysts. 
Figure 1.7 presents an assembled view of these reactors. As many 
as 256 different catalyst formulations can be deposited into shallow 





: TAN rights reserved, U.S. Patent No. 5,985,356, 6,004,617. Additional U.S. and for- 
eign patents pending. 
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Figure 1.8: Top view of a combinatorial reactor gas-distribution net- 
work. Copyright 2001, Symyx Technologies, Inc., used 
with permission.! 





Figure 1.7: Assembled view of 256 1-uL reactors built into a 3-in by 
3-in support wafer. Copyright 2001, Symyx Technolo- 
gies, Inc., used with permission.! 


wells in a 3-in by 3-in support wafer. By changing the gas flowrates, the 
residence time can be be varied from 10 ms to 1s. Uniform flow dis- 
tribution to each of the reactors is but one of the design challenges for 
ihis small-scale, massively parallel device. The B-tree flow distribution 
nelwork to accomplish this is shown in Figure 1.8. 

At the oppasite end of the spectrum, the size of petroleum retin 
ing reactors is dictated by a desire to maximize production given a 
Mixed reaction rate. These reactors are therefore large. For example, 
Figure 1.9 displays a 950-1, low-density polyethylene polymerization Figure 1.9: Polyethylene r 
reactor. This process is discussed farther in Section 13. designed to operate at 35,000 psi and 600 F: in opera 


The Ume required for chemical reaction also varies widely. Jn the tion, this reactor is in a vertical Configuration. Courtesy 
of Autoclave Engineers, D 





tor: this 1G-in innerdiameter reactor is 
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reactor. Por low systems we define residence time, which is the reactor 
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volume divided by the feed volumetric flowrate; this quantity has the 
units of time, and can be thought of as the time required to displace the 
equivalent of one reactor volume. Batch times and residence times can 
be as short as milliseconds for high-temperature, gas-phase reactions, 
such as ammonia oxidation and HCN synthesis in flow reactors, or as 
long as days for liquid-phase fermentation reactions in batch reactors. 

The rate of chemical reaction has units of moles/time-volume and 
is a function of temperature and composition. If the rate is high, as we 
would anticipate for a high-temperature oxidation or pyrolysis reaction, 
the time needed for a desired production rate is small. Similarly, if the 
rate is low, a long time is needed. The reactor volume is determined by 
the reaction rate and amount of product to be manufactured. 


1.4 Some Examples 


We live in a chemical world and most of the items you use in daily life 
result from chemical processes, including the ink on this page and the 
paper itself. Chances are one or more of the articles of clothing you 
are wearing are made from synthetic fibers. We are surrounded by and 
regularly use items that are made from plastics and polymers. The 
automobiles we drive and the fuels we use to power them depend on 
products made in chemical reactors. Electronic devices and computer 
chips require a myriad of chemical reaction steps in their manufacture. 
Chemical reaction engineering is the core discipline that designs, ana- 
lyzes and creates the processes to convert natural resources into other 
intermediate chemicals and final products. 


1.4.1 Chemical Vapor Deposition of Silicon-Germanium Alloy Films 


The demand for faster microelectronic devices with higher reliabil- 
ity, lower power requirements, and lower cost is driving the current 
silicon-based devices close to their physical limits. One solution that 
permits the traditional silicon-based circuit design to be retained is to 
use silicon-germanium alloys in place of silicon in the active region 
of the device. Silicon-germanium alloys have higher mobilities than 
silicon and a lower bandgap enabling faster speeds and lower power. 
Devices such as heterojunction bipolar transistors and field-effect tran- 
sistors are fabricated by a series of steps that involve masking the 
semiconductor wafer with a coating, selectively removing regions of 
the mask with lithography, implanting dopant ions such as boron or 
phosphorous, and adding layers of metal and dielectrics to build up the 
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device from the wafer sur- 
face {18, 7, 11]. For silicon- 
germanium alloy-based devices, 
a thin film (tens of nanome- 
ters to microns) is grown onto 
Si(001) wafers. Typically the re- 
actants are hydride gases, such 
as disilane (SioHe) and germane 
(GeH4), at pressures on the or- 
der of 0.1 to several torr in 
a process known as chemical 
vapor deposition (CVD). Device 
speed and performance are re- 
lated to the amount of Ge in the 
alloy, and control of the film 
composition is critical. 





As microelectronics manu- 
facturing moves to ever larger 
wafers (currently 300-mm. di- 
ameter wafers are routine), 
single-wafer reactors are used 
in the manufacturing process- 
ing steps (Figure 1.10). Ina 
single-wafer reactor, the wafer 
is supported in the horizontal 
position, a gas distribution sys- 
tem is used to ensure uniform 
flow of reactants over the wafer 
surface, and the wafer is heated 
radiatively to maintain the entire cross section at a constant temper- 
ature. When the pressure is low enough, the diffusion lengths of the 
gas-phase components are long enough that one can assume the gas 
phase to be well mixed, uniform and independent of position. This 
means the gas phase can be modeled as a CSTR in which gas enters 
and leaves the reactor in the flow streams and undergoes reaction at 
the surface of the wafer. 

Much is known about the chemistry that takes place during film 
growth [5, 19, 15, 2, 12, 13]. This information can be compactly sum- 
marized in a fairly small, reduced-order kinetic model that accounts 
for surface and gas-phase components, and can be used to predict the 


Figure 1.10: Top view of a single-wafer 
CVD reactor; single-wafer processing 
generally employs cluster tools that 
permit a wafer to be shuttled between 
the different reaction/process cham- 
bers without exposing it to contami- 
nation or ambient conditions; the top 
view of one reactor shows the pins on 
which a wafer rests during the CVD re- 
action. Courtesy of Applied Materials. 
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film growth rate [9]. One such kinetic model consists of eight reactions 
among nine species. The reactions are 


SigHs(g) + 6Si(s) 2 GSIH(s) + 2Si(b) 
SioHe(g) + 4Si(s}+ 2Ge(s) E 6SiH(s) + 2Ge(b) 
SisHe(g) + 5Si(s)+ Ge(s) Æ 6SiH(s)+ — Silb) + Ge(b) 
GeHs(g) + 4Ge(s) = 4GeH(s) + Gelb) 
GeH4(g)+ 3Si(s)+  Ge(s) is 2GeH(s) + 2SiH(s) + Si(b) 
2SiH(s) Œ 2Si(s) + H2(g) 
2GeH(s) 2Ge(s) + H2(g) 


SiH(s) + Ge(s) Si(s) + GeH(s) 


Fiz le 


where the symbols (s), (b) and (g) refer to the wafer surface, the wafer 
bulk, and the gas phase, respectively. The production rates of the nine 
“species follow from the stoichiometry of the eight reactions and the 
reaction rates as we will see in Chapter 2, and are given by 


Rsigtig = ~11 = 12 ~ 73 

Reet, = ~¥a = 15 

Rss) = —6r1 ~ 42 — 53 — 375 + 276478 
Roe(s) = ~22 — Y3 ~ 414 — Y5 + 207 — Y8 
Rsiti(s) = 671 + 6r2 + 673 + 275 — 2r6 — T8 
Roents) = 414 + 2r5 — 277 + Yg 

Resp) = 271 +73 +75 

Ree) = 272 + 13 + Y4 

Rup = Ye +17 


The production rates enable us to follow the changing composition of 
the gas phase, the surface, the film growth rate, and the Si/Ge film alloy 
composition. 


1.4.2 Hydrodesulfurization 


Crude oil contains a number of organosulfur compounds (RS), includ- 
ing thiols, sulfides, thiophenes and alkyl-substituted thiophenes [8], 
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Figure 1.11: Representative organosulfur compounds illustrating 
the aromatic character of the molecules; when the alkyl 
substitution position is near the $ atom, it is difficult to 
desulfurize the molecule. 


some of which are shown in Figure 1.11. The sulfur must be removed 
from the petroleum feeds to prevent it from poisoning precious metal 
catalysts that are used in many refinery processes and to meet the re- 
strictions for sulfur content in fuels. The total sulfur content of crude 
oil can easily be several percent and it must be reduced to several parts 
per million (ppm). This sulfur is removed by treating the petroleum 
feed with hydrogen at high pressures in a fixed-bed or trickle-bed cat- 
alytic reactor; the process is referred to as hydrodesulfurization (HDS) 
[3]. During HDS the carbon-sulfur bonds are broken and the hydrogen 
replaces the sulfur and H2S is formed. 


RS + 2H» — RH? + Hes 


The fixed-bed reactors typically operate in the temperature range 525- 
750 K, and hydrogen pressure range 35-100 atm. 

Figure 1.12 presents a simplified process diagram. The feed is heated 
and mixed with hydrogen in the inlet to a fixed-bed catalytic reactor, 
HDS is an exothermic reaction and if the reactor temperature becomes 
too high, undesired side reactions occur, such as the hydrogenation of 
the unsaturated bonds and hydrogenolysis of the C—C bonds. Multi- 
ple beds operating in series and at different temperatures, with inter- 
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Figure 1.12: Simplified hydrodesulfurization process diagram; three 
separate fixed-bed catalytic reactors in series; reactor 1 
is used as a guard bed in which the metals are removed 
to not poison the HDS catalyst; reactors 2 and 3 permit 
control over temperature and sulfur removal. Adapted 
from McCulloch [8]. 


bed cooling, is one way to control the temperature and to ensure the 
complete removal of the sulfur. Separate reactors in series permit the 
reactor sequence to be changed as catalyst activity degrades with time. 
Figures 1.13 and 1.14 present two views of a multi-bed fixed-bed re- 
actor in which the beds are built into one vessel. Within each section 
containing catalyst, the reactor is modeled as a fixed bed. After cooling 
the outflow of one of the beds, the reaction is allowed to proceed in the 
next section. Multi-bed reactors are generally employed with exother- 
mic reactions, and the fixed-bed sections are operated adiabatically. In 
this way, the reactor temperature can be controlled by the heat removal. 
These concepts are discussed in Chapter 6. Figure 1.14 shows an ex- 
panded view of the internal construction of a fixed-bed reactor; trays to 
support the catalyst particles and distribute the flows uniformly across 
the reactor cross section are shown. Commercial HDS reactors such as 
shown in Figure 1.14 can hold up to 60,000 kg of catalyst. 

Optimal reactor operation and design are two methods to maximize 
sulfur removal. In addition, considerable research effort is focused 
on finding new catalysts to improve activity, selectivity and durability, 
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and to adapt to the ever more Inlet 
stringent emission standards [10]. 
The catalytic reaction chemistry is 
quite complex. As can be seen 
from Figure 1.11, the organosulfur 
molecules are highly unsaturated, 
and in addition to hydrogenation 
of the C—S bonds, one wants to 
avoid saturation of all the C=C 
double bonds. The catalysts have 
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different types of sites, which com- Quench zone gas 
plicates the kinetic model [10]. Hy- 
drogen must adsorb dissociatively. 

_ Quench 


The organosulfur molecule must 
adsorb and orient itself so that the 
sulfur atom is over an active site, 
such as an exposed molybdenum 
atom on a molybdenum disulfide 
catalyst. The reaction rate is influ- 
enced by the relative amounts of 
reactants (adsorbed hydrogen and 
organosulfur molecule) and the re- 
activity of the catalyst. Describ- 
ing the rate of these kinds of com- 
plex reactions on catalyst surfaces 
is covered in Chapter 5, where we 
show the rate of the HDS reaction 
can be expressed by 


gas 








Figure 1,13: Cross-sectional 
view of a commercial HDS 
reactor containing four fixed- 
bed reactors with interstage 
cooling/quenching; quench- 
ing is necessary to limit the 
temperature increase for 
this exothermic reaction. 
Adapted from UOP LLC. 
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1.4.3 Olefin Polymerization 


Polyethylene is a major commodity plastic, with more than 33 billion 
pounds of the resin produced in the United States in 2000 [1]. Poly- 
ethylene encompasses a family of semicrystalline polymers with eth- 
ylene as the major building block [6]. The resins are loosely grouped 
into three classes: low-density polyethylene (LDPE), high-density poly- 
ethylene (HDPE), and linear-low-density polyethylene (LLDPE). LDPE is 
a homopolymer of ethylene with side-chain branching at a frequency 
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Figure 1.14: Expanded view ofa 
multi-bed HDS reactor showing 
the gas distribution tray at the 
top and the catalyst support tray 
in the middle; these reactors can 
range in diameter from 1.5-5 m. 
Courtesy of UOP LLC. 
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of 2-50 per 1000 carbons in the 
chain. Its density is in the range 
0.915-0.940 g/cm3. HDPE can be 
a homopolymer or, more commonly, 
a copolymer with butene or hex- 
ene, and has a density greater than 
0.940 g/cm’, and a much lower den- 
sity of side branches than LDPE, 0.5- 
10 branches per 1000 carbons in the 
chain. LLDPE is a copolymer of eth- 
ylene and small amounts of «-olefins. 
By changing the density, molecu- 
lar weight, and branching-group fre- 
quency and type, the chemical resis- 
tance and mechanical properties can 
be tailored to a variety of uses. Poly- 
ethylene is used in films for bags and 
packaging, ranging from garbage and 
trash bags to whole blood storage; 
coatings for paper, metal and electri- 
cal wires; containers; and piping and 
tubing. 

Low-density polyethylene is pro- 
duced in a free-radical initiated, high- 
pressure process. Free-radical poly- 
merization mechanisms and kinetics 
are discussed in Chapter 5. The poly- 
merization process begins with an ini- 
tiation reaction between ethylene and 
an initiator to form a primary radi- 
cal. The primary radical undergoes 
step-wise chain growth (propagation) 
until it is terminated by a variety of 
mechanisms that stop chain growth. 
The LDPE reactors are either stirred 
autoclaves or tubular reactors. Fig- 
ure 1.9 displays a commercial LDPE 
tubular reactor. Typical tubular reac- 
tors have diameters of 15-30 in and 
lengths of 17-25 ft, and operate in the 
pressure range of 30,000-45,000 psi 
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increases. The temperature Figure 1,15: Simplified polymerization 


control is accomplished by process. This material is used by permis- 
limiting the amount of ethyl- sion of John Wiley & Sons, Inc., Copyright 
ene converted within the re- ©1996 [6]. 


actor and/or removing heat 
through the reactor walls. 

High-density polyethylene is produced at lower pressures, from 
10-30 atm. HDPE requires a catalyst [22, 17, 6]. Various catalysts 
have been used including: chromium oxide supported on an inert 
porous substrate such as silica; a Ziegler catalyst consisting of tita- 
nium or vanadium compounds (TiCly, TiCl;, VOCls) on a support (sil- 
ica, MgClo, graphite, carbon black) and an organoaluminum cocatalyst 
(Al(C2H5)3); and, a metallocene (a complex of zirconium, titanium or 
hafnium containing cyclopentadienyl rings) and an organoaluminum 
cocatalyst. HDPE processes can employ a slurry of catalyst, polymer 
and diluent. One such slurry process involves circulating the reaction 
mixture at 5-12 m/s around a loop that can range from 0.5-1.0 m in 
diameter and 200 m in total length. The heat of reaction is removed by 
a cooling jacket that surrounds the reactor, and the high flowrate en- 
Sures turbulent flow within the loop [6]. Ethylene, catalyst and diluent 


-are fed continuously. Polymer particles form and are removed contin- 


uously; these particles reside in the reactor loop for 0.5-2:5 hr, and are 
removed after they settle in a side leg of the loop. Ethylene conversion 
can reach 95-98%. 


Gas-phase polymerization also is used for HDPE in the process rep- 


-Tesented schematically in Figure 1.15. The cylindrical reactor can be 
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25-30 ft in diameter and have a five-to-one length-to-diameter ratio. 
High linear velocities serve to fluidize the catalyst particles that form; 
fluidization facilitates removing the heat of reaction. Catalyst is added 
continuously and polymer particles are removed once they reach a par- 
ticular size (about 500-1000 ym). The reactor diameter is larger at the 
top, which lowers the linear velocity and acts to disengage the poly- 
mer particles from the unreacted gases. These same reactors are used 
for LLDPE. The choice of catalyst and the presence of inert gases and 
comonomers are used to regulate the polymer resin properties and 
molecular weight. The reactor typically operates at 220-370 psig and 
160-205°F. 


1.4.4 Hepatitis B Virus Modeling 


As a final example, we wish to display the wide scope of chemical reac- 
tion modeling principles. Consider Figure 1.16, which shows some of 
the biochemical reaction events that occur in a single cell during the re- 
production cycle of the hepatitis B virus [4, p.767]. The understanding 
and modeling of these biochemical events is an area of current research 
activity [14, 20, 21, 16]. 

The following is a simplified but useful model of part of this repro- 
ductive system 


ccecDNA 


nucleotides “~~ rcDNA (1.1) 

nucleotides + rcDNA — cccDNA (1.2) 
amino acids “N^ envelope (1.3) 

eccDNA — degraded (1.4) 

envelope — secreted or degraded (1.5) 


rcDNA + envelope — secreted virus (1.6) 


These reactions correspond to the following steps in Figure 1.16: 
1. Reaction 1.1 accounts for Steps 5, 9-11. 
Reaction 1.2 accounts for Step 12. 


Reaction 1.3 accounts for Steps 5-7. 


abas GS 


Reactions 1.4 and 1.5 are not present in Figure 1.16, but may prove 
useful to explain potential loss of active cecDNA. 


Reaction 1.6 accounts for Steps 13-15. 
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Figure 1.16: The chemical events comprising the reproduction cycle 
of the hepatitis B virus. Courtesy of ASM Press [4]. 


When we change to this context, the “chemical reactor” of interest 
becomes the living cell or, if we also model the cell population, the hu- 
man liver. The chemical reaction modeling principles remain valid. In 
Chapter 4 we use this simple model to make quantitative predictions 
about the evolution of the viral species concentrations. We also show 
how to model systems that have small concentrations of species, down 
to less than a few hundred molecules. In Chapter 9 we explore estimat- 
ing the rate constants that appear in this virus model given the kinds. 
of laboratory measurements that are available. 
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Tailoring a model to make successful quantitative predictions of a 
system of interest is still more of an art than a science. We should 
not underestimate the complexity of some of the systems of interest 
to chemical engineers. Because we cannot inchide all the details, our 
models are always incomplete, and it is possible to make naive use of 
modeling approaches, and produce models with little connection to re- 
ality and little predictive value. This caution is perhaps especially true 
for biological systems. On the other hand, if we wish to increase our un- 
derstanding of a chemically reacting system, skillful model building is 
often an indispensable part of the overall investigation. Simple models 
often can explain complex system behavior, especially when feedback 
mechanisms or autocatalytic steps are involved. The main goal of this 
text is to build the skill set with which chemical engineers apply reac- 
tion modeling tools to understand chemically reacting systems. 


1.5 An Overview of the Text 


Chapter 2. The remaining text is divided into eight chapters. We be- 
gin in Chapter 2 by discussing stoichiometry or the quantitative rela- 
tionship between the different chemical species undergoing chemical 
reaction. We define chemical reaction rate and species production rate, 
cand develop the accounting system for tracking the change in the reac- 
tion extent and the species concentration. Since most processes involve 
multiple chemical reactions, we make free use of matrices and linear 
algebra to summarize compactly the reaction stoichiometry. 


Chapter 3. Next, in Chapter 3, we briefly review the important facts 
concerning the equilibrium state of a system undergoing chemical re- 
action. Most chemical processes do not reach equilibrium, but knowl- 
edge of the equilibrium state of the system allows one to define limits 
of reactor performance and identify operating conditions to realize de- 
sired production rates. The conditions for equilibrium are developed 
using the Gibbs energy and the chemical potential or species activity. 
We also briefly review phase equilibrium so that we are prepared for 
multi-phase reactions. The condition for chemical and phase equilib- 
rium is generally stated as the minimization of an appropriate energy 
function or maximization of entropy. The use of numerical optimiza- 
tion methods is illustrated for solving complex reaction equilibrium 
problems involving many reactions. 


Chapter 4. In Chapter 4 we develop the material balances for the 
three reactor types: batch (and semi-batch), continuous-stirred-tank, 
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and plug-flow reactors. We consider homogeneous, single-phase, iso- 
thermal reactions at this point. We derive and illustrate the use of the 
pasic material balances for single and multiple reactions using molar 
concentration or molar flow as the only dependent variable. We also 
consider the volume change upon reaction and show how to employ the 
equation of state to complement the species material balances in situ- 
ations in which the fluid density is not constant. We also introduce the 
use of stochastic simulation to simulate reaction kinetigg in well-mixed 


reactors. ~ 


Chapter 5. We feel it works best to introduce the chemical reactor as 
soon as possible in Chapter 4, so we delay a comprehensive study of 
reaction rates and reaction rate expressions until Chapter 5. In Chap- 
ter 5 we provide a simple, theoretical framework for predicting the rate 
of a chemical reaction and for relating detailed statements of the reac- 
tion chemistry to reaction rates. We treat both homogeneous and het- 
erogeneous reactions. Because chemical reactions occur at extremely 
different rates, and species are present in extremely different concen- 
trations, we can often reduce the complexity of the reaction mechanism 
without changing the main features of the model. We develop the two 
main procedures for reducing the reaction mechanism complexity: the 
reaction equilibrium assumption, and the quasi-steady-state assump- 
tion. We illustrate the use of these assumptions in developing kinetic 
expressions, such as free-radical polymerization kinetics. The chapter 
concludes with a discussion of mechanisms for reactions occurring at 
the surfaces of solid catalysts. 


Chapter 6. In Chapter 6 we develop the energy balance for the chem- 
ical reactor. The combined material and energy balances provide us 
with a rich description of many chemically reacting systems. The cou- 
pling of the material and energy balances also provides some surprises. 
The reactor behavior can become complex and interesting, and we ex- 
plore some of the complex behavior such as multiple steady states and 
Sustained oscillations. We explore such issues as how to remove or add 
heat to the system to overcome equilibrium limitations on conversion, 
and how to integrate a process to use the heat of reaction to preheat 
the feed entering the reactor. 


Chapter 7. Chapter 7 considers the industrially important case of het- 
erogeneous reactions taking place in solid catalyst particles. In the 
catalyst particle, we must consider the combined reaction-diffusion 
-Problem to be able to evaluate the temperature and the species con- 
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centrations. The material and energy balances for reaction-diffusion in 
catalyst particles result in fairly challenging boundary-value problems, 
and we discuss numerical methods for solving them. Packing the solid 
catalyst particles in a tube and passing a fluid stream over them pro- 
duces the fixed-bed reactor. We show how to couple the fluid balances 
to the catalyst particle balances in order to predict the overall fixed-bed 
reactor behavior. 


Chapter 8. The tradition in introductory reactor design courses is to 
neglect a careful treatment of the fluid flow and use the simplified, 
ideal reactors for modeling. In Chapter 8 we explore what to do when 
the reactor flow pattern is not well represented by these ideal mixing 
assumptions. We introduce the reactor residence time distribution and 
describe the general issues of mixing in chemical reactors. We describe 
the limitations of these approximate mixing models. In some cases, ac- 
curate modeling requires one to solve for the complete velocity profile 
in the reactor, Although that topic is beyond the scope of this text, 
computational fluid dynamics software is evolving to the point that 
this approach is becoming tractable for many problems of interest. 


Chapter 9. The fundamental reactor modeling principles covered in 
Chapters 2-8 provide the framework in which we think about chemi- 
cal reactors. We understand which phenomena cause which observed 
reactor behaviors, and which design variables should be changed if 
we wish to alter the reactor performance. But when we want to make 
quantitative predictions of reactor performance, we require values for 
the model parameters. Itis a simple fact that most of the parameters 
needed for the chemistries and reactor configurations of interest are 
not available in the literature. To make these models useful in stan- 
dard industrial practice, therefore, we must be able to conveniently 
determine or estimate these parameters from experimental data col- 
lected on the system of interest. Chapter 9 covers this important topic 
of parameter estimation, which is not usually addressed in a systematic 
manner in introductory treatments of reactor analysis and design. 


Appendix A: Computational Methods. Finally, in Appendix A we 
summarize the numerical methods that have been necessary to solve 
the reactor models presented in the text. Linear algebra and matri- 
ces are introduced to handle reaction stoichiometry involving multi- 
ple reactions. Methods for solving ordinary differential equations and 
differential-algebraic equations are the real workhorses of reaction en- 
gineering; they are required in solving the material and energy balances. 
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We also make extensive use of methods to compute the sensitivities 
of solutions of differential equations to the parameters appearing in 
the model. These sensitivities are needed for two purposes. First, 
: they help in the problem of estimating model parameters from data. 
Second, they provide one means for solving the challenging boundary- 
value problems that arise with simultaneous reaction and diffusion in 
catalyst pellets. Optimization methods are used extensively in science 
and engineering. In this text, we used optimization for three main pur- 
poses: finding the equilibrium state for complex situations involving 
multiple reactions and multiple phases; estimating model parameters 
from data; and solving reactor design problems. 








Bibliography 





[1] Facts and figures for the chemical industry. Chem. Eng. News, 79(26):43- 
51, 2001. 

[2] T. Bramblett, Q. Lu, T. Karasawa, M. Hasan, S. Jo, and J. Greene. Si(001)2x1 
gas-source molecular-beam epitaxy from SizHẹ: Growth kinetics and 
boron doping. J. Appl. Phys., 76(3):1884-1888, 1994. 

[3] R. J. Farrauto and C. H. Bartholomew. Fundamentals of Industrial Catalytic 
Processes, Blackie Academic and Professional, London, UK, 1997. 

[4] S. J. Flint, L. W. Enquist, R. M. Krug, V. R. Racaniello, and A. M. Skalka. Prin- 
ciples of Virology: Molecular Biology, Pathogenesis, and Control. American 
Society for Microbiology, ASM Press, Washington, D.C., 2000. 

{5] S. Gates, C. Greenlief, D. Beach, and P. Holbert. Deposition of silane on 
Si(111)-(7x7) and Si(100)-(2x1) surfaces below 500 °C. J. Chem. Phys., 
92(5):3144-3153, 1990. 

{6] Y. V. Kissin and L. W. Pebsworth. Polyethylene. In J. I. Kroschwitz, edi- 
tor, Kirk-Othmer Encyclopedia of Chemical Technology, volume 17, pages 
702-784. John Wiley & Sons, New York, fourth edition, 1996. 

[7] H. H. Lee. Fundamental of Microelectronics Processing. McGraw-Hill Pub- 
lishing Company, New York, 1990. 

{8] D. C. McCulloch. Catalytic hydrotreating in petroleum refining. In B. E. 
Leach, editor, Applied Industrial Catalysis, volume one, pages 69-121. 
Academic Press, New York, 1983. 

[9] S. A. Middlebrooks. Modelling and Control of Silicon and Germanium 
Thin Film Chemical Vapor Deposition. PhD Dissertation, University of 
Wisconsin, Madison, Wisconsin, 2001. 

[10] M. L. Occelli and R. Chianelli. Hydrotreating Technology for Pollution Con- 
trol Catalysts, Catalysis, and Processes. Marcell Dekker, Inc., New York, 
1996. 

[11] J. D. Plummer, M. Deal, and P. B. Griffin. Silicon VLSI Technology Funda- 
mentals, Practice and Modeling. Prentice Hall, Upper Saddle River, New 
Jersey, 2000. 

[12] N. M. Russell and W. Breiland. A surface kinetics model for the growth of 
Sii-xGex films from hydrides. J. Appl. Phys., 73(7):3525-3530, 1993. 

[13] N. M. Russell and J. G. Ekerdt. Kinetics of hydrogen desorption from 
pgermanium-covered Si(100). Surface Science, 369:51-68, 1996. 

[14] C. Seeger and W. S. Mason. Hepatitis B virus biology. Microbiol. Mol. Biol. 
Rev., 64(1):51-68, March 2000. 


Bibliography 25 















isl K. Sinniah, M. Sherman, L. Lewis, W. Weinberg, J. Yates, and K. Janda. 

- = New mechanisms for hydrogen desorption from covalent surfaces: The 

monohydride phase on Si(100). Phys. Rev. Lett, 62(5):567-570, 1989. 

(16) R. Srivastava, D. Loeb, and J. Yin. Computational and experimental analy- 

sis of duck hepatitis B virus intracellular kinetics. Annual AIChE Meeting, 

Reno, Nevada, November 2001. 

[17] M. P. Stevens. Polymer Chemistry, an Introduction. Oxford University 
Press, New York, 1999. RAS 

[18] B. G. Streetman and S. Banerjee. Solid State Electronics. Prentice Hall, 
Upper Saddle River, New Jersey, fifth edition, 2000. 

[19] Y. Suda, D. Lubben, T. Motooka, and J. Greene. Adsorption and thermal 

dissociation of disilane on Si(100)2x1. J. Vac. Sci. Technol.A., 8(1):61-67, 

1990. 

[20] J. Summers, P. M. Smith, and A. L. Horwich. Hepadnavirus envelope 

proteins regulate covalently closed circular DNA amplification. J. Virol., 

64(6):2819~-2824, 1990. 

[21] J. Summers, P. M. Smith, M. Huang, and M. Yu. Morphogenetic and reg- 

ulatory effects of mutations in the envelope proteins of an avian hepad- 

navirus. J. Virol, 65(3):1310-1317, 1991. 

[22] T. R. Younkin, E. F. Connor, J. I. Henderson, S. K. Friedrich, R. H. Grubbs, 

and D. A. Bansleben. Neutral, single-component nickel (I) polyolefin cat- 

alysts that tolerate heteroatoms, Science, 287:460-462, 2000. 






























2 


The Stoichiometry of Reactions 


Dennen ene nnn 


2.1 Introduction 


Stoichiometry is defined as the determination of the proportions in 
which chemical elements combine or are produced and the weight rela- 
tions in any chemical reaction. In this chapter we explore and develop 
these quantitative relations between the different chemical species un- 
dergoing chemical reaction. 

The next section establishes the accounting procedure for track- 

ing chemical change and introduces the stoichiometric matrix. Sec- 
tion 2.3 introduces the concept of linearly independent reactions and 
discusses the implications of mass conservation on the stoichiometric 
matrix. Section 2.4 defines the rates of reactions and rates of produc- 
tion of chemical species due to the reactions. Section 2.5 explores the 
issues involved in calculating production rates given reaction rates and 
vice versa. We also formulate and solve the least-squares problem of 
extracting best estimates of reaction rates given production rate mea- 
surements containing errors. 
Section.2.6 provides a summary of the important concepts and re- 
lationships that may prove useful as a study guide or quick reference. 
References for further study are provided at the end of the chapter. 
Exercises are provided in Section 2.7 for reinforcing the concepts and 
to further develop one’s understanding. The last several exercises in- 
troduce new material and show how the stoichiometry fundamentals 
presented in this chapter lead into other interesting topics. The reactor 
analysis book by Aris [1] influenced several sections of this chapter. 





Webster's New World College Dictionary, fourth edition, 2000. 
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2.2 Chemical Reactions and Stoichiometry 


We shall consider three primary examples as a means of illustrating 
the main concepts in this chapter. The first example is one of the reac- 
tions responsible for smog formation in the atmosphere. It consists of 
a single reaction among three species. The second example is the wa- 
ter gas shift reaction, and it illustrates the case of multiple reactions; 
it consists of three reactions among six chemical species. The third 
example illustrates the complexity of common industrial reactions of 
interest, consisting of 20 reactions among 14 species. These reactions 
have been proposed to describe a silicon chemical vapor deposition 
process, which is an important step in the production of microelec- 
tronic materials. 

For the first example, consider two molecules of nitric oxide and one 
molecule of oxygen reacting to form two molecules of nitrogen dioxide. 
The stoichiometry of this reaction is 


2NO + Oz = 2NOz (2.1) 


The convention that we follow is reactants appear on the left-hand side 
of the chemical reaction symbol, =, and products appear on the right- 
hand side. In this example, there is a single chemical reaction and three 
different chemical species taking part in the reaction, NO, O2, and NO2. 

The second example is known as the water gas shift reaction. The 
overall stoichiometry of this reaction is 


H20 + CO = CO? + He (2.2) 


The rate of this reaction is important in determining the CO/CO» ratio 
in exhaust gases from internal combustion engines, and in determin- 
ing the Hz content in the feed for fuel cells. It also is known that the 
following two reactions are needed to describe what is happening at 
the molecular level, 


H20+ H= H2+0H (2.3) 
OH + CO = COo+ H (2.4) 


Reactions 2.2-2.4 comprise a simple reaction network. There are three 
chemical reactions and six different chemical species taking part in the 
three reactions, H, H2, OH, H20, CO, and COs. 
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In order to organize the way we discuss chemical reactions, the fol- 
lowing notation is convenient. Let the symbol, Aj, represent the jth 
species taking part in a reaction. In the first example, we can choose 
A; = NO, Az = Oz, and A3 = NO. In the water gas shift example, 
we can choose A; = H, Az = H2, A3 = OH, A4 = H20, As = CO, and 
Ag = CO2. Using the A; notation, we can express the water gas shift 
reactions as 


Ag + As = Ag + ÆA ae 
s Aq + Ay = Az + A3 (2.5) 
A + As = Ag + Ai 


Reactions 2.5 suppress the identities of the species for compactness. 
We can further compress the description by moving all of the variables 
to the right-hand side of the chemical reaction symbol and replacing it 
with an equality sign, 


-A4 — As + Ag + Az = 0 
-A4 — Ay + Á? + Az =0 (2.6) 
-A3 — A5 + Ág +A #0 


Again notice the sign convention that products have positive coeffi- 
cients and reactants have negative coefficients in Equations 2.6.2 Equa- 
tions 2.6 now resemble a set of three linear algebraic equations and 
motivates the use of matrices. Using the rules of matrix multiplication, 
one can express Equations 2.6 as 


Ay 
01 0-1 -1 1 oe o 
eE E S E A A, =] 0 (2.7) 
10-1 0-11 T 0 

Ag 


The matrix appearing in Equation 2.7 provides an efficient description 
of the stoichiometry for the reaction network, and is appropriately 
known as the stoichiometric matrix. Giving the stoichiometric ma- 
trix the symbol v, and writing A to denote the column vector of the 
A; j= 1,...,6, our final summary of the water gas shift reaction ap- 
pears as 

vA=0 


2Boldface letters provide a mnemonic device. 
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The element vi; in the stoichiometric matrix is the stoichiometric co- 
efficient for the jth species in the ith reaction. The index i runs from 
1 to mr, the total number of reactions in the network, and the index j 
runs from 1 to ns, the total number of species in the network. We say 
that v is an my x ns matrix. After piling up this much abstraction to 
describe what started out as a simple set of three reactions, let us work 
a few examples to reinforce the concept of the stoichiometric matrix. 


Example 2.1: Stoichiometric matrix for a single reaction 


Find the stoichiometric matrix for the nitric oxide example, 


2NO + O02 = 2NO2 


Solution 


The nitric oxide example consists of one reaction and three species. We 
can assign the species to the A as follows: A; = NO, Az = O2, A3 = NO2. 
The reaction can then be written as 


A 
-241 -A2 +243 =| -2 -1 2 |] Az |=0 
A3 


The stoichiometric matrix for a single reaction is a row vector, in this 
case, 


v=] -2 ~1 2 | 


Example 2.2: Columns of v 


Since we are free to assign chemical species to the Aj in any order we 
choose, consider what happens if we change the order of the species 
in the water gas shift example. Instead of using A; = H and Ag = COo, 
what is the stoichiometric matrix if A; is chosen to be COz and Ag is 
chosen to be H? 


Solution 


Switching the identities of the first and sixth species in the A vector 
gives us the following modified vector, Aj = CO2, AS = Ho, Ay = OH, 
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A, = H20, A5 = CO, and Ag = H. Reactions 2.5 are then modified to 
give 


Ay + As = AL + Ad 
Ay + Ag = A + AQ (2.8) 
As, + AG = AL + AG 


Extracting the modified v matrix from Equations 2.8 gives 


l h ren 
11 0-1 -1 0 

v= ]0 1 1 -1 0 -1 (2.9) 
10-1 0-1 1 


Itis clear from examining Equations 2.9 and 2.7 that switching the iden- 
tities of species one and six in the A vector has necessitated switching 
the first and sixth columns in the stoichiometric matrix. Therefore one 
can make the connection between the columns of v and the species 
taking part in the reactions. More precisely, the jth column of the v 
matrix supplies the stoichiometric numbers of the jth species in all of 
the reactions. Qa 


Example 2.3: Rows of v 


Just as we are free to assign the species to the A vector in any order we 
choose, we are also free to express the reactions in any order we choose. 
We now explore what happens if instead of expressing the water gas 
shift reaction as it appears in Reactions 2.2-2.4, we express it as 


OH + CO = CO: + H (2.10) 
H20+ H == H2+0H (2.11) 
H20 + CO = CO2 + He (2.12) 


Notice we have written the original third reaction first and the original 
first reaction third. What is the impact of this change on the v matrix? 
Solution 


Using the original ordering of the A vector, we can ascribe the following 
elements of a third stoichiometric matrix, 


A3 + As = Ag + Ar 
Aq + Ay = A + As 
Aq + As = Ag + Az 
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= 1 0 -1 0-1 1 
y= -l1 1 L =p 0 0 (2.13) 
— O 1 0-1 -i 1 


As one might expect, exchanging the orders of the first and third re- 
actions causes us to exchange the first and third rows in the v ma- 
trix as evidenced by comparing the matrices in Equations 2.13 and 2.7. 
We can therefore make the connection between the rows of v and the 
reactions The ith row of the stoichiometric matrix contains the stoi- 
chiometric numbers of all species in the ith reaction. a 


From the previous two examples it is clear that one could develop 
a large number of stoichiometric matrices to describe the same set of 
chemical reactions. Since there is no reason to prefer one ordering of 
species and reactions over another, one may permute the columns and 
rows into any order and maintain a valid stoichiometric matrix. 

We now introduce the third example, which is a more complicated 
reaction network. The following chemistry has been proposed to de- 
scribe a silicon chemical vapor deposition (CVD) reaction, which is an 
important process in the production of microelectronic materials. 








SiH, = SiH2+ He SiH2+ SiH = SigH3 
SiH; = SiH3+ H SiH2 + Si = SizH2 
SiHa + SiH2 = SizHe SiH? + Six; = SizH2 + Siz 
SigHy + He SiH4 + SiH He + SizH2 = SizH4 
SiH4+ H= SiH3+ He Hz + Si2H4 = SigHe 
SiHa +SiHy = SisxHs + He H+ SiH = SiH; (2.14) 
SiH, + SIH = SiH3 + SiH Hə + Sie = SiH? 
SiH + SiH = SizHs He + SizH3 = Si2H5 
SiH, + Si = 2SiH2 SisH2 + H = SipH3 
Si+ Hy = SiHe Si+ Si = 2Si 





The student should not be dismayed by the complexity of this reac- 
tion network. Indeed the principles for analyzing a CVD reactor with 
this chemistry are exactly the same as the principles for analyzing the 
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simpler nitric oxide and water gas shift chemistries presented previ- 
ously. The only difference is that Reactions 2.14 are complex enough 
that we use a computer to keep track of the algebra for us. In fact, Reac- 
tions 2.14 are a simplified version of 120 reactions that were originally 
postulated for this reaction network [3]. 

Chemical engineers should also bear in mind that Reactions 2.14 
are quite simple compared to many mechanisms that have been pro- 
posed for combustion problems in which it is not uncommon to have 
several Hundred reactions. Polymerizations and long-chain-producing 
reactions consist of thousands of species and associated reactions. Ob- 
viously the stoichiometry of these complex problems is intractable if 
we do not develop a systematic, automated procedure. Developing and 
understanding that procedure is the topic of the next several sections. 


Example 2.4: Stoichiometric matrix for CVD chemistry 
Determine the stoichiometric matrix corresponding to Reactions 2.14. 


Solution 


The first thing we notice is that there are 20 reactions or ny = 20. We 
then look through all of the reactions and identify the different species 
taking part. After writing this out we notice that there are 14 different 
species, ns = 14. A possible assignment to the A vector is: H, H3, Si, 
SiH, SiH2, SiH3, SiH4, Siz, SizH2, SigH3, SisH4, SigHs, SigHe, Siz. With 
an A chosen, it is a simple matter to look through Reactions 2.14 and 
find the stoichiometric coefficients of each species in each reaction. Do 
not forget the convention that species appearing as products in a given 
reaction have positive coefficients and those appearing as reactants 
have negative coefficients. Practice filling out a few rows of the v matrix 
and check it with the values given in Equation 2.15. 

Notice that for this example v is a 20 x 14 matrix, and it contains 
many zero entries. A matrix with many zero entries is called sparse. 
The large number of zeros simply reflects the physical fact that very 
few molecules can take part in.a particular reaction. All of the reactions 
in the CVD chemistry, for example, are unimolecular or bimolecular. 
More will be said about this issue in the discussion of mechanisms in 
Chapter 5. 
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fo 1 0 0 0-1 0000000 
1000011000000 0 
0060001 070000010 
0-1 0 0 01000-1000 
1 1000110000000 
01000440000100 
00604 1-1000000 0 
00 0-1 60 0-1 000010 0 
00-1 02040000000 
O-1-101000000006 0 

Y= oo oaa 00001000 0{ 45) 
00-1 0-1 000100000 
0000-2 001100001 
01 000000401000 
0o 000000004010 
0-1010100000000 
0100000110000 0 
010000000101 00 
1000000011000 0 
0010000200000 

0 


Example 2.5: Conservation of mass 


Show that conservation of mass in a chemical reaction can be stated as 
vM=0 
in which M; is the molecular weight of species j. 


Solution 


In a chemical reaction, the number of molecules is not conserved in 
general. For example in the nitric oxide reaction, 2NO + O2 = 2NOo, 
three reactant molecules react to form two product molecules. The 
mass, however, is conserved in chemical (i.e., not nuclear) reactions. It 
is clear in the above example that the atoms (N and O) are conserved, 
so the mass is conserved. Another way to state conservation of mass 
involves molecular weights of the species. In the nitric oxide reaction, 
the molecular weights of reactants and products are related by 2Mno + 
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Mo, = 2Mno,. Equivalently 


Myo 
-2Myo ~ Mo, +2Mno, =| -2 -1 2]] Mo, [=0 
Myo, 


If we put the molecular weights of the species in a vector, M, conser- 
vation of mass for this single reaction can be written as, 


vM=0 _ peat 


For the water gas shift reaction, using the ordering of the species, A; = 
H, A2 = He, A3 = OH, A4 = H20, As = CO, and Ag = CO2, 


T 
M =| Mu Mn, Mon Mmo Mco Mco: | 


in which the superscript T means the transpose of the matrix. The 
transpose of the matrix means to exchange the rows for columns and 
vice versa. For the first reaction, HzO + CO == CO; + H2, we know 
Mco, + Mm, ~ Mino ~ Mco = 0 

or 

Mu 

My, 

Mon 


[0 10 -1 -1 1] Mace? 
2 


Mco 
Mco, 


which is the first row of v in Equation 2.7 multiplied by M. The second 
and third reactions simply fill out the second and third rows of v so 
that again, for multiple reactions 


vM=0 


2.3 Independent Reactions 


To motivate the discussion of independence of chemical reactions, let 
US again consider the water gas shift reaction 
H20 + CO = CO; + He 
H20+ H= H+0OH (2.16) 
OH + CO = C% + H 
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The issue of independence centers on the question of whether or not 
we can express any reaction in the network as a linear combination of 
the other reactions. If we can, then the set of reactions is not inde- 
pendent. It is not necessary to eliminate extra reactions and work with 
the smallest set, but it is sometimes preferable. In any case, the con- 
cept is important and is examined further. Before making any of these 
statements precise, we explore the question of whether or not the three 
reactions listed in Reactions 2.16 are independent. Can we express the 
first reaction as a linear combination of the second and third reactions? 
By linear combination we mean multiplying a reaction by a number and 
adding it to the other reactions. It is clear from inspection that the first 
reaction is the sum of the second and third reactions, so the set of three 
reactions is not independent. 


mo + ff = v + 


CO? + 


E 
a 

S 
1 





HO + CO = CO: + He 


If we deleted the first reaction from the network, would the remaining 
two reactions be independent? 


H20+ H = H2+0OH (2.17) 
OH + CO = COz+ H (2.18) 


The answer is now yes, because no multiple of Reaction 2.17 can equal 
Reaction 2.18. There is no way to produce CO or CO; from only Re- 
action 2.17. Likewise there is no way to produce H2 or H20 from only 
Reaction 2.18. 

This discussion is not meant to imply that there is something wrong 
with the first reaction in Reactions 2.16. Indeed if we focus attention on 
the second reaction, we can again ask the question whether or not it can 
be written as a linear combination of the first and third reactions. The 
answer is yes because the second reaction is the first reaction minus 
the third reaction. 


H0O + 
- {OH + 
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So the first and third reactions could be chosen as the independent set 
of two reactions. Finally, the third reaction in Reaction 2.16 is equal 
to the first reaction minus the second reaction, so the first and sec- 
ond reactions could be chosen as an independent set. For this example 
then, any two of the reactions comprise an independent set. The situ- 
ation is not always this simple as we will see from the chemical vapor 
deposition chemistry. 

Before making the problem more complicated, we explore how to 
automate the preceding analysis by exploiting the stoichiometric ma- 
trix. If you are familiar with linear algebra, the issue of independence of 
reactions is obviously related to the rank of the stoichiometric matrix. 
Familiarity with these concepts, although helpful, is not required to fol- 
low the subsequent development. We now consider the stoichiometric 
matrix for the water gas shift reaction presented in Equation 2.7 


01 0-1 -1 1 
yə]; =I t-t =p 00 (2.19) 
1 0 -1 0 eb 1 


We can make an important mathematical connection to the preceding 
physical arguments. The question of whether or not the ith reaction 
can be written as a linear combination of the other reactions is the 
same as the question of whether or not the ith row of the v matrix 
can be written as a linear combination of the other rows. The linear 
independence of the reactions in a reaction network is equivalent to the 
linear independence of the rows in the corresponding stoichiometric 
matrix. 

The rank of a matrix is defined as the number of linearly indepen- 
dent rows (or equivalently, columns) in the matrix. Therefore, the num- 
ber of linearly independent reactions in a network, ;, is equal to the 
rank of v. There are efficient numerical algorithms available for finding 
the rank of a matrix and a set of linearly independent rows. The focus 
of our attention is not on the algorithm, but on how we can exploit 
the results of the algorithm to analyze sets of chemical reactions. You 
should consult Strang {7] or another linear algebra text for a lucid ex- 
planation of the algorithm, Gaussian elimination with partial pivoting. 


Example 2.6: More species than reactions 


Show that mass conservation implies that any independent set of reac- 
Uons has more species than reactions. 


38 The Stoichiometry of Reactions 


Solution 
From Example 2.5, we know that mass conservation is equivalent to 


yM =0 


Consider the columns of the v matrix as column vectors. This matrix- 





vector multiplication can be expressed as a linear combination of the 
columns of v with the elements of the M vector as the coefficients in 
the linear combination 
v v v Mı 
1 12 Ins Mp 
yM = Š : 
Vni Vn;2 Vayns Mn, 
[ vu Vi2 Vins 
= Mı + : Mz + + Mn, 
Yn; Vn;2 Vrins 
0 
=|: (2.20) 
0 


The last equation implies the columns of v are linearly dependent be- 
cause the molecular weights are nonzero. Because the rows are lin- 
early independent, we conclude there are more columns (species) than 
rows (independent reactions), n, > n and v is a wide matrix (ie., not 
a square or tall matrix). 

Notice that one must consider linearly independent reactions for 
the statement in the example to be true. If we considered an arbitrary 
network for example, 


2NO+ O: = 2NO2 
4NO + 202 = 4NO2 
6NO + 302 = 6NO2 
8NO + 402 = 8NO2 





4One could solve for column j of y by moving the remaining terms to the other side 
of the equality and dividing by M,;, which is nonzero. That is possible as long as one 
of the M; multipliers in Equation 2.20 is nonzero. In our case, all of the multipliers are 
nonzero, 
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These reactions are obviously not independent because they are the 
same reaction written four times. In this case 


=a vap 2 
PA -4 -2 4 
-6 -3 6 
-8 -4 8 


Since we have not used independent reactions, v is fall and not wide. 
Recall v = [ -2 -l 2 ] for the single independent reaction, which 
is in agreement with the example. a 


Maximal sets of linearly independent reactions. Up to this point, 
we have started with a set of reactions and investigated constructing 
subsets of these reactions that are linearly independent. Now consider 
the reverse problem. We start with a set of species, and we would like 
to know the largest number of linearly independent valid chemical re- 
actions among these species. In other words, a given set of reactions 
may be linearly independent, but we want to be sure we have not left 
out some valid reactions. By valid chemical reactions we mean element 
conserving, which is a sufficient condition implying the weaker condi- 
tion of mass conserving. 

The following describes a systematic approach to this problem. First, 
list formation reactions for every species in the list from its elements. 
We may use molecules of pure elements (02) rather than atoms (O) to 
save work as long as the atoms themselves do not appear in the species 
list. This set is guaranteed by construction to be a maximal linearly in- 
dependent set for an enlarged species list, which includes the original 
species plus any new elements introduced in the formation reactions. 

Then eliminate through linear combinations of reactions any new 
elements that were introduced in the formation reactions and that do 
not appear in the original species list. The remaining set is a maximal 
linearly independent set of reactions for the original species list. 

This procedure is perhaps best illustrated by example. 


Example 2.7: Maximal set of reactions for methane oxidation 
Consider the oxidation of methane in which the observed species are: 


A=[COz M0 CH, CO Hy Os] 


We first write formation reactions for all species from the elements. It 
1S necessary to write these reactions in the order in which the species 
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appear in the species list. We can use O2 and Hz because O and H are 
not in the species list 


C+ OQ = CO: (2.21) 
2H2 + Oz = 2H20 (2.22) 
C +2H: = CH4 (2.23) 
2C+ O2 = 2C0 (2.24) 


Notice we have introduced the element carbon, which is not in the orig- 
inal species list, to express the formation reactions. We can add C to 
the list and the enlarged species list is 


m T 
A=[COz M0 CHy CO Hz Oz C] 
The stoichiometry of the formation reactions are then summarized by 
vA=0 
in which 
: 00 0 -1 -i 
0 0 -2 -1 0 


L082: OHE 
0002 0-1 ~2 


Notice we have zeros below the diagonal of the first four rows and 
columns. We know by inspection that these reactions are linearly inde- 
pendent, which is why we wrote them in the first place.> So the rank 
of ý is four. See Exercise 2.9 for a proof that there are no other valid 
linearly independent reactions among these species and elements. 

We now wish to eliminate carbon from the species list. The approach 
is to replace formation reactions involving C with independent linear 
combinations of the four reactions that eliminate C from the set. For 
example we could replace Reaction 2.21 with the sum of Reaction 2.21 
and the negative of Reaction 2.23. Equivalently we replace row 1 in 
Equation 2.25 with the sum of row 1 and negative of row 3. We always 
add linear combinations of rows below the row on which we are making 
the zero in order not to disturb the pattern of zeros below the diagonal 
in the first columns of the matrix. We leave the second row unchanged 


(2.25) 


ee 

it 
oor 
Ono 


SExamine the locations of the zeros in the first four rows and columns of ¥. Because 
these portions of the first four rows are independent, so are the entire rows, and, 
therefore, the reactions. 
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because the v»,7 is zero already; i.e., C does not take place in the second 
reaction. Proceeding down the rows we replace row 3 by twice row 3 
minus row 4. When we reach the last row, either a zero already exists 
in the last column or we remove this last row because we have no rows 
pelow the last with which to zero that element. That reduces ¥ to 


10-1 0 2-10 
v=]02 0 0 -2 -1 0] | 
00 2-2 -4 10} 


Inspection of the zeros in the first three columns of ý tells us that the 
rows are independent, and, therefore, the matrix has full rank. If we 
now multiply out these equations, the last column of zeros removes 
the C from the species list and we have 


vA=0 


in which 
1 0 -1 0 2 -~-i 
v=|0 2 0 0 -2 -~l 
00 2 -2 -4 1 


Therefore the maximal linearly independent set for the original species 
contains three reactions. The stoichiometric matrix above corresponds 
to the following choice of reactions 
CH4 + O2 = CO2 + 2He 
2H2+ Og = 2H20 
2CO + 4H2 = 2CH4 + Ov 
o 


If we were going to remove other elements besides C, we would 
repeat this procedure starting with v. See also Exercise 2.6. 


2.4 Reaction Rates and Production Rates 


In order to describe the change in composition in.a reactor, one has to 
know the reaction rates. As an example, we consider the third reaction 
in the CVD chemistry, Reactions 2.14 


SiH, + SiH2 = SizHe (2.26) 
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Figure 2.1: Defining the reaction rate, r, for the reaction 
SiH2 + SiHq = SizHg- 


The reaction rate, r, is defined as the number of times this reaction 
event takes place per time per volume. One can imagine turning SiH4, 
SiH2 and SigHg molecules loose in a box of some fixed volume V as 
depicted in Figure 2.1. We define the reaction extent, £, to keep track 
of the number of times this reaction event occurs. Imagine that we 
could somehow count up the net number of times an SiH, molecule 
hit an SiH» molecule and turned into an SizHe molecule during a short 
period of time. The change in the reaction extent, Ae, is the net number 
‘of reaction events that occur in the time interval At. The reaction rate 


is then 
AE 


Y= Riv 


If the forward event (an SiH, molecule and an SiH2 molecule turn- 
ing into an SigHe molecule) occurs more often than the reverse event 
{an SigHg molecule decomposing into an SiH, molecule and an SiH2 
molecule), then the change in £ is positive and the reaction rate is pos- 
itive. If the reverse event occurs more often than the forward event, 
then the change in £ and reaction rate are negative. If the system is at 
equilibrium, then the.change in £ is zero and the forward and reverse 
events occur in equal numbers. The extent g is a number of molec- 
ular change events and therefore the units of r in Equation 2.27 are 
#/(time- volume). If one divides by Avogadro’s number, the units of ex- 
tent are moles and the units of reaction rate are moles/(time-volume), 
which are the usual units for extent and reaction rate in this text. Fi- 
nally, we often deal with physical situations in which we assume the 


(2.27) 
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material behaves as a continuum and we can ignore the discrete na- 
ture of the molecules. This means we can take the volume V large 
enough to average the random fluctuations of the molecules, but small 
enough that there is negligible spatial variation in the average concen- 
trations of the components or the reaction rate within V. Under this 
continuum assumption, we can speak of the reaction rate as defined at 
a point in space within some larger reacting system or physical reactor 
equipment. ced 

Notice in the definition of reaction rate, we are taking the reac- 
tion stoichiometry literally. We are postulating that these collision and 
transformation events are taking place at the molecular level. These 
literal reactions are known as elementary reactions. We delay a more 
complete discussion of elementary reactions and reaction mechanisms 
until Chapter 5. We will also see that for complex reacting systems, 
it may be difficult to know whether or not a reaction is an elementary 
reaction. But that is a separate issue, which we take up later, and that 
issue does not prevent us from defining the reaction rate. 

It is difficult to measure reaction rates directly, because we do not 
directly sense molecular transformation events. We can measure con- 
centrations, however. It is important to connect the reaction rate to 
the rate of change of the concentrations of the various species in the 
reactor, which are the quantities we usually care about in a commer- 
cial reactor. We define production rate, Rj, as the rate at which the 
jth species is produced (moles/(time-volume)) due to the chemical re- 
actions taking place. It is clear looking at the stoichiometry in Equa- 
tion 2.27 that each time the forward reaction event occurs, an SizHe 
molecule is produced. Each time the reverse reaction occurs, an SizHe 
molecule is consumed. The production rate of SizH, Rsing, is therefore 
directly related to the reaction rate, 


Rsi = 


Notice that if r is positive Rsu is positive as we expect because SizHe 
is being produced. Similar arguments lead to relating the other pro- 
duction rates to the reaction rate, 


Rsin, = ~Y 
Rsm = ~ ¥ 


Notice that we have three production rates, one for each species, but 
only one reaction rate, because there is only a single reaction. If we 
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now introduce the production rate vector, R, 


Rsin, 
R=] Ron, 
Rsistts 


we can summarize the connection between the three production rates 
and the single reaction rate by 


-1 
R=} -1 |r (2.28) 
1 


Notice that the column vector in Equation 2.28 is just the transpose 
of the row vector that comprises v = [-1 -1 1], which follows from 
Reaction 2.26 

Consider what happens to the relationship between the production 
and reaction rates if there is more than one reaction. Recall the water 
gas shift reaction, 


H20 + CO = CO? + Hz 
H20+ H = H2+OH 
OH + CO = COz+ H 


Three reaction rates are required to track all three reactions. Let r; 
denote the reaction rate for the ith reaction. What production rate of 
atomic hydrogen, H, results from these three reactions? We notice that 
H does not take part in the first reaction, is consumed in the second 
reaction, and is. produced in the third reaction. We therefore write 


Ry = (0) ri + (-1) re + 1) n = -12 + 13 


Consider the second species, H2. It is produced in the first and second 
reactions and does not take part in the third reaction. Its production 
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rate can therefore be expressed as 
Ruy, = (1) vi + (1) r2 + (0) 73 = Y1 +72 


You should examine the remaining four species and produce the fol- 
jowing matrix equation, 


Ry 0 -1 1 nes 

Rip 1 1 0 7 

Row |_| 0 1 -1 : 

Rio: || 1 ar 0 f (2.29) 
Reo -1 0 -1 3 

Reo, 1 0 1 


The fundamental relationship between the reaction rates and the pro- 
duction rates now emerges. Compare the matrices in Equations 2.7 and 
2.29. Notice that the first row of the matrix in Equation 2.7 is the same 
as the first column of the matrix in Equation 2.29. Moreover, each row 
of the matrix in Equation 2.7 is the same as the corresponding column 
of the matrix in Equation 2.29. In other words, the two matrices are 
transposes of each other. We can therefore summarize Equation 2.29 
as 








(2.30) 


inwhich y” denotes the transpose of the stoichiometric matrix. Equa- 
tion 2.30 implies that one can always compute the production rates 
from the reaction rates. That computation is a simple matter of matrix 
multiplication. The reverse problem, deducing the reaction rates from 
the production rates, is not so simple as it involves solving a set of 
equations. We will see in the next section under what conditions that 
solution can be found. 


Example 2.8: Production rate for SiH2 


What is the production rate of SiH2 in terms of the reaction rates for 
the CVD example? 
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Solution 
SiHy = SiHz+ H (2.31) SiH? + SiH = SikH3 (241) 
SiH, == SiH3+ H (2,32) SiH? + Si = SizH2 {2.42} 
SiH, + SiH? = SizHe (2.33) SiH2+ Siz = SizHz + Siz (2.43) 
SizHa + Hp = SiHy+SiH2 (2.34) H2 + SinHe = SizH4 (2.44) 
SiHy+ H= SiH3+ Hz (2.35) He + SigHy = SizHe (2.45) 
SiH4 + SiH3 == Siz2Hs + H (2.36) Hə + SiH = SiH3 (2.46) 
SiH, + SIH = SiH3+SiH2 (2.37) He+ Siz = SipH2 (2.47) 
SiHy + SiH == SigHs (2.38) Hz + SigH3 = SipHs (2.48) 
SiH, + Si = 2SiH2 (2.39) SizH> + H = SinH3 (2.49) 
Si+ Hz = SiH (2.40) Si+ Sk = 2Siv (2.50) 





Looking at Reactions 2.31-2.50, we note that SiH2 takes part in Reac- 
tions 2.31, 2.33, 2.34, 2.37, and 2.39-2.43. Extracting the stoichiometric 
numbers of SiH2 for each of these reactions gives® 


Rsin, = 11 — 13+ Y4 + 77 + 29 +710 r - N12 r 
or 
Ry, =[ 10-11001021-1 -1-10000000|r 


SiH» was chosen as the fifth species in Exercise 2.4 so the row vector 
above is indeed the transpose of the fifth column of the v matrix in 
Equation 2.15. You may wish to choose another component such as 
SiH4 and check another column of the y matrix. a 


2.5 Computational Aspects of Stoichiometry 


As we have seen in this chapter, problems of realistic and complex 
reaction stoichiometry involve matrices and linear algebra. After the 
fundamental concepts are in place, application of the fundamentals re- 
quires computational tools. Moreover, if the computing environment 
is organized properly, the experience of solving nontrivial problems 
reinforces the understanding of the fundamental concepts and further 


Owe are so sure you will not forget that products have positive stoichiometric num- 
bers and reactants have negative ones that we will not repeat it again. 
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prepares one to apply the fundamentals in realistic and complex indus- 
trial situations. In Appendix A, we briefly summarize Octave and Matias 
as high-level programming languages for numerical solution of reactor 
analysis and design problems. Octave is freely available for a variety of 
hardware platforms and can be down-loaded from ww. octave.org. 
Matias is commercially available from The MathWorks, Inc., and is be- 
coming a commonly available tool of industrial engineering practice. 


at 


2.5.1 Computing Production Rates from Reaction Rates 


As discussed previously, computing R from r is a simple matter of ma- 
trix multiplication. Consider again the water gas shift reaction chem- 
istry, 


H 
01 0-1 -1 1 pa 0 
SEA? deie 0011 ipo 0 (2.51) 
10-1 O -1 1 Pa 0 

CO? 


In Chapter 5 we discuss means for predicting reaction rates given 
species concentrations, but for now just assume we know the three 
reaction rates are, in some chosen units of moles/(time-volume), 


YY 1 
T2 = 2 
Y3 3 


The production rates of the six species due to these reactions are then 
computed as 


Ru 1 
R 

ana oi 0 -t -1 17 f1 3 
OH 4 ia 
Rao SDL r= 00 2ga] 2s 
i 10-1 0-11 3 i 
Rco, 4 


The effect of the three reactions is to produce H, Hz and CO, and 
to consume OH, H20 and CO at the given rates. Please perform this 
calculation for yourself, 
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2.5.2 Computing Reaction Rates from Production Rates 


Another common task arising in the analysis of reactors and reaction 
mechanisms is to measure production rates by monitoring changes in 
species concentrations, to help infer the corresponding reaction rates. 
To make the concept clear, consider the simple isomerization reactions 
between species A, B and C, 


A=B (2.52) 
=C (2.53) 
CA (2.54) 


The stoichiometric matrix for these reactions is 


-1 $ 0 
v= 0 -1 1 
1 0 -i 


and the production rates and reaction rates are related by 


Ra -1 0 1 Yi 
Rg |= l -l 0 T2 
Re 0 1 -1 ¥3 


It might appear at first glance that we can compute r given R because 
we have three equations and three unknowns, but because the reac- 
tions are not linearly independent, such is not the case. It is clear from 
inspection of Reactions 2.52-2.54 that the third reaction is the sum of 
the first two. Computing the rank of v confirms that only two reactions 
are independent. 

Before we continue with the full set of three reactions, we explore 
what happens if we use an independent set. If we omit the third reac- 
tion, for example, 


A=B 
Bec 


the production rates and new reaction rates are related by 


Ra 4 Olrs 
Re |=] 1 -1 [2 | 
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By inspection, the first equation gives 
Fy = -RA 
and the third equation gives 

Fe = Re 


The second equation tells us Rg = 7, -f = ~(Ra+Rc). In other words, 
using the linearly independent reactions, we can compute both reaction 
rates and we find a restriction on the possible production rates. We 
explore subsequently what happens when this restriction is violated 
by the production-rate measurements. 

If we now return to the original set of three isomerization reactions, 
we can deduce that r3 is not determined by the production rates, and 
that from the first equation 


Y) = -Ra + 73 (2.55) 
and from the third equation 
Ta = Re +73 (2.56) 


and r3 is arbitrary. The second equation places the restriction Rg 
Tı — ¥2, which upon substitution of Equations 2.55 and 2.56 gives Rg 
~(Ra + Rc) as before. Because r3 is arbitrary, we cannot deduce the 
reaction rates from production rates, which is characteristic of using 
sets of reactions that are not linearly independent. 

So we conclude that measuring production rates is not enough to 
tell us reaction rates. We require more information. As we discuss in 
Chapter 5, the extra information usually is provided by postulating a 
reaction mechanism and applying the laws of mass action to the ele- 
mentary reactions. In that case we seek to determine the rate constants 
from the production rate measurements, not the reaction rates them- 
selves. We take up that important problem in Chapter 9. 

Finally, we emphasize that using linearly dependent sets of reac- 
tions presents no problem at all if one is interested only in computing 
the production rates from given reaction rates, which is the usual case 
when working with reaction mechanisms. 


2.5.3 Measurement Errors and Least-Squares Estimation 


Asa final topic in this chapter, we explore what happens when the extra 
conditions on the production rates are violated by the data. Imagine 





50 The Stoichiometry of Reactions 


the following two linearly independent reactions of the water gas shift 
are taking place 


H20 + CO = CO2 + H2 
HeO+ H = Ho+0H 


so the production rates are given by 


Ryu 0 -i 

Rup a 1 

Row A 0 1 ry 

Reood esd. <1 2a een 
Reco -1 0 

Reo, 1 0 


We can compute the production rates when the two reaction rates are 
Tr N 1 
ni | 2 


R=[ -2 3 2 -3 -1 1]! (2.58) 


Now if R is determined by measuring species concentrations, unmod- 
eled effects undoubtedly cause discrepancy between predicted and mea- 
sured values of R. For example, let's assume that the production rate 
of the first species, H, is in error by a small amount so the measured 


RisR=[| -21 3 2 -3 ~1 1]. The effect of this error is to 
make the equations inconsistent, so there no longer is an exact solu- 
tion for the reaction rates, which is not too surprising because we have 
six equations and only two unknowns in Equation 2.57. A system with 
more equations than unknowns is called over-determined. Normally 
we would not expect to find a solution for arbitrary R, only those R 
that are generated by multiplying an r by v” . When the equations are 
inconsistent, one is usually interested in knowing the values of the two 
reaction rates that come closest to satisfying the six equations simulta- 
neously. If we measure how close the equations are to zero by squaring 
the error in each equation and summing over all equations, then we are 
using the classic least-squares approach. 

Computing least-squares solutions to over-determined equations is 
a useful computation in linear algebra. If one is given R and trying to 
solve for r from 


and we obtain 


R= yr (2.59) 
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then the least-squares solution is given by 
r=(v y) vR 


in which the superscript —1 indicates a matrix inverse, If the reactions 
are linearly independent, then the matrix product v v7 has an inverse 
and the least-squares solution is unique. If the reactions are not linearly 
independent this inverse does not exist and the least-squares solution 
is not unique as before. ae 

If We compute the least-squares solution to the inconsistent data 
given above, we find r = [ 0.983 2.03 ]? instead of the correct value 
y=[ 1 2 ]?. Notice a small error in the H production rate has trans- 
lated into small errors in both inferred reaction rates. 

As a final example, let’s consider the case in which we have repeated 
measurements of the production rates, all of which are subject to small 
random errors. If we add small amounts of random noise to the data 
given in Equation 2.58, we produce the following six measurements. 


~2.05 ~2.06 ~1.93 -1.97 ~2.04 -1.92 

2.94 3.02 3.04 2.93 3.06 3.04 

R s, 2.01 1.94 2.01 1.92 201 2.04 
meas | -2,98 -2.98 -2.98 -2.99 ~2.96 -2.96 
-1.03 -1.03 ~0.98 -1.07 -0.95 -1.08 

0.97 1.05 1.06 1.09 1.00 1.07 


If we take each column of Rmeas, that is each production-rate measure- 
ment, and compute the least-squares estimate of r for that measure- 
ment, we obtain six estimates of the reaction rates, one for each mea- 
sured production rate. We can perform these operations in one matrix 
equation via 

Fest = (V vT Ji YRmeas 


and the result is 


_[ 0.97 1.03 1.03 1.06 0.98 1.05 
Test=| 201 1.99 1.98 1.92 2.03 1.96 


Figure 2.2 shows the estimated reaction rates for the six production- 
rate measurements. Notice that we obtain reasonable estimates of the 
true reaction rates,r = [ 1 2 ]?. Next consider what happens when 
we have many measurements available. Figure 2.3 displays the esti- 
mated reaction rates given 500 production-rate measurements. Notice 
that the estimated rates are again scattered about the true value, the 
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Figure 2.2: Estimated reaction rates from six production-rate mea- 
surements subject to measurement noise. 
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Figure 2.3: Estimated reaction rates from 500 production-rate mea- 
surements subject to measurement noise. 
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mean of these values is close to the true value, and the shape of the fre- 
quency distribution for the reaction rate estimates begins to emerge. 
You might want to generate the same plot with 5000 random mea- 
surements and see how much more detail is apparent in the probabil- 
ity distribution of estimates. Further discussion of parameter estima- 
tion from data is delayed until Chapter 9, but engineers benefit from 
thinking about extracting information from data and models at an early 
stage. 


cast 


2.6 Summary 


In this chapter we have introduced the compact notation for keeping 
track of the stoichiometry of chemical reactions, 


ns 
$ vyjAj=0, i=1,2,....n, 
j=l 


in which A; represents chemical species j, j = 1,..., ns and ns is the 
number of species in the reaction network. The stoichiometric coeffi- 
cients are contained in the stoichiometric matrix y, in which vj; is the 
stoichiometric coefficient for species j in reaction i, i = 1,...,n, and 
ny is the number of reactions in the network. We can summarize the 
reaction stoichiometry with one vector equation 


vA =0 


A set of reactions is linearly independent if no reaction in the set 
can be written as a linear combination of the other reactions in the set. 
Linear independence of reactions is equivalent to linear independence 
of the rows of v. The rank of a matrix is the number of linearly inde- 
pendent rows (equivalently columns) of the matrix, so the rank of v is 
the number of linearly independent reactions in the network. 

The reaction rate is a fundamental concept that allows quantitative 
prediction of rates of conversions of reactants to products. We define 
the rate of reaction i, r;, to be the net number of times a reaction event 
occurs per time per volume. Given the rates of all reactions, we can 
calculate directly the production rates of all species, 


nr 


Rj= D> Vija f= ns 


fel 
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or as an equivalent vector equation, 
R=vir (2.60) 


Given the rates of reactions, it is a simple matter to compute the species 
production rates with Equation 2.60. One cannot solve uniquely the re- 
verse problem, in general. Given observed production rates, computing 
the corresponding reaction rates requires additional information, such 
as rate expressions for the elementary reactions in a reaction mecha- 
nism. If the set of chemical reactions is linearly independent, then one 
can uniquely solve the reverse problem. If the observed production 
rates contain experimental errors, there may not exist an exact solu- 
tion of reaction rates, r, that satisfy Equation 2.60. In this situation, 
one is normally interested in finding the reaction rates that most closely 
‘satisfy Equation 2.60. The closest solution in a least-squares sense is 
easily computed with standard linear algebra software. 


Notation 


a,j formula number for element I in species j 

‘Ay jth species in the reaction network 

E! lth element comprising the species 

i reaction index, i = 1,2,...,y 

j species index, j = 1,2,..., ns 

M; molecular weight of the jth species 

ni number of independent reactions in reaction network 
nr total number of reactions in reaction network 

ns total number of species in reaction network 

yi reaction rate for ith reaction 

R; production rate for jth species 

£i extent of reaction i 

vi; stoichiometric number for the jth species in the ith reaction 
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2.7 Exercises 


Exercise 2.1: Finding independent sets of reactions 
Consider the following set of chemical reactions, 


2N205 = 2N204 + Oz (2.61) 

N20; = NO + NO3 (2.62) 

NO2 + NO3 = N2Os comme (2.63) 

i NO2: + NO3 = NO:+ O2+NO (2.64) 
NO+ N20; = 3NOz (2.65) 

NO2+ NO: = N2O4 (2.66) 


(a) Determine the stoichiometric matrix, v, and the species list, A, for this 
reaction system so the reaction network is summarized by 


vA=0 


(b) Use Octave, MATLAB, or your favorite software package to determine the 
rank of the stoichiometric matrix. How many of the reactions are linearly 
independent? 


(© Now that you have found the number of independent reactions, ni, 
which n; of the original set of 6 reactions can be chosen as an inde- 
pendent set? Try guessing some set of n; reactions and determine the 
rank of the new stoichiometric matrix. Stop when you have determined 
successfully one or more sets of n; independent reactions. 


Hint: you want to examine the rank of sub-matrices obtained by deleting 
rows (i.e., reactions) from the original stoichiometric matrix. In Octave, 
if you assign the original stoichiometric matrix to a name, stoi, then 
you can obtain the rank of the stoichiometric matrix associated with 
deleting the fifth reaction, for example, by 


stoi2 = [stoi(i:4,:);stoi(6,:)] 
rank(stoi2) 


Do you see how the indices in forming stoi2 work out? Notice we do 
not have to enter any more matrices after we build the original stoichio- 
metric matrix to test the ranks of various reaction networks. 


(d) What do you think of a colleague's answer that contains Reactions 2.62 
and 2.63 in the final set. Can this be correct? Why or why not? 
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Exercise 2.2: The stoichiometric matrix Exercise 2.4: Independent reactions for bromine hydrogenation 


{a) What is the stoichiometric matrix for the following reaction network [2]? 
By inspection, how many of the reactions are linearly independent? How 
would you check your answer if you had access to a computer? 


Consider the following set of chemical reactions [4, 5], 


Hz + Br = 2HBr 
Bro = 2Br 





Hz + k = 2HI Br+ Hz: = HBr+ H 

k= 21 H+ Bro = HBr+Br 
I+H: = HI+H H+HBr== Hz+Br a 
H+ k= HI+ 1 2Br = Brz 


{a) Determine the stoichiometric matrix, v, and the species list, A, for this 
reaction system so the reaction network is summarized by 


vA=0 


(b) Given a stoichiometric matrix for a reaction network with ns species and 
Ny reactions 


ns 

SvyAj=0, i=1,2,.., ny 
Jar (b) Use Octave or MATLAB to determine the rank of the matrix using the rank 
What is the production rate of the jth species, Rj, in terms of the reaction function. How many reactions are linearly independent? 


rates for the reactions, r;? g 
(c) Now that you have found the number of independent reactions, n, which 


ni of the original set of six reactions can be chosen as an independent 
set? Try guessing some set of n; reactions and determine the rank of the 
new stoichiometric matrix. Stop when you have determined successfully 
one or more sets of n; independent reactions. 


Exercise 2.3: Finding reaction rates from production rates 


Consider again the water gas shift reaction presented in Equation 2.51. As- 
sume the production rates have been measured and are, in some units of 


moles/(time-volume), 
` Exercise 2.5: Independent reactions for methane oxidation 


ie 


Ru -1 

Ru, 3 Consider a mixture of CO, Hz, and CH, that is fed into a furnace with Oz 
Ron z 1 i and produces CO, CO, and H20. The following chemical reactions have been 
Ruzo -3 i suggested to account for the products that form. 

Reo -2 i 

Reco, 2 


| 
| 
| 
| 
| 


CO+ 502 = CO2 


(a) If you choose the first two reactions as a linearly independent set, what 
are the two reaction rates that are consistent with these data. Is this 
answer unique? 


He + 502 = H20 


CH; + 202 = CO: + 2H20 
t 3 
(b) Repeat the calculation if you choose the second and third reactions as CH4 + 502 = CO+2H20 


the linearly independent set of reactions. Is this answer unique? > R : i ; 
{a) Are these reactions linearly independent? How many reactions comprise 


A eg, S i i 3 ? 
(c) How can these reaction rates differ, when the production rates are the a linearly independent set? 


same? Can we determine which set of reactions is really causing this 


measured production rate? (b) List all sets of linearly independent reactions. Which reaction is included 


in all of the linearly independent sets of reactions? Why? 
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Exercise 2.6: Methane oxidation and maximal independent sets 


{a) List a maximal set of linearly independent reactions if O2 as well as 
C are not observed as species in the methane oxidation reactions in 
Example 2.7. 


(b) Repeat if Hz, O2 and C are not observed as species. 


Exercise 2.7: Production rates from reaction rates 


(a) Consider the following set of chemical reactions, 


2N205 = 2N204 + 0O? 
N205 = NO: + NO; 
NO; + NO3 = N2Os5 
NOs + NO3 == NOo+ O2+NO 
NO+ N205 = 3NO2 
NO2: + NO: = N04 


Determine the rates of production of each component in terms of the 
rates of each reaction. 


(b) Butene isomerization reactions are shown below. 


k 
1-.butene = cis ~ 2 ~ butene 
1 ~butene = trans — 2 — butene 
k 
1 ~butene = isobutene 


k, 
cis - 2 — butene 5 trans — 2 ~ butene 





cis ~ 2 ~ butene isobutene 


Determine the rates of production of each component in terms of the 
rates of each reaction. 
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Exercise 2.8: Restrictions from element balancing 


Let the s species, Aj, j = 1,...,s be comprised of the e elements, E!l = 1,...,2. 
Writing the chemical formulas for the species in the usual way 


1 2 e 
Ai = Ea, Eaa t Fay, 
= Fl 2 e 
Az = Ea, Fay’ Elze 
Pree | 2 è aac 
< As = Ez Eas + Ekse 


in which a; is the formula number for species j corresponding to element L. 
Show that any chemical reaction, 5; vjAy = 0 satisfies the following e equa- 
tions to balance the elements 


Ay, An ss Ate 
azı AR +" Are 

[r v e wif 2 5. 2 f=[o 0+. of 
Asi Asz >’ Ase 


If we define the s x e matrix A to hold the formula numbers, we can express 
the element balance by 
vA =0 (2.67) 


Determine A, Eand A for the species hydrogen (molecular), oxygen (molec- 
ular) and water. 


Exercise 2.9: Null space and fundamental theorem of linear algebra 


Equation 2.67 in Exercise 2.8 is begging to be analyzed by the fundamental 
theorem of linear algebra [7], so we explore that concept here. Consider an 
arbitrary m x n matrix, B. The null space of matrix B, written N(B ), is 
defined to be the set of all vectors x such that B x = 0. The dimension of 
N(B ) is the number of linearly independent vectors x satisfying B x = 0. 
One of the remarkable results of the fundamental theorem of linear algebra is 
the relation 
rank(B ) + dim(N(B )) =n 


Armed with this result, consider Equation 2.67 and establish that the number 
of linearly independent reactions that satisfy the element balances is 


i=s—rank(A } 


The numerical support for computing null spaces is excellent. For example, 
the Octave command nul (B) returns a matrix with columns consisting of 
linearly independent vectors in the null space of matrix B . 


(a) Determine A, E and A for the methane oxidation in Example 2.7. 
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(b) Determine rank(A ) and i for this example. Do you obtain the same size 
maximal set as in Example 2.7? 


Exercise 2.10: Limits on numbers of independent reactions 


(a) Species A, B and C are observed in a reacting system. What is the largest 
possible number of linearly independent reactions among these species, 


Nmax? 


(b) What is the smallest possible number, nmin? 


(c) List a chemical example that has a maximal set with n reactions for each 
N İN Amin $ N S Timax. 


Exercise 2,11: Generating possible independent reaction sets 


(a) If one has s species comprised of e elements, what are the largest and 
smallest numbers of linearly independent reactions that can be written 
among the s species? Give an example with more than one species in 
which you cannot write any reactions. 


(b) If s >e, the usual case, how many reactions can be written? Prove you 
can write at least one valid reaction, or find a counterexample to this 
statement. 


Exercise 2.12: An alchemist’s view of stoichiometry 


In the early 1700s, the alchemists were unaware of the defining role that elec- 
trons played in bond formation and transformation of chemical species. The 
structure of the nucleus, elucidation of bond formation with electron sharing 
and the construction of the periodic table were major triumphs of the chem- 
| ical and physical sciences in the nineteenth and early twentieth centuries [6, 
i pp.113-166]. Before these developments, chemical transformation of the el- 
ements themselves, such as lead to gold, was on the table as an early goal of 
research. 
. Imagine a more flexible chemical world in which we demand conservation 
[ of only mass for a valid chemical reaction; any mass-conserving rearrange- 
ments of the protons and neutrons in the nuclei are also considered valid 
chemical reactions. 
Assume we observe Hz, O and H20 as chemical species. 








(a) Write a few mass-conserving reactions among these species that are not 
valid chemical reactions. 


(b) How many linearly independent miass-conserving reactions can be con- 
structed? You may want to.use.the result of Example 2.5 and the idea of 





‘hohe aiaia iisa anaona 








temanman Aaaa aea aoa An n SAANA AAE NSA: 
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the null space introduced in Exercise 2.9 to be sure you have accounted 
for all linearly independent reactions. 


{c} If you enforce the stronger condition of element balancing, then, by in- 
spection, how many linearly independent valid chemical reactions are 


possible? 


Exercise 2.13: Generalizing independent reactions 


Consider s species comprised of e elements, in which*t of the species are 
chemical compounds, i.e., not pure elements. Let i be the number of reactions 
in the maximal independent set. Show 


max(0,s -e) s i s min(s ~1,c) 


Hint: use the result i = s - rank(.A ) from Exercise 2.9 and determine upper 
and lower bounds on the rank of A based on s,e and c. 


We should point out that these limits on numbers of reactions in 
Exercises 2.8-2.13 presume that conserving elements in the chemical 
reactions is the only restriction. If other quantities are conserved, the 
method of analysis remains valid, but the answers change. We will see 
one such conserved quantity, the surface site, when we study reactions 
with catalytic surfaces in Chapter 5. 
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3 


Review of Chemical Equilibrium 








3.1 Introduction X 


This chapter is intended to remind the 
reader of some important facts concern- 
ing the equilibrium state of a system 
that can undergo chemical reaction. It T,P,nj 
is by design a review, and assumes the 
reader is familiar with the fundamental 
concepts of classical thermodynamics as 
discussed in the many introductory text- 

books on the subject [14, 5, 9, 16, 4]. N 

Although essentially all reactors in 
operation are not at chemical equilib- 
rium, it is still important to understand 
what equilibrium is and how to draw 
quantitative conclusions from considering the equilibrium state of a 
system. Chemical reactors are not at equilibrium because the net rates 
of chemical reactions are seldom allowed to become zero. However, 
the calculation of the equilibrium state can allow one to make conclu- 
sions about the limits of reactor performance that would be achievable 
if this state were reached. In addition, the consideration of the ther- 
modynamic restrictions on reactor performance may motivate one to 
make operations or design changes that allow these restrictions to be 
changed and reactor performance improved. For these reasons we be- 
gin with a review of chemical equilibrium. 

Consider the single-phase, multicomponent system depicted in Fig- 
ure 3.1. It is convenient for our purposes to describe the state of this 
System by the variables temperature, T, pressure, P, and the number 
of moles of each component, nj. Specifying the temperature, pressure, 








Figure 3.1: Thermodynamic 
system, 
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and number of moles of each component then completely specifies the 
equilibrium state of the system. The Gibbs energy of the system, G, is 
the energy function of these state variables that conveniently describes 
the condition of equilibrium. In particular the equilibrium state has 
a minimum Gibbs energy with respect to any changes in the number 
of moles at fixed T and P. The difference in Gibbs energy between 
two states at slightly different temperatures, pressures, and number 
of moles of each component is developed in standard textbooks to be 


dG = -SAT + VdP + X pjdnj (3.1) 
Jj 


in which S is the system entropy, V is the system volume and jy; is the 
chemical potential of component j. 


3.2 Condition for Reaction Equilibrium 


‘Consider a closed system in which the ny; can change only by the single 
chemical reaction, 

SivjAj = 0 

Jj 


Given. the definition of reaction extent in Chapter 2, for a small change 
in the extent of this single reaction, the numbers of moles of each com- 
‘ponent change by 

dnj = vjdé 
Substituting this relation into Equation 3.1 gives an expression for the 
change in the Gibbs energy due to a small change in the reaction extent, 


dG = -SAT + VAP +> (viuj) de (3.2) 
J 
For the closed system, G is only a function of T, P and £. The expansion 


of a total differential in terms of the partial derivatives allows one to 
deduce from Equation 3.2 


Soe A 8.3) 
S vjHj = (£) (3.5) 








related by 
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Figure 3.2: Gibbs energy versus reaction extent at constant T and P. 


Consider a plot of G at some fixed T and P versus the reaction extent, 
sketched in Figure 3.2. A necessary condition for the Gibbs energy to 
be a minimum is that the derivative be zero, or in light of Equation 3.5, 





> vjuj =0 (3.6) 
4 











The direct use of Equation 3.6 to compute equilibrium composition 
is inconvenient because chemical potential is often expressed in terms 
of other quantities such as activity or fugacity. One can express Hj in 
terms of the activity of component j, 


Hy = Gj +RTinaj (3.7) 


in which a; is the activity of component j in the mixture referenced 
to some standard state and G; is the Gibbs energy of component j in 
the same standard state. The activity and fugacity of component j are 


a- 


in which f; is the fugacity of component j and Sj is the fugacity of 
component j in the standard state. 
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Standard state. It is common convention in reaction equilibrium cal- 
culations to use the following standard state for gaseous, liquid, and 
solid mixtures: pure component j at 1.0 atm pressure and the system 
temperature. Sometimes the gaseous mixture standard state is defined 
to be the pressure corresponding to unit fugacity, but this pressure is 
close to 1.0 atm for most gases. It is obvious from the definition of 
the standard state that Gj and Fj are not functions of the system pres- 
sure or composition, because the standard state is 1.0 atm pressure 
and pure component j. G and f; are, however, strong functions of 
the system temperature. 
Multiplying both sides of Equation 3.7 by v; and summing yields 


È vinj =} vG + RTS vjlnaj (3.8) 
ł j Í 


The term 5j vjG5 is known as the standard Gibbs energy change for 
the reaction, AG”. Using the equilibrium condition, Equation 3.6, and 
simple logarithm addition and exponentiation identities yields 


AG’ +RTIn[ Jay’ =0 (3.9) 
j 


Equation 3.9 motivates the definition of the equilibrium constant, 
K, 
K = @ AG URT (3.10) 


Rearrangement of Equation 3.9 and exponentiation leads to the follow- 
ing simple condition for chemical equilibrium 


K=[]a;’ (3.11) 
j 


From the definitions of K (Equation 3.10) and the standard state, it is 
clear that K also is a function of the system temperature, but not a 
function of the system pressure or composition. 

The following example illustrates these concepts and the calcula- 
tion of the equilibrium composition in the simplest possible setting, an 
ideal-gas mixture. 


Example 3.1: Ideal-gas equilibrium 


The reaction of isobutane and linear butenes to branched Cg hydro- 
carbons is used to synthesize high octane fuel additives. One such 








ey 
3 


| 
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reaction is 
isobutane + 1-butene = 2, 2, 3-trimethylpentane 
I + B = P 


Determine the equilibrium composition for this system at a pressure of 
2.5 atm and temperature of 400 K. You may assume the gases are ideal 
at this temperature and pressure and this reaction is the only one that 
occurs. The standard Gibbs energy change for this reattion at 400 K is 
=~ 3.72 kcal/mol [17]. 


Solution 


We recall that the fugacity of a component in an ideal-gas mixture is 
equal to its partial pressure, 


fy =P; (3.12) 


The quantity Sj is the fugacity of component j in the standard state, 
which is pure component j at 1.0 atm pressure and the system tem- 
perature, 400 K. From Equation 3.12, fj = 1.0 atm because the partial 
pressure of a pure component j at 1.0 atm total pressure is 1.0 atm. 
The activity of component j is then simply 
Pj 
= Tam 

Notice that when we suppress the 1.0 atm in Equation 3.13 in subse- 
quent discussion, the units of P; have to be atm or a, is not dimension- 
less as it should be. 

We now attempt to calculate the equilibrium composition from Equa- 
tion 3.11, 





(3.13) 


Kea he (3.14) 

ajag 
in which P represents the trimethylpentane, I represents isobutane, and 
B represents the butene. Since AG” is given at the system temperature, 
we can simply calculate K at 400 K from Equation 3.10, K = 108. Sub- 


stituting the activity of the components in Equation 3.14 then gives 





=- Pp 

— PiP 
If we choose to use the mole fractions of the components, yj, as the 
unknown variables rather than the partial pressures, we have 


Ket. (3.15) 
yrveP 
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in which P is 2.5 atm. The problem is that we have three unknowns, 
the gas-phase mole fractions at equilibrium, and only one equation, 
Equation 3.15. We can of course add the equation that mole fractions 


sum to one, 
Ly=t 
j 


but we still have three unknowns and only two equations. In other 
words, the equilibrium composition cannot be determined with the in- 
formation given. All we know at this point is that any set of mole frac- 
tions satisfying Equation 3.15 (and summing to one) could be an equi- 
librium composition. It is important to realize that the mere statement 
that a system is at equilibrium at a certain temperature and pressure 
does not necessarily tell one everything about the system. a 


The next example illustrates what kind of additional information is 
required to be able to find the equilibrium composition. 


Example 3.2: Ideal-gas equilibrium, revisited 


Compute the equilibrium composition of Example 3.1 with the follow- 
ing additional information. The gas is contained in a closed vessel that 
is initially charged with an equimolar mixture of isobutane and butene. 


Solution 

We show how the initial composition of the gas in a closed vessel allows 
‘us to determine the equilibrium composition. Notice in particular that 
we do not know the volume of the vessel or the initial number of moles, 
just that the vessel initially contains an equimolar mixture of the two 
reactants. We proceed to describe the mole fractions of all components 
in terms of a single variable, the extent of reaction. Let njo represent 
the unknown number of moles of each component initially contained 
in the vessel. Since the vessel is closed, the number of moles at some 
other time can be related to the reaction extent from the stoichiometry 
using nj = Njo + YJE, 


ny = njo ~ E, ng = Tao — E, np =Npo + & (3.16) 
Summing Equations 3.16 produces 
ny =Nro- € 


in which nr is the total number of moles in the vessel. The total num- 
ber of moles decreases. with reaction extent because more moles are 
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consumed than produced by the reaction. Dividing both sides of Equa- 
tions 3.16 by nr produces equations for the mole fractions in terms of 
the reaction extent, 
_ no-é& _ Neo ~ & _ Npotreé 

: MI nro e PE nro ~€ PS aro E 
Dividing top and bottom of the right-hand side of the previous equa- 
tions by 7170 yields, 

yo -€ yo ~ E ypo KE” 
PU eee. RENT VTF 
in which g’ = £/nro is a dimensionless reaction extent that is scaled 
by the initial total number of moles. Notice that the mole fractions are 
now expressed in terms of the initial mole fractions, which are known, 
and a reaction extent, which is the single unknown. Notice also that 
the mole fractions in Equations 3.18 sum to one for all e’. Substituting 
Equations 3.18 into Equation 3.15 then provides the single equation to 
determine z’, 


(3.17) 


(3.18) 





_ _fvpo + £1 - €') 
(yego ~ E) (Yo ~ ENP 
Multiplying through by the denominator and collecting terms gives 


(yo ~ E) (Yro ~ EDKP — (ypo + €')(1-€’) = 0 


The equilibrium equation is quadratic in z’. Substituting in the given 
initial composition, Ypo = 0, Ygo = Yro = 1/2 gives 


€°(14+KP) ~ (1+ KP) +(1/4)KP =0 
The two solutions are 





E = ——— KP (3.19) 


The correct solution is chosen by considering the physical constraints 
that mole fractions must be positive. If the positive sign is chosen in 
Equation 3.19, the reaction extent is greater than 1/2, which is physi- 
cally impossible because it would result in negative numbers of moles 
of the reactants. The negative sign is therefore chosen, and the solu- 
tion is <’ = 0.469. The equilibrium mole fractions are then computed 
from Equation 3.18 giving 


Yr =5.73x107% = yp =5.73K10°% yp = 0.885 


The equilibrium at 400 K favors the product trimethylpentane. The 
Feaction has moved from the initial condition of pure reactants to an 
equilibrium state of relatively pure product. o 
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Second derivative of G. Before leaving the equilibrium of ideal gases, 
it is instructive to show that the equilibrium state is in fact a minimum 
in the Gibbs energy and that this minimum is unique. The procedure in 
the preceding example determined the value of the reaction extent for 
which dG/dé = 0. To show that this value corresponds to a minimum 
(and not a maximum or inflection), we would like to show 8°G/de* > 0 
at this value of reaction extent as depicted in Figure 3.2. If we can show 
that d°G/de? > 0 for every g, then the minimum is unique. 

We begin by performing the same steps we used to determine the 
mole fractions in Example 3.2, only for an arbitrary number of compo- 
nents. Recall that for the closed system undergoing a single reaction, 
we can describe the number of moles by 


Ny = Njo + VjEzO (3.20) 


Since the reaction extent only has physical significance when it corre- 
sponds to a nonnegative number of moles for all components, we have 
the inequality in Equation 3.20. Summing over all components yields 


nr =Nro+ve>O (3.21) 


in which ¥ = $} Vj. Notice » = 0 if moles are conserved in the reaction. 
The total number of moles is strictly positive to preclude the case of no 
material in the system, an uninteresting case. Dividing Equation 3.20 
by Equation 3.21 gives 


Njo + VjE 
= 3.22 
Yi nro + VE ( ) 
Defining the dimensionless extent as before, 
E' = EJNTO (3.23) 
Equation 3.22 can be written as 
Yio + VE 
¥i> Te! (3.24) 
We remark in passing for later use that 
PT air > 0 (3.25) 
ATO 


We now proceed to calculate 0°G/de*. We start with Equation 3.5, 


repeated here, 
dG 
ane E Èvit Gg 
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From Equation 3.23, we can express the derivative with respect to the 
dimensionless reaction extent, 


1 ðG r 
wre (ae?) np * DY gap 
é d 
Differentiation with respect to z’ yields 


laia i ee | mae 
P j ; 
The chemical potential of a component in an ideal gas is 
uj = Gj +RTIn(P;/1 atm) = G; + RT [In y; + InP | (3.29) 
Substituting Equation 3.24 into Equation. 3.29 yields 
Hy =G; +RT [inyo +vje)-ln(1 + ve’) + InP | 


Differentiating this equation with respect to z’ (T and P are constant) 


gives 
ony j p 
si) =rT}/—s ___¥ _ 
BE Jrp Yjotvjye 1+ ve 


Substituting into Equation 3.28 gives 


ae oe gs ee ee me! 
nroRT \ de" m F I| yt vye 14+ ve’ 





Performing the summation on the two terms yields 





1 (25) Ls y? 
2 z o+vje L+ve' 
nroRT \ de m S Yotve 1+vE 
Multiplying through by 1 + ve’ gives 


Leve (8G vy a : 
SE) = J 4 yey y? 3.30 
nroRT ER Zya zve +ý) -Ý ( ) 





Although Equation 3.30 may not appear very useful, if we define two 


Variables, 

: a vi bj =; 
j= = SS =] Yj + ¥j7E' 
l Vio F YJE NS 
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Equation 3.30 can be written as 


2 
l+ve' (HG _ SS ye P 
aire ( op? DEH Zab (3.31) 


3 
7 
JE F 





The Cauchy inequality [2], also known as the Schwarz inequality, states 
that for any two vectors a and b 


1/2 1/2 
5 ajbi s (s a) (s s) (3.32) 
j Jj 


J 








The equality is achieved if and only if the two vectors are nonnegatively 
proportional (a; = kb, for every j, with k > 0). Since aj = ypb 
it is clear that the vectors a and b are not proportional, and strict 
inequality holds in Equation 3.31. Since 1 + ¥e’ > 0 from Equation 3.25 


and nyo, R and T are positive, we can conclude 


è) 
-5 >0 3.33 
(SS T,P Han 


Due to the definition of £’, Equation 3.33 is equivalent to 


2 
(22), 
lap 
which is what we set out to show. Notice that this inequality is true for 
every € corresponding to physically meaningful compositions. Since 
the G function has positive curvature at every £, Figure 3.2 is indeed 


the correct picture for an ideal gas, and the equilibrium state is unique. 
Aris provides an alternative treatment of this same question [1]. 


Evaluation of G. As the last example on the equilibrium of an ideal 
gas, we calculate the actual function G(T, P, g’). As we shall see, the 
equilibrium extent then can be determined by plotting G versus z’. 
The Gibbs energy of a single phase can be computed from the chem- 
ical potentials and mole numbers of the components from (see Exer- 
cise 3.6 for a derivation) 
G=$ pynj (3.34) 
J 
The chemical potential of a component in an ideal gas is given by Equa- 
tion 3.29, repeated here, 


Hy = Gj +RT[Iny; + InP] 
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Substituting the above into Equation 3.34 gives 


G = S.njGj+ RTS nj[Iny; +P] (3.35) 
j j f 


Note that for this single reaction case, nj = njo + vje, which gives 
>. nyG; = $ njoGs + AG (3.36) 
j i mana” 

We now define a modified Gibbs function to measure changes from the 


initial standard Gibbs energy and to scale by the temperature and the 
total initial moles as follows, 


x n _ Go ÈynjoG} 
G(T, P, € ) = HToRT (3.37) 
Substituting Equations 3.35 and 3.36 into Equation 3.37 gives 
x „AG? Nye . 7 
Č = e Tt > aro [Inj + InP] (3.38) 


From Equation 3.20, the ratio n;/m7o0 is easily seen to be equal to Yjo+ 
vyé’. Substituting this relation, the definition of K and Equation 3.24 
into Equation 3.38 yields 


x 7 (Yyo + vje) 
G=- ; ef Í i 
E mE + 3.0% + vje’) [in (Sere os ) InP] 


which can be rearranged to 


, 
VYjo + VjE 


G=-eInK + (1406 Evje ( 
(1+v¥e')InP + 3 (yjo + vje) In ere 


J 


) (3.39) 


Notice that because T and P are known values, G is simply a shift of the 
G function up or down by a constant and then rescaling by the positive 
constant 1/(nroRT). In particular, the shape of the function G is the 
Same as G, and the minimum with respect to z’ is at the same value of 


~ .. €' for the two functions. 


Example 3.3: Minimum in G for an ideal gas 


Plot the G function for Example 3.2 and show that ¢’ corresponding to 
the minimum of ĝ agrees with the result of Example 3.2. 
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Solution 
We apply Equation 3.39 to the chemistry of Example 3.2, 


I+B = P (3.40) 


For this stoichiometry, $j vj = ¥ = ~L The reaction started with an 
equimolar mixture of reactants, so Ypo = 0, Yro = Yso = 0.5. Substitut- 
ing these values into Equation 3.39 gives 


G(7,P,é) =e INnK(T) + (1 -«')InP+ 
e’In(e’) + 2(0.5 ~ e) n(0.5 ~ e") - (1-e")In(i-e’) (3.41) 


Recall that the range of physically significant <’ values is 
Ose <05 


The equilibrium constant at 400 K has been computed to be K = 108. 
The pressure is 2.5 atm. Recall we must use atm for the pressure units 
because of the way we expressed chemical potential in Equation 3.29. 
Substituting these values into Equation 3.41 and plotting the results 
gives Figure 3.3. Because the minimum is close to £ = 0.5 we see again 
that the equilibrium favors the product. Magnifying this region of the 
plot in Figure 3.3 shows that ¢’ = 0.47 at equilibrium, which is in good 
agreement with the value 0.469 calculated in Example 3.2. Although we 
prefer the simple calculation in Example 3.2 to obtain a numerical value 
for ¢’, the graphical representation of G is more informative on issues 
of whether or not the solution is indeed a minimum and whether or not 
the minimum is unique. It also gives us confidence that the analysis of 
the previous section is correct because G has positive curvature for all 
g of physical interest. a 


Notice from Equation 3.39 that for an ideal gas, the pressure enters 
directly in the Gibbs energy with the InP term. The effect of pres- 
sure on the equilibrium extent depends on the sign of Vv. If positive, 
which means there are more product than reactant molecules in the 
stoichiometry of the reaction, then an increase in the pressure causes a 
decrease in the equilibrium reaction extent, in agreement with Le Chate- 
lier’s principle. This can be verified by examining the term (1 +¢’v) InP 
in Equation 3.39. If ¥ is positive, increasing the pressure increases this 
term more at larger values of z’ than at smaller values, thus pushing the 
minimum in the G function to smaller values of £. Hence for ¥ > 0 an 
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Figure 3.3: Gibbs energy G versus reaction extent z’. 


equilibrium shift favoring reactants is the effect of a pressure increase. 
If ý is negative, the opposite situation arises. For Y = 0, the pres- 
sure does not affect the equilibrium, because the term (1 + €’) InP is 
then constant with z’ and does not affect the location of the minimum. 
For single liquid-phase or solid-phase systems, the effect of pressure 
on equilibrium is usually small, because the chemical potential of a 
component in a liquid-phase or solid-phase solution is usually a weak 
function of pressure. 

The temperature effect on the Gibbs energy is contained in the 
InK(T) term. This term often gives rise to a large effect of temper- 
: ature on equilibrium. We turn our attention to the evaluation of this 
s : important temperature effect in the next section. 


3.2.1 Evaluation of the Gibbs Energy Change of Reaction 


_ We usually calculate the standard Gibbs energy change for the reaction, 
AG", by using the Gibbs energy of formation of the species, which are 
commonly available thermochemical data. The standard Gibbs energy 
of formation of species jis defined as the difference in the Gibbs energy 
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of the species and its constituent elements in some standard state. 


Ne 


Gip = G- > anGiy (3.42) 
Ist 


The standard state for the elements are usually the pure elements in 
their common form at 25°C and 1.0 atm. For example, the Gibbs energy 
of formation of H20 is 


o a A E 
Ginos = Cino ~ Cie ~ 5 SO, (3.43) 
We then take the appropriate linear combinations of the species 


Gibbs energy of formation to compute the Gibbs energy change for the 


reaction at 25°C 
AG; = $ vis Gp (3.44) 
j 


‘As shown in Exercise 3.11, the Gibbs energy of the elements cancel, 
leading to Equation 3.44. 

Finding appropriate thermochemical data remains a significant chal- 
lenge for solving realistic, industrial problems. Vendors offer a variety 
of commercial thermochemical databases to address this need. Many 
‘companies also maintain their own private thermochemical databases 
for compounds of special commercial interest to them.! 

The standard state temperature 25°C is often not the temperature 
‘of the system of interest, so we need to convert from 25°C to the system 
temperature. To accomplish this conversion, the temperature depen- 
dence of AG’ is discussed in the next section. 





3.2.2 Temperature Dependence of the Standard Gibbs Energy 


Recall from Equation 3.3 that the change of the Gibbs energy with tem- 
perature is the negative of the entropy, 


aa 


lFor educational purposes and to gain some experience with thermochemical 
databases, you may wish to try the Design Institute for Physical Property Data (DIPPR) 
database. A web-based student version of the database provides students with ac- 
cess to data for 100 common compounds at no charge: http://dippr.byu.edu/ 
students/chemsearch.asp. The list of included compounds is available at: http: 
//dippr.byu.edu/Student10o, txt. 
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This expression can be used to evaluate the change in the Gibbs energy 
jn the standard state, pure component j at a pressure of 1.0 atm, 


ORE 
Fra = -S5 (3.45) 
OF dan. 7 


Notice in this context that the subscripts P and n; denoting constant 
pressure and-composition are redundant due to the definition of the 
standard state and are dropped to avoid confusion. Stimming Equa- 
tion 3.45 with the stoichiometric coefficients of a single reaction gives 
a(vjGs) 
i r 

2r Tvs; 

j J 
Defining the term on the right-hand side to be the standard entropy 
change of reaction, AS’ gives 





BAG? j F 
ap = -AS (3.46) 
Let H denote the enthalpy and recall its connection to the Gibbs energy, 
G=H-TS (3.47) 


Partial molar properties. Recall the definition of a partial molar prop- 


erty is 
Ox 
a (5) 
17 TP nk 


in which X is any extensive mixture property (U, H, A, G,V, S, etc.). In 
other words, the partial molar property of component j measures the 
change in an extensive property as a small amount of component jis 
added to the mixture at constant T, P and other mole numbers. 

Equation 3.47 is valid also for the corresponding partial molar quan- 
tities 

G; = Hj- TS; (3.48) 

Writing Equation 3.48 for a component in its standard state gives G; = 
Hj - TS;, and summing with the stoichiometric coefficient yields 


AG* = AH? — TAS° (3.49) 


Solving Equation 3.49 for the entropy change and substituting into 


Equation 3.46 gives 


JAG? AG? - AH® 
are 
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Rearranging this equation and division by RT gives 


1 8AG? AG? __ AH? 
RT 6T ~ RT? ~ RT 


Using differentiation formulas, the left-hand side can be rewritten as 





(4) ane 


oT — RT 


which finally can be expressed in terms of the equilibrium constant 








dinK _ AH? 


or * Rr (3.50) 











Equation 3.50, known as the. van't Hoff equation, expresses how the 
equilibrium constant varies with temperature. Equation 3.50 can be 
integrated between two temperatures to give 





Rank | 
Cor ana i Rize 


To evaluate the integral one needs to have the standard enthalpy change 
as a function of temperature. This information can be computed from 
the partial molar heat capacities. The partial molar heat capacity for 
component j is defined by 


aHy 
Cp, = (Fe m E 6.51) 


Evaluating this expression at the standard state, multiplying by the 
stoichiometric numbers and summing produces 


AH” 
oT 


in which AC; is the heat capacity change upon reaction 


aG = E vG 
J 


AC} = 


The standard enthalpy change between a reference temperature To and 
an arbitrary temperature T can be evaluated from 


T 
AH (T) = AH” (To) -f ACpdT 
To 


aki amanea eanenaceniasebctcocemaonpnnicrorasatnisiegcni 
saaka aiiis aaaea a GaN a ASS ANU dnk 


} 
| 
| 
i 
d 
i 
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If the standard heat capacity change of reaction is zero over the temper- 
ature range, then AH” is constant and Equation 3.50 can be integrated 


directly to give k 
2 AH’ (1 1 
pea a Cer G38 
Notice the H; themselves may be strong functions of temperature, but 
if ACp = 0, then AH? is still independent of temperature and Equa- 
tion 3.52 is correct. Equation 3.52 also may be a useful approximation, 
but the error in assuming constant standard change in enthalpy should 
be examined if heat capacity data are available. 





3.3 Condition for Phase Equilibrium 


Consider a multicomponent, multiphase system that is at equilibrium. 
and denote two of the phases as « and £. Let TK and P* represent the 
temperature and pressure of phase k and nk represent the number of 
moles of component j in phase k. The chemical potential of component 
j in phase k is denoted by ji*. je The hat is to emphasize that this is the 
chemical potential of component j in the multicomponent mixture. The 
conditions for equilibrium when more than one phase are present are 
developed in standard texts to be 


= TA 
pe = pê 
ey Ve ee eee (3.53) 


Since these equations apply to any two phases, the temperatures of all 
phases are equal and the distinction of temperatures for each phase is 
unnecessary and one can speak of the system temperature T. Similarly 
for the pressure. Most of our attention then is focused on the condition 
that the chemical potential of component J must be equal in all phases. 

A loose but useful physical intuition is connected to the equilibrium 
conditions. If the temperatures of the phases of a two-phase mixture 
are not equal, one expects to see a transfer of heat from the hotter to 
the colder phase until the equilibrium condition is satisfied. Similarly if 
the pressures are not equal, one expects a momentum transfer from the 
System at higher pressure to the one at lower pressure. Finally, if the 
chemical potential of a component is higher in one phase than another 
phase, one expects a mass transfer of the component from the phase 
with higher chemical potential to the phase with lower chemical poten- 


g : tial until the chemical potentials become equal. In reality, of course, the 


| 
| 
$ 
f 
| 
i 
i 
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gradients and fluxes do not separate so ideally and we observe the si- 
multaneous transfer of heat, momentum and mass of all components 
while the system approaches equilibrium from some arbitrary initial 
condition [3, pp. 767-768]. 

Again, the chemical potential is often expressed in terms of the fu- 
gacity, which is defined by 


fy =u +RTInf; (3.54) 


in which p? denotes the chemical potential of component j in a stan- 
dard state. The standard state is again pure component j at the system 
temperature and 1.0 atm pressure. If we express Equation 3.54 for two 
phases « and £ and equate their chemical potentials we deduce 


fe =f?  jal2...ms (3.55) 


‘One can therefore use either the equality of chemical potentials or fu- 
gacities as the condition for equilibrium. 


3.3.1 Ideal Mixtures 


In this and the next section we briefly review the methods for express- 
ing the fugacity of components in a mixture and calculating the phase 
equilibrium. The simplest rule for evaluating the fugacity of a compo- 
nent in a mixture is the ideal mixture assumption. We review this case 
first. 


Gaseous Solutions 


Consider a gas-phase mixture of interest at some temperature and pres- 
sure. Let f a denote the fugacity of pure component j in the gas phase 
at the temperature and pressure of the mixture. The simplest mixing 
rule for calculating the fugacity of component j in the mixture con- 
taining component j at some mole fraction yy; is the following linear 
mixing rule 2 
fo = ffy; (ideal mixture) (3.56) 
An ideal gas, for example, obeys this mixing rule and furthermore 
the fugacity of pure j at the mixture T and P is simply the system pres- 
Sure, FF = P., The fugacity of component j in an ideal gas is therefore 
the partial pressure of component j. 


ÎE =P;= Py; (deal gas) 











3.3 Condition for Phase Equilibrium 81 


Liquid (and Solid) Solutions 


: Again the simplest mixing rule for liquid (and solid) mixtures is that 


the fugacity of component j in the mixture is the fugacity of pure j at 
the temperature and pressure of the mixture times the mole fraction 
of j in the mixture. We let x; denote the mole fraction to distinguish 
liquid-phase and solid-phase from gas-phase compositions. 


fi = fix; - (3.57) 


This approximation is usually valid when the mole fraction of a com- 
ponent is near one. In a two-component mixture, one can establish 
from the Gibbs-Duhem relations that if the first component obeys the 
ideal mixture, then the second component follows Henry's law: 


fk = kaxa (3.58) 


in which kz is the Henry’s law constant for the second component. Note 
that it is not generally equal to ft (unless the mixture is ideal over the 
entire composition range). 


Fugacity pressure dependence. Sometimes we know the fugacity of 
a component at one pressure and we need to evaluate it at another 
pressure. We start with the standard relation 


amh) V 
oP “R 
Tig 


in which V; is the partial molar volume. We integrate between the two 
pressures of interest to obtain 


x ae 1 P, 
Fil p, = Fil p, ex E a vr] (3.59) 


For condensed phases, the partial molar volume is usually constant 
over reasonable pressure ranges giving 


s31 al a PVP - Pa) 
Bla = il, [are | 


The exponential term in Equations 3.59 and 3.60 is called the Poynting 
correction factor. For liquids and solids, the partial molar volume is 
generally small, and the Poynting correction may be neglected if the 
Pressure does not vary by a large amount. 


(3.60) 
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3.3.2 Nonideal Mixtures 


For mixtures that display significant deviations from ideality, correct- 
ing factors from the ideal mixture assumption are used. For gaseous 
mixtures, one defines the fugacity coefficient, $j, as follows 


fe = Py j 
The analogous correcting factor for the liquid phase is the activity co- 
efficient, yj. 

Pi = FFX 

The introduction of these coefficients obviously has shifted the bur- 

den from evaluating the fugacities to evaluating the activity and fugac- 
ity coefficients. These coefficients may be available in several forms. 
Correlations may exist for systems of interest or phase equilibrium data 
may be available from which the coefficients can be calculated. The fol- 
lowing list is a representative sample of the numerous texts devoted to 
this important topic [11, 12, 18, 13, 5]. 


3.4 Equilibrium Composition for Heterogeneous 
Reactions 
in this section we illustrate the calculation of chemical equilibrium 


when there are multiple phases as well as a chemical reaction taking 
place. The following example illustrates the important issues. 


Example 3.4: Chemical and phase equilibrium for a nonideal mixture 


Consider the liquid-phase reaction 
AC) +B0) = Cd) (3.61) 


that occurs in the following three-phase system. 

Phase I: nonideal liquid mixture of A and C only. For illustration pur- 
poses, assume the activity coefficients are given by the simple Margules 
equation, 


Inya = xå [Aac + 2(Aca — Aac) xa] 
nyc = x§ [Aca + 2(Aac ~ Aca)xe] 


Phase Il; pure liquid B. 
Phase IU: ideal-gas mixture of A, B and C. 
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All three phases are in intimate contact and we have the following 
data: 
Aac = 14 P3 = 0.65 atm 
Aca=2.0 Pg =0.50 atm 
Pe = 0.50 atm 


in which PF is the vapor pressure of component j at the system tem- 

perature. > Di 

1. Plot the partial pressures of A and C versus x4 for a vapor phase 
that is in equilibrium with only the A-C liquid phase. Compute 
the Henry’s law constants for A and C from the Margules equation. 
Sketch the meaning of Henry's law on the plot and verify your 
calculation from the plot. 


2. Use Henry’s law to calculate the composition of all three phases 
for K = 4.7. What is the equilibrium pressure? 


3. Repeat for K = 0.23. 


4. Assume K = 1. Use the Margules equation to calculate the com- 
position of all three phases. 


5. Repeat 4 with an ideal mixture assumption and compare the re- 
sults. 


Solution 


Part 1. The calculation of the partial pressures of A and C in a vapor 
phase in equilibrium with a liquid-phase mixture of A and C follows 
from equating the chemical potentials of the components in the differ- 
ent phases, Since the gas phase is assumed an ideal-gas mixture, 


FE = Pa (3.62) 

In the liquid phase, the fugacity of A is computed from the activity 
coefficient 

x = fEXAYA (3.63) 

The fugacity of pure liquid A at the system T and P is not known. How- 

ever, the fugacity of pure liquid A at the system temperature and the 


vapor pressure of A at the system temperature is known; it is simply 
the vapor pressure, P3. If the system pressure is not greatly different 


P(atm) 
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Figure 3.4: Partial pressures of components A and C versus liquid- 
phase composition in a nonideal solution; solid line: Mar- 
gules equation; dashed line: ideal mixture. 


‘from the vapor pressure of A at the system temperature, then the fol- 


lowing approximation is valid because, as discussed in Section 3.3.1, 
fugacities of liquids are only weak functions of pressure 


fk = P3 (3.64) 


Substituting Equation 3.64 into 3.63 and equating to 3.62 gives, 


Pa = PAXAYA (3.65) 
The analogous expression is valid for Pc. Figure 3.4 plots P4,Pc and 
Pr = Pa + Pc versus the composition in the liquid phase, x4, using the 
Margules equation to compute the activity coefficient in Equation 3.65. 
Notice that the system exhibits positive deviations from an ideal mix- 
ture, which is also plotted in the figure. 

Henry’s law for component A is 


fi = kaxa 


| 
' 





| 
i 
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which is valid for x4 small. Comparing to Equation 3.63 and using 


< Equation 3.64 gives 


ka= PAYA 
which is also valid for small xa. Computing ya from the Margules 
equation for x4 = 0 gives 


ya(0) = e@ac 


So the Henry’s law constant for component A is 
ka = PyeAac 


The analogous expression holds for component C. Substituting in the 
values gives 

ka = 2.6, 
These values can be checked by examining Figure 3.4. The slope of the 


tangent line to the P4 curve at x4 = 0 is equal to ka. The negative of 
the slope of the tangent line to the Pc curve at x4 = 1 is equal to kc. 


kc =3.7 


Part 2. For K = 4.7, one expects a large value of the equilibrium con- 
stant to favor the formation of the product, C. We therefore assume 
that x4 is small and Henry’s law is valid for component A. The validity 
of this assumption can be checked after the equilibrium composition is 
computed. The unknowns in the problem are x4 and xc in the A-C mix- 


~“ ture, ya, yg and yc in the gas phase, and the system pressure. There 


are therefore six unknowns. We require six equations for a well-posed 
problem. We can equate the fugacities of each component in the gas 
and liquid phases, and use the fact that the mole fractions sum to one 
in the gas and A-C liquid phases. Finally, the. chemical equilibrium 
provides the sixth equation and the problem can be solved. In general 
we would set up six equations in six unknowns and solve the prob- 
lem numerically, but the structure of this problem allows an analytical 
solution. Consider first the condition for reaction equilibrium, 


= Ae 
Asap 





in which K is evaluated for a liquid-phase standard state. Evaluating 
the activities first of component A, the component for which we assume 
Henry’s law, . 

ai _ Sk _ KAXA 


âh = Aa ir 
Sofa Ta 
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From the standard state for reactions, f3 is the fugacity of pure liquid 
A at the system temperature and 1.0 atm. Again, this value is unknown, 
but we do know that P3 is the fugacity of pure liquid A at the system 
temperature and the vapor pressure of A at this temperature. The dif- 
ference between 0.65 and 1.0 atm is not large, so we assume fi = P3. 
Since x4 is assumed small, xc is assumed near one. The fugacity is 
then evaluated from a 

fE 22 Sf EXC 

"R F 


Now fE and f¢ are the fugacities of pure liquid C at the system temper- 
ature and the system pressure and 1.0 atm, respectively. If the system 
pressure turns out to be reasonably small, then it is a good assumption 
to assume these fugacities are equal giving, 


ak 





ab. = XC 


Since component B is in a pure liquid phase, the same reasoning leads 


to i 
at . FE . fh 
âj = E a-ha =I 
B Ss Ji 
Substituting these activities into the reaction equilibrium condition gives 
= CEE: ee 
= eakal; i (3.66) 


Using xc = 1 -~ x4 and solving Equation 3.66 for x4 yields 


i Cae 
= kak -( Pi ) 
xa= (1+ Ek) XC 1+ Ek 


Substituting in the provided data gives 


x4 = 0.05, xec = 0.95 


Therefore, from Figure 3.4, the assumption of Henry’s law for compo- 
nent A is reasonable. 

The vapor compositions now are computed from the phase equi- 
librium conditions. The fugacities of all components in the ideal-gas 
mixture are equal to their partial pressures. Therefore, equating these 
to the fugacities of the liquid phase gives 

Pa = KAXA, 


Pg = Pi, Po = Pexe 


ik ie a EEA E EE AE EAEE AEE AE E EEEE AAO EAA A A AE E AAN EA 
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Substituting in the provided data, Henry’s law constant and known 
liquid-phase compositions gives 


Pa=0.13 atm, Pg = 0.50 atm, Pe = 0.48 atm 


The system pressure is therefore P = 1.11 atm. This low pressure 
justifies the assumptions we have made about fugacities of pure liquids 
at the system pressure. Finally, the vapor-phase concentrations can be 
computed from the ratios of partial pressures to total pressure, which 
gives 
¥a = 0.12, yeg = 0.45, ye = 0.43 

Part3. ForK = 0.23 one expects the reactants to be favored so Henry’s 
law is assumed for component C. You are encouraged to work through 
the preceding development again for this situation. The answers are 


Xa = 0.97, xc = 0.03 
ya = 0.51, yg = 0.40, ye = 0.09 
P=1.24 atm 


Again the assumption of Henry’s law is justified and the system pres- 
sure is low. 


Part 4. For K = 1, the equilibrium composition may not allow Henry’s 
law to be assumed for either A or C. In this case we must solve the reac- 
tion equilibrium condition using the Margules equation for the activity 


coefficients, vei 
_ cyce 


XAYA 
By expressing xc = 1 ~ xa, we have one equation in one unknown, 





_ (= xa) exp [x4 (Aca + 2(Aac = Aca) ~xa))] 


3.67. 
xa exp[(1 - xa) (Aac +2 (Aca — Aac) xa) ] : ) 





Equation 3.67 can be solved numerically to give x4 = 0.35. From this 
value, the rest of the solution can be computed. Recall that the partial 
pressures of A and C now must be computed from the fugacity of the 
liquid phase using the activity coefficients 


Pr=Pixjyjy f= AC 
The solution is 


x4= 0.35, xc =0.65 
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Ya = 0.36, Vp = 0.37, Ye = 0.28 
P = 1.37 atm 


Using the full Margules equation instead of Henry's law for the other 
K values gives x4 = 0.054 for K = 4.7 and xa = 0.96 for K = 0.23, in 
good agreement with the Henry’s law solution presented above. 


Part 5. Finally, if one assumes that the A-C mixture is ideal, the equi- 
librium condition becomes K 
aes. 


XA 
which can be solved to give x4 = 1/(1 + K). For K = 1, the solution is 


x4 = 0.5, Xc = 0.5 


Ya = 0.30, Yg = 0.47, yc = 0.23 
P = 1.08 atm 


As can be seen from comparison with the solution to Part 4, the ideal 
mixture assumption leads to significant error as might be expected 
from the strong deviations from ideality shown in Figure 3.4. o 


3.5 Multiple Reactions 


Determining equilibria for reacting systems with multiple phases and 
reactions can require significant computational effort. The phase and 
reaction equilibrium conditions generally lead to mathematical prob- 
lems of two types: solving nonlinear algebraic equations and minimiz- 
‘ing a nonlinear function subject to constraints. In this section it is 
assumed that the required thermochemical data are available, but find- 
ing or measuring these data is often another significant challenge in 
computing equilibria for systems of industrial interest. 


3.5.1 Algebraic Approach 
We again consider a single-phase system but allow np reactions 


SvwyAy=0,  €=1,2,...,"r 
i 
Letting £; be the reaction extent for the ith reaction, the change in the 
number of moles of component j for a closed system due to the ny 
chemical reactions is 
Ay = Nig + S vyti {3.68) 


i 











3.5 Multiple Reactions 89 





i ETERS 
& OE; È vut 


Figure 3.5: Gibbs energy versus two reaction extents at constant 
T and P. 


We can compute the change in Gibbs energy as before 


aG = -SdT +VdP + È pjdnj 
j 


Substituting in the change in the number of moles with reaction extents, 
anj = dj vijdéi, gives 


dG = -SAT +VdP + Ý pj > vid 


i i 
=-SdT+VdP +> (5 vam) dé; (3.69) 
i i 
At constant T and P, G is a minimum as a function of the ny reaction 


extents. Necessary conditions are therefore 


(52) = 0, i=1,2,... nr 
DEIT TPE, 


as illustrated in Figure 3.5 for the case of two reactions. Evaluating the 
partial derivatives in Equation 3.69 gives 





Svg, is 1,2Nr (3.70) 
id 
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In other words, the necessary condition for a single reaction applies for 
each reaction in the network for the multiple reaction case. 

Substituting Equation 3.7 for the chemical potential in terms of the 
activity into Equation 3.70 gives 


> vise = > vuc +RT> vij Ina; 
j j j 


Defining the standard Gibbs energy change for reaction i, AG? = 3); vi ne 
gives 

S viju; = AG? +. RTS vijlna; 

j J 
Finally, defining the equilibrium constant for reaction i as 


Ki = e SG RT (3.71) 


allows one to express the reaction equilibrium condition as 





Ki=]]aj’, i= 1,2,....m (3.72) 
i 











Example 3.5: Equilibrium composition for multiple reactions 


In addition to the formation of 2,2,3-trimethylpentane in Example 3.2, 
it is known that 2,2,4-trimethylpentane may also form with the same 
stoichiometry, 


isobutane + 1-butene = 2,2, 4-trimethylpentane (3.73) 


Recalculate the equilibrium composition for this example given that 
AG* = ~4.49 kcal/mol for this reaction at 400 K. 


Solution 


Let reaction 1 be the formation of 2,2,3 trimethylpentane denoted as 
P, and reaction 2 be the formation of 2,2,4-trimethylpentane denoted 
as P2. From the Gibbs energy changes, we have 


Kı = 108, K2 = 284 


We now set up a table to calculate the four compositions from the ex- 
tents of the two reactions, 


Hy = Nig — El — E? Tip, = npea tE 


Tig = Neo — £1 ~ €2 Ap, = MPs +E? 
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The total number of moles is then ny = nro ~£ ~ €2. Forming the mole 
fractions yields 


, 





_ Yo - fi, -E Pw të 

me posca, ONT Lae Sah 
is (3.74) 

ypa TETË REEL Nal 

l-E- E E - & 


Applying Equation 3.72 to the two reactions gives 


aoe 


YP, YP 
ESA e Kea 
lT “yryeP 25 yiveP 


Substituting in the mole fractions gives two equations for the two un- 
known reaction extents, 


PKy (M10 ~ £1 ~ €) (Yp0 — E — E2) ~ (YP + EY) (1 -E1 ~ E2) = 0 
PK2(y10 ~ E1 ~ &) (¥B0 ~ E} ~ E2) ~ (YPa + €4) (1 ~ E1 ~ £2) = O 


These two equations are solved with the initial condition of an equimo- 
lar mixture of reactants, y; = yg = 0.5, yp, = Yp, = 0.2 Using the initial 
guess from the solution of Example 3.2, €; = 0.469, €2 = 0, gives the 
solution 

& = 0.133, &2 = 0.351 


Other initial guesses result in the same solution, leading us to believe 
that this solution is the unique, physically meaningful solution.? The 
mole fractions are computed from Equations 3.74 giving 


y= 0.031, yp =0.031, yp, =0.258, yp, = 0.680 


Notice that the existence of the second reaction causes us to produce 
considerably less 2,2,3-trimethylpentane in favor of the 2,2,4 isomer. 
This is bad news in this example because the production of 2,2,4 is 
preferable due to its high octane content. The news only gets worse 
when we consider that a host of other products are also possible, such 
as the 2,3,3 and 2,3,4 isomers as well as 2,2,3,3-tetramethylbutane and 
still others. The Gibbs energy of formation of many of these possible 





2it is best to use a numerical tool to solve these equations when there is more than 
one reaction. 
3The mole fractions are real and positive. 
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products show that they are present in significant amounts at equilib- 
rium. It is clear that one cannot allow the system to reach equilibrium. 
and still hope to obtain a high yield of the desired product. The solu- 
tion to problems like these is often to develop a catalyst that selectively 
increases the reaction rate for the desired reaction in comparison to the 
undesired side reactions. If such a catalyst is available, the reaction is 
halted after a high yield of the desired product is formed and before 
the equilibration to the other products can reduce the yield. This use 
of catalysts to promote the rates of desirable reactions is discussed 
further in Chapter 5. o 


3.5.2 Optimization Approach 


The other main approach to finding the reaction equilibrium is to mini- 
mize the appropriate energy function, in this case the Gibbs energy [19]. 
This optimization-based formulation of the problem, as shown in Ex- 
ample 3.3, can be more informative than the algebraic approach dis- 
cussed above, 

We first extend our evaluation of the Gibbs energy for the single 
reaction case to allow multiple reactions. We start with 


G= > pyn; (3.75) 
J 


and express the chemical potential in terms of activity 
Hy = G} +RT naj; 


We again use Equation 3.68 to track the change in mole numbers due 
to multiple reactions, 
ny =Njot Š vires 
i 


Using the two previous equations we have 


Lyny = NyoG5 + Gj > vijéi+ ns + Swe RT Ina; (3.76) 
i i 
It is convenient to define the same modified Gibbs energy function 
that we used in Equation 3.37 
G- yj n j0; 


Cee Rr 8.77) 
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in which €; = £;/nro. If we sum on j in Equation 3.76 and introduce 
this expression into Equations 3.75 and 3.77, we obtain 





na AG? 
Č = LRT +5 [> + Evas Ina; 
i f i 


Using the definition of the equilibrium constant, Equauen 3.71, we can 
write the energy function as ~ 





= @--Semni+S [rns Zvu i (3.78) 








To find the equilibrium composition, we minimize this modified 
Gibbs energy over the physically meaningful values of the ny extents. 
The main restriction on these extents is, again, that they produce non- 
negative mole numbers, or, if we wish to use intensive variables, non- 
negative mole fractions. We can express these constraints as 





-yjo -X vyg 30, j=l. Ms (3.79) 
i 











Our final statement, therefore, for finding the equilibrium composition 
for multiple reactions is to solve the optimization problem 


min Glei) (3.80) 


subject to Equation 3.79. The min notation means to minimize the 
function G(z;) with respect to the argument £;. 





Example 3.6: Multiple reactions with optimization 

Revisit the two-reaction trimethylpentane example, and find the equi- 
librium composition by minimizing the Gibbs energy. 

Solution 


We start with the modified energy function, Equation 3.78. We recall for 
an ideal-gas mixture, the activity of component j, is simply its partial 


Pressure divided by 1.0 atm, 


aj = Tom (ideal-gas mixture) 
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Substituting this relation into Equation 3.78 and rearranging gives 
Č = ~J elnKi+ (: + So) InP 
i i 


; <r jo + Di Vise; 
*2 (vr + Frue) In [ese TS He | (3.81) 


in which 
vi = X vy 
i 
The minimization of this function of z; then determines the two equi- 


librium extents. The constraints on the extents are found from Equa- 
tion 3.79. For this problem they are 


-ypo -£ <9 
-Ymo — E $0 


-ym +E + & <0 
-yg +E + & <0 


Substituting in the initial conditions gives the constraints 


&+6<05, Ose O58 


Figure 3.6 shows the lines of constant Gibbs energy determined by 
Equation 3.81 as a function of the two reaction extents. We see im- 
mediately that the minimum is unique. Notice in Figure 3.6 that G is 
defined only in the region specified by the constraints. The numerical 
solution of the optimization problem is 


gj =0.133, £% =0.351, G=~-2.569 
The solution is in good agreement with the extents computed using 
the algebraic approach, and the Gibbs energy contours depicted in Fig- 


ure 3.6. a 


Optimization is a powerful tool for solving many types of engineer- 
ing modeling and design problems. We also rely heavily on optimiza- 
tion tools in Chapter 9 on parameter estimation. 


3.6 Summary 


In this review of reaction equilibrium, the Gibbs energy was chosen 
as the convenient function for solving reaction equilibrium problems 
when the temperature and pressure are specified. The fundamental 


innssousynnsnmmnaernvionsiniianiansindinitn dina aoniiiiorAisalsninasnninnasnanininis 


pajanan aoai inc aa Om 
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Figure 3.6: Gibbs energy contours for the pentane reactions as a 
function of the two reaction extents. 


equilibrium condition is that the Gibbs energy is minimized. This fun- 
damental condition leads to several conditions for equilibrium such 
as 


S vinj = 0 
j 


y 
JE J 
K= I] a; 
j 
for a single reaction or 


S vyu, i=l nnr 
d 


Vi e 
K,=[]a,;". i= lpn 
j 


for multiple reactions, in which the equilibrium constant is defined to 
be 
Kj = er OGIRT 
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You should feel free to use whichever formulation is most convenient 
for the problem. The equilibrium “constant” is not so constant, because 
it depends on temperature via 


@InK AH” 
ôT RT? 


or, if the enthalpy change does not vary with temperature, 


aep 
Kı R Tt Ty 

The conditions for phase equilibrium were presented: equalities of 
temperature, pressure and chemical potential of each species in all 
phases. The evaluation of chemical potentials of mixtures was dis- 
cussed, and the following methods and approximations were presented: 
ideal mixture, Henry's law, and simple correlations for activity coeffi- 
cients. 

When more than one reaction is considered, which is the usual sit- 
uation faced in applications, we require numerical methods to find the 
equilibrium composition. Two approaches to this problem were pre- 
sented. We either solve a set of nonlinear algebraic equations or solve 
a nonlinear optimization problem subject to constraints. If optimiza- 
tion software is available, the optimization approach is more powerful 
and provides more insight. 
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Notation 


a; activity of component j 

aj formula number for element L in species j 

Aj jth species in the reaction network 

Cp; partial molar heat capacity of component j 

E, ith element constituting the species in the reaction network 
f; fugacity of component j 

G Gibbs energy 

Gj Partial molar Gibbs energy of component j 
AG; standard Gibbs energy change for reaction i 
H enthalpy 

H; partial molar enthalpy of component j 

åH; standard enthalpy change for reaction i 

i reaction index, i = 1,2,..., ^ny 

į species index, j = 1,2,..., 7s 

k phase index, k = 1,2,...,np 

K equilibrium constant 

Ki equilibrium constant for reaction i 

L element index, l = 1,2,..., nte 

nry total number of reactions in reaction network 
ns total number of species in reaction network 
P pressure 

P; partial pressure of component j 


caveat” 


Ss entropy 
T temperature 
V — volume 


£ reaction extent 

£i reaction extent for reaction i 

Hj chemical potential of component j 

vı; stoichiometric number for the jth species in the ith reaction 
v; stoichiometric number for the jth species in a single reaction 
~ Paz) 

Ve Lys 
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3.7 Exercises 


Exercise 3.1: Calculating an equilibrium composition 


Consider the following reaction in a closed vessel at a pressure of 1.0 atm and 
temperature of 500°K 


isobutane + 1-butene = 2, 2, 3-trimethylpentane 


I + B = P 


The standard Gibbs energy and enthalpy changes for this reaction at 500 K 
are AG’ = ~4.10 kcal/mol, AH” = -20.11 kcal/mol. 


(a) Determine the equilibrium composition for this system for an initial 
equimolar mixture of isobutane and butene. What assumptions did you 
make? 

(b) What is the equilibrium conversion of the reactants in part 3.1a? Assume 
for economic reasons that you must increase the equilibrium conversion 
to 97%. At what pressure must you run this reaction at a temperature 
of 500 K to achieve this conversion? 


Xc) At what temperature must you run this reaction at a pressure of 1.0 atm 
to achieve 97% conversion? 


(d) What do you know about this system that prevents you from taking these 
answers too seriously? 


Exercise 3.2: Equilibrium and linearly independent reactions 


Butene isomerization reactions are shown below. 
kı A 
1 - butene E cis — 2 ~ butene 
kz 
1 - butene = trans ~ 2 ~ butene 
“2 
ka i 
1 — butene = isobutene 
4 ka 
cis — 2 — butene = trans ~ 2 — butene 


cis ~ 2 — butene T isobutene 


The Gibbs energy of formation of the components at 400 K are [17] 
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Components | AGy (kcal/mol) 
1-butene 23.10 
cis-2-butene 21.94 
trans-2-butene 21.33 
isobutene 20.23 











(a) Determine the minimum number of reactions that are needed to calcu- 
late the equilibrium composition of the butenes. 


eet 


(b) Set up the linear algebra problem to determine the equilibrium extents 
of the reactions. What assumptions have you made? 


(c) Compute the equilibrium composition at 400 K and 1.0 atm pressure 
starting from pure 1-butene. 


(d) Why is isobutene the predominate butene formed? 


Exercise 3.3: More than one reaction 
Consider the following two gas-phase reactions 
A+ Bec 
2C =D 
(a) What are the two equilibrium equations relating the two unknown ex- 


tents of reaction and the initial gas-phase compositions? You can as- 
sume the pressure is low enough that the gases are ideal. 


(b) What is the equilibrium gas-phase composition at 2.0 atm total pressure 
given initial gas-phase composition ya = Vz = 0.5, yc = Yp = 0, and 
Kı = 1.0, Kz = 2.5? Solve the two nonlinear equations numerically. If 
a computer is not available, you can use trial and error (partial answer: 
Ya = 9.31). 


(c) What is the equilibrium gas-phase composition at 2.0 atm total pressure 
given initial gas-phase composition ya = ye = 0.5, Ys = yp = 0 (partial 
answer: ya = 0.62)? 


Exercise 3.4: Temperature effect on reaction equilibria 


Hexane can equilibrate to methyl-substituted pentanes and methylcylopen- 
tane according to 


kı 
hexane = methylcyclopentane + H2 
ok: 


kz 
hexane E 2 — methylpentane 
-2 
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Component AHG X (keal/mol) acy E (kcal/mol) 
n-hexane ~46.10 43.02 
methylcylopentane ~31.69 | 45.76 
2-methylpentane -47.63 42.39 

| hydrogen | 0 0 





in which AH§° * and AG§°° X are the heats of formation and the Gibbs free 
energy of formation of the compounds at 600 K from the elements, respec- 
tively [17]. Find the temperature where equal amounts of methylcylopentane 
and 2-methylpentane form if pure hexane is allowed to equilibrate at 1.0 atm 
total pressure. Also find the composition of the mixture at this temperature. 
At this condition the hydrocarbons are gases. 


Exercise 3.5: Other equilibrium conditions 


In the text, we focused our attention on minimizing Gibbs energy to deter- 
mine the chemical equilibrium at fixed temperature and pressure. To be 
fair to the other energy functions, what system function would be at an ex- 
tremum (maximum or minimum) if the following were specified. Provide a 
short derivation verifying your result starting with the second law, dStor = 0. 





(a) T and P are fixed. 
(b) T and V are fixed. 
davdsupecedeon's (c) S and P are fixed. 


(d) S and V are fixed. 





(e) The system is insulated and 

V is fixed. In addition to V, 

2 what other thermodynamic 
T,P, Bn; property is fixed? 





Figure 3.7: Two systems with iden- (f) The system is insulated and 

tical intensive properties and differ- P is fixed. In addition to P 

ent extensive properties. what other thermodynamic 
property is fixed? 


Exercise 3.6: Partial molar Gibbs energy and chemical potential 
(a) Derive Equation 3.34 in the text. Consider first a system at equilibrium 
depicted in Figure 3.7 at given T,P,nj,j = 1,...,1s. Now consider sys- 
tem 2 to be simply £ identical copies of system 1. The equilibrium state 
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of system 2 therefore has the same temperature and pressure (intensive 
properties) as system 1 but the number of moles of each component (ex- 
tensive property) changes by constant factor B. System 2 is specified by 
the variables T,P, nj, j = 1,...ns. Consider a reversible change from 
system 1 to system 2, imagine slowly removing the partition depicted in 
Figure 3.7, for example, and integrate Equation 3.1 


2 2 
` fac { |-sar+ var + Swan | , 
l 1 s; cate 
us J 


Because g; is an intensive variable, it remains constant during the pro- 
cess, along with T and P. Perform the integration and express G2 and 
nj in terms of G; and nj and £ to complete the argument. 


(b) Show this same argument produces the following result for any partial 
molar property 
X = S xXjnj 
i 
in which X is any extensive thermodynamic property. 


Exercise 3.7: Creating a second phase with reaction 
Consider the gas-phase reaction 


A+B=C (3.82) 


Product C has a fairly low vapor pressure, so we are concerned about the for- 
mation of a liquid phase in the reactor. The Clausius-Clapeyron equation well 
represents the vapor pressure of component C as a function of temperature 


AH vap 


InPe =c- RT 





(3.83) 


The reactor is initially filled with an equimolar mixture of A and B. The 
equilibrium constant at T = 298 K is K = 8, the reaction is exothermic with 
AH" = ~10 kcal/mol, and the system pressure is P = 1.0 atm. Components A 
and B are not very soluble in liquid C. The heat of vaporization of component 
Cis AHya, = 5 kcal/mol, and value of the Clausius-Clapeyron constant is € = 


7.53. 


(a) Over what temperature range does the reactor contain a liquid phase? 


(b) If the reaction is endothermic with AH’ = 10 kcal/mol, over what tem- 
perature range does the reactor contain a liquid phase? 
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To 
P 






Pe 
pure A 






A, B mixture 






2A=B 





Figure 3.8: Vessel with semipermeable membrane and chemical re- 
action 2A>=B, 


Exercise 3.8: The van’t Hoff relation 
Methanol can be manufactured by the gas-phase reaction 


CO + 2H? = CH30H 


A batch reactor is charged with a Hz and CO mixture at 1.0 atm and the pres- 
sure is maintained at 1.0 atm. The initial mole fraction of Hp is 0.6 and CO is 
0.4. At 400 K, AG’ = ~333 cal/mol and AH? = 22,580 cal/mol. 

Determine the temperature at which the equilibrium mole fraction of Hz 
is 0.05. 


Exercise 3.9: Semipermeable membrane and chemical reaction 

Consider the membrane separation shown in Figure 3.8. An isothermal rigid 
vessel initially contains pure component B at pressure Po and temperature Tp. 
It is separated by a semipermeable membrane from a source of pure compo- 
nent A at pressure P,. The membrane is permeable to component A but not 


component B. The system undergoes chemical reaction 
~~ 


2A. =B : 


inside the vessel due to the presence of a catalyst. No reaction occurs outside 
the vessel. The equilibrium constant at temperature Tg is K = 0.5. What 
is the equilibrium composition and pressure in the vessel if P, = 5.0 atm, 
Po =.1.0 atm? An ideal-gas mixture may be assumed. 


Exercise 3.10: Reconciling kinetics and thermodynamics 
Consider the gas-phase reaction 


ke 
A = 2B 
ke 
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Anticipating the discussion of kinetics in Chapter 5, we suppose everyone is 
familiar with the classical rate expressions for the forward and reverse reac- 
tions ; 

rp=kpea, Vr = krch 
The forward rate expression follows from assuming that the unimolecular 
forward reaction is proportional to the concentration of A molecules. The 
reverse rates expression follows from assuming the bimolecular reverse reac- 
tion is proportional to the probability of collisions of two B molecules, which 
is proportional to c} given the typically large numbers of molecules. The net 
reaction rate is given by the difference of forward and reverse rates 


r =kpca ~ kref 
The forward and reverse rate constants,k f, ky, quantify the fraction of colli- 
sions that result in successful reactions. We expect these rate constants to de- 
pend on temperature because the frequency and energy of collisions increases 
with the mean velocity of the molecules which increases with temperature. A 
kinetic view of the equilibrium condition is obtained by setting the net reaction 
rate to zero. 


(a) In order for this kinetic view to be in agreement with the results of ther- 
modynamics, show that the rate constants also satisfy the restriction 


kr pa 
of a KEA 
kr 5 


What can you conclude about the dependences of rate constants ky and 
kr on the composition? 


(b) If A and B form an ideal mixture, what can you conclude about the de- 
pendence of ky, ky on the composition? 


Exercise 3.11: Gibbs energy of formation 
Consider the Gibbs energy of formation of species j 


Te 


Gig =G; - X aG 
l=} 


in which G} is the Gibbs energy of element I and aj, is the formula number for 
element l in species j. Multiply this equation by the stoichiometric coefficient 
vij and sum on j to produce 
Ms tis He 
È vesGjp = AG] - > vig Y any (3.84) 
jel ja “dsl 
Using the result of Exercise 2.8, verify Equation 3.44 in the text for the Gibbs 
energy of reaction. 
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Exercise 3.12: Reactions going to completion 


In a single-phase system, show the equilibrium condition 


Š vyk = 0, i= 1,.2.,Mp 
J 


cannot be satisfied by any reaction going to completion and completely elim- 
inating one of the components. Hint: consider Equations 3.71 and 3.72. 

Can reactions go to completion in a multiple-phase system? If no, prove 
it. If yes, provide an example, 


Exercise 3.13: Phase rule 


Consider a system at equilibrium with n components and rr phases. Let f be 
the number of independently variable intensive properties of the composite 
system not allowing chemical reactions. Gibbs's phase rule states 


f=n+2-7 (3.85) 


(a) In many textbooks, the following style of argument is used to derive the 
phase rule. Specify the following intensive variables to define the state 
of the system: temperature, pressure, and n — 1 mole fractions in each 
phase 


TYP xf  jfel.gn-1 kel. (3.86) 
Count these unknowns and show there are n(n — 1) unknowns. 


Apply the set of equilibrium relations given in Equation 3.53. Count 
these equations and show there are (n + 2) (7 ~ 1) equations. 


Call f the difference between the number of equations and the number 
of unknowns, and show that this difference produces Equation 3.85. 


In particular, if f = 0, we have the same number of equations and un- 
knownsyand are supposed to conclude that the intensive variables of the 
equilibrium state are therefore uniquely determined. What is missing 
from this argument? Provide sets of two equations with two unknowns 
that have (i) no solution, (ii) exactly one solution, and (iii) infinitely many 
solutions. 


€ 


Rather than reject the phase rule, for which we have abundant exper- 
imental evidence, lets work a little harder to derive it, following the 
discussion by Feinberg [6]. Gibbs himself used the following style of 
argument {8, pp.87-96]. Start with the usual set of variables 


aG = -SAT + VAP +Y pyny 
J 
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To obtain a relation among only intensive variables, differentiate Equa- 
tion 3.75, G = $; ujj, and subtract to obtain the Gibbs-Duhem rela- 


tions 
0 = -SAT +VaP -F njdyj 
J 


which applies to every phase, so we can write the set of equations 


aT 


şi uy} ny ony mn dp X 

2 y? ae 
ea ae) "a j| din ||” (3.87) 
ST -V nf o ng ait: 0 


The phase equilibrium relations tell us the variables T, P, uj, j = 1,...." 
are equal in all phases. Therefore, the number of independently vari- 
able intensive properties is simply the number of linearly independent 
solutions to the set of linear equations listed in Equation 3.87. 


So, how many linearly independent solutions does Equation 3.87 admit? 
Use the result of Exercise 2.9 to show 


f=n+2~rank(M) (3.88) 


in which M is the rr x (n + 2) matrix appearing in Equation 3.87. Because 
the rank can exceed neither the number of rows (7r) nor the number of 
columns (n + 2), we know that f is nonnegative, and that 


fen+2-1 (3.89) 
(c) What assumption about equilibrium states is required before we can 
conclude rank(M) = mr and therefore 
f=unt+2—-7 (3.90) 
See Noll [10] and Feinberg [6] for further discussion of this issue. 


(d) Consider r linearly independent chemical reactions and add the reaction 
equilibrium conditions to Equation 3.87. What are the dimensions of the 
modified M matrix? Show the modified phase rule with reaction is 


fen+2-1-1r 


Notice we cannot state a phase rule with chemical reaction if we have 
not defined linearly independent reactions, which is another motivation 
for defining linearly independent reactions in Chapter 2. 
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Exercise 3.14: Multiple reactions and ideal-gas equilibrium 


We would like to show that, for multiple reactions, the equilibrium state of 
an ideal gas is unique. The following argument extends the single-reaction 
discussion starting on page 70 to multiple reactions [19, 15, 7]. In the single 
reaction case, we showed that the Gibbs energy G(T, P, £) has a positive second 
derivative in the single reaction extent, or 

ag 

3a > 0 
corresponding to Figure 3.2. To reduce notational complexity we consider T 
and P constant in all partial derivatives of this problem. Assume we have n, 
linearly independent reactions. Then we must show that the n, xn, matrix of 
second derivatives, H 

z _ 2G 

ik Jede 
is a positive definite matrix, corresponding to Figure 3.5 for 7, = 2. A matrix 
H is positive. definite if 





xTHx > 0, for every x +0 


Consider the function G(T,P,nj) = $; prn and its first derivative 3G Jon; = 
Hj. Taking the second derivative gives a matrix H with elements 


HG, My 
önn m 


(a) Use the ideal-gas chemical potential jz y = Gj + RTIn(Py;) and show 
uj _ RT 
Ch Yj 


Using the definition of mole fraction y; = nj/nr, show 


0, jel 


oj in which ba=f i j=l 


Bys n Yi 


sae en nr nF 68.91) 
(b) Using the chain rule 
ony y Buy Yp 
ôn F O¥p N 
show 
RT | Oj 

Hy=——|-£-1 92. 
s-t] es 


(c) To show H is positive definite, we must show that the following quad- 
ratic form is positive 


xTHx= SS xjHypxr>0, for every x +0 
joa 
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Substitute Equation 3.92 into the above equation and show 
2 2 
RT Xj 
THX = ~= ZE xı 
= nr 2 H 3 


Next use the Cauchy inequality, Equation 3.31, to show the right-hand 
side is nonnegative. When is equality achieved in the Cauchy inequality? 
We have therefore shown H is a positive definite matrix. 


(d) We now find the second derivatives of G with respect to reaction extent. 
Given the relation nj = njo + $u vigéi use the chain rule to show 





ac GG wre 
JE, = > Fn V4 EEA = Hik 22M jtYkl 


Let Ë be the matrix of second derivatives in extents. In matrix notation 
we have shown 
A = vHv™ 
(e) Finally, since H is positive definite and the reactions are linearly inde- 
pendent, show that H is positive definite also. 


Notice the same argument applies if we make the weaker assumption of an 
ideal mixture rather than an ideal gas. 
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The Material Balance for Chemical 
Reactors 





4.1 General Mole Balance 


Consider an arbitrary reactor volume element depicted in Figure 4.1, 
which has inlet and outlet streams with volumetric flowrates Qo and 
Qi, respectively. The molar concentrations of component j in the two 
streams are given by cjg and cj; and the production rate of component 
Jj due to chemical reactions is Rj. The statement of conservation of 
mass for this system takes the form, 


rate of F 
ate rate of inflow rate of outflow 
accumulation = (to f 
; of component j of component j 
of component j 


of component j by (4.1) 


rate of generation 
F 
chemical reactions 


_ 
Qo Qi 
Cs 

jo cj 


Figure 4.1: Reactor volume element. 
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In terms of the defined variables, we can write Equation 4.1 as, 
d 
al CjAV = Qocjo - Qrejr + f rav (4.2) 


Equation 4.2 applies to every chemical component in the system, j = 
1,2,...,s, including inerts, which do not take place in any reactions. 
One can, of course, include volume elements with more than two flow 
streams by summing with the appropriate sign over all streams enter- 
ing and leaving the reactor. For the balances in this chapter, there will 
be two or fewer flow streams. Notice also that we are assuming that 
component j enters and leaves the reactor volume element only by 
convection with the inflow and outflow streams. In particular, we are 
neglecting diffusional flux through the boundary of the volume element 
due to a concentration gradient. The diffusional flux will be considered 
during the development of the material balance for the packed-bed re- 
actor, 


Rate expressions. To solve the reactor material balance, we require 
an expression for the production rate, Rj, for each component. As 
shown in Chapter 2, the production rate can be computed directly from 
the stoichiometry and the reaction rates for all reactions, r;. Therefore 
we require an expression for the reaction rates in terms of the concen- 
trations of the species. This topic occupies the majority of Chapter 5. 
For the purposes of illustrating the material balances in this chapter, 
we simply use some common reaction-rate expressions without deriva- 
tion, These rate expressions may be regarded as empirical facts until 
the next chapter when the theoretical development of the rate expres- 
sions is provided. 


4.2 The Batch Reactor 


The batch reactor is assumed to be well stirred, so there are no con- 
centration gradients anywhere in the reactor volume. In this case it is 
natural to consider the entire reactor contents to be the reactor volume 
element as in Figure 4.2, and V = Vg. Because the reactor is well stirred, 
the integrals in Equation 4.2 are simple to evaluate, 


f cjdV =c;VR (4.3) 
Ve 


| RjdV = RyVe (4.4) 
Vg 
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Because the reactor is charged with reac- 
tants at t = 0, and nothing is added or 
removed from the reactor until the stop- 
ping time, the inflow and outflow stream 
flowrates are zero, Qo = Q; = 0. 

Substituting these results into Equa- 
tion 4.2 gives the general batch reactor 
design equation, 








d(cjVp 
(es ) = RV (4.5) 
Equation 4.5 applies whether the reactor Figure 4.2: Batch reactor 
volume is constant or changes during the volume element. 


course of the reaction. If the reactor vol- 

ume is constant, which is sometimes a 

good approximation for liquid-phase reactions, Vg can be divided out 
of both sides of Equation 4.5 to give 


a a (4.6) 
at Ri 
Be sure to use Equation 4.5 rather than Equation 4.6 if the reactor vol- 
ume changes significantly during the course of the reaction. 


4.2.1 Analytical Solutions for Simple Rate Laws 


In complex and realistic situations, the material balance for the batch 
reactor must be solved numerically. However, if the reactor is iso- 
thermal, and the rate laws are assumed to be quite simple, then an- 
alytical solutions of the material balance are possible. Analytical solu- 
tions are valuable for at least two reasons. First, due to the closed form 
of the solution, analytical solutions provide insight that is difficult to 
achieve with numerical solutions. The effect of parameter values on 
the solution is usually more transparent, and the careful study of ana- 
lytical solutions can often provide insight that is hard to extract from 
numerical computations. Secondly, even if one must compute a numer- 
ical solution for a problem of interest, the solution procedure should 
be checked for errors by comparison to known solutions. Comparing a 
numerical solution procedure to an analytical solution for a simplified 
problem provides some assurance that the numerical procedure has 
been constructed correctly. Then the verified numerical procedure can 
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be used with more assurance on the full problem for which no other 
solution is available. 

The next several sections derive analytical solutions for some simple 
rate laws. Of course, the batch reactor is assumed to be operating at 
constant temperature in this discussion. 


First-order, irreversible. Consider the first-order, irreversible reac- 
tion 


aR (4.7) 


in which the reaction rate is given by r = ke. Application of the ma- 
terial balance for a constant-volume reactor gives the following differ- 
ential equation 


> = -kea (4.8) 


in which the negative sign arises because the production rate of A is 
Ra = ~r due to the stoichiometry of the reaction. Equation 4.8 requires 
an initial condition to have a unique solution. We denote the initial 
concentration of A in the reactor as c40, 


ca(t) = Cao, t=0 


The solution to the differential equation with this boundary condition 
is 
CA = Cage * (4.9) 


which is plotted in Figure 4.3 for several values of the rate constant 
k. Because the reaction is irreversible, the A concentration decreases 
exponentially from its initial value.to zero with increasing time. The 
rate constant determines the shape of this exponential decrease. Rear- 
ranging Equation 4.9 and taking logarithms gives 


In(c4/cao) = -kt 


which is plotted by using a log scale in Figure 4.4. Notice one can getan 
approximate value of the rate constant by calculating the slope of the 
straight line given by In(c4/c4q) versus t. This procedure is sometimes 
recommended as a way to determine rate constants for first-order reac- 
tions by plotting experimental concentration data and determining this 
slope. As will be discussed in more detail in Chapter 9, this procedure 
is a poor way to determine a rate constant and should be viewed only 
as a rough approximation. 





4.2 The Batch Reactor 115 





CAO 





Figure 4.3: First-order, irreversible kinetics in a batch reactor. 
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Figure 4.4: First-order, irreversible kinetics in a batch reactor, log 
scale. 








116 The Material Balance for Chemical Reactors 


The B concentration is easily determined from the A concentration. 
One could write down the material balance for component B, 


dcg _ _ 
ap Rg = kca (4.10) 


and solve this differential equation with the initial condition for B, 
cr(0) = cgo, after substituting the known solution for c4(t). It is sim- 
pler to note, however, that the sum of concentrations A and B is a 
constant, Adding Equations 4.8 and 4.10 gives 


A(CaA + Cg) 
at 


Therefore, c4 + cg is a constant and independent of time. The value of 
this constant is known at t = 0, 


=Ra+Rp=0 


CA + Cp = CA0 +-CRO 
which can be rearranged for the B concentration, 
CR = Cao + CBO ~ CA (4.11) 


First-order, reversible. Consider now the same first-order reaction, 
but assume it is reversible 


ki 
A=B (4.12) 
ky 


and the reaction rate is r = kica ~ k-1Cg. The material balances for A 
and B are now 


dc 

= = =Y = kica + k_icer 
de 

ar = kica — k_1Cp 


with the same initial condition c4(0) = c4o, cg(0) = cgo. Notice that 
Ca + Cp remains constant, so cg can be computed from Equation 4.11. 
Substituting Equation 4.11 into the material balance for A gives 


aS = kica + k CA0 + CBO- €. 
it 164 1(€40 BO A) 
which can be rearranged into 


wa + (ki + k.1)¢a = k-1 (cag + cgo) {4.13) 
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Equation 4.13 is a nonhomogeneous, linear differential equation. The 
solution can be written as the sum of what is called the particular solu- 
tion and the solution to the homogeneous equation [2]. One particular 
solution to the equation is the constant solution 


ky 
CAp = bok + cgo) 


You should substitute this back into Equation 4.13 to check that itis 
indeed a solution. The homogeneous equation refers to the differential 
equation with a zero forcing term on the right-hand side, 

dcAn 


“at + (ky + k-1)CAn = 0 


The solution to this equation already has appeared in the previous sec- 
tion, Can = a@exp(—(ki + k-1)t), in which a is an arbitrary constant to 
be determined from the initial condition. The full solution to Equa- 
tion 4.13 is then C4 = Can + Caps 
k-i 
= ae hitkalt 4 i (cag + Cpo) (4.14) 
ca ae OSI 4 p g (C40 + Ceo 

The constant a is now determined from the initial condition. Writing 
Equation 4.14 for t = 0 gives 


k-1 
=a + y (Cao + eBo) 
cao ky + ky 


Solving this equation for a yields 





ky 
= - — +e 
asean KY (Cao + Cgo) 
Substituting in this value of a into Equation 4.14 and rearranging terms 
gives the final solution 


“f k-i pki tk ade 4.145 
Ca = cage irki g eee ae (cao + Cgo) [a ee | eae 
The B concentration can be determined by substituting Equation 4.11 
into 4.15 and rearranging, or more simply, by switching the roles of A 
and B and k; and k_; in Reaction 4.12, yielding 


i ky pr tkitkat 
Cp = epog Hite + grg Ot €z0) E ETA ] (4.16) 
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Figure 4.5: First-order, reversible kinetics in a batch reactor, kı = 1, 
ky = 0.5, Cao = 1, Ceo = 0. 


Equations 4.15 and 4.16 are plotted in Figure 4.5. Notice that with the 
reversible reaction, the concentration of A does not go to zero as in 
the irreversible case, but goes to a nonzero steady-state value. We next 
calculate the values of the steady-state concentrations. Taking the limit 
t — oo in Equation 4.15 gives 


k_ 
Cas = nas (Cao + cgo) 


er 


in which cas is the steady-state concentration of A. Defining Kı = k,/k_y 
allows us to rewrite this as 


(3 Sede ) 
EETA ‘AO + CBO 


Performing the same calculation for cg gives 


Ky 
1+kK; 


These results are shown in Figure 4.5 for Kı = 1/0.5 = 2 and cao = 1, 
cgo = 0. Notice that because K; is larger than 1, the forward reaction is 





CBs = (Cao + Cgo) 
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favored and the steady state favors the product B, cgs = 2/3, Cas = 1/3. 
For small K; values, the steady state would favor the reactant A. 


Second-order, irreversible. Consider the irreversible reaction 


AŠ B (4.17) 


in which the rate expression is second order, r = kc. The material 
balance and initial condition are 


dea 
at 


This is our first nonlinear differential equation. Nonlinear differential 
equations do not have analytical solutions in general, but certain ones 
do. Equation 4.18 can be solved analytically because the equation is 
separable. Dividing both sides by ch and putting the time differential 
on the right-hand side gives 


= ~ke4, ca(O) = cao (4.18) 


dca 
TA = -kdt 


CA 


in which only a function of ca appears on the left-hand side and only a 
function of time appears on the right-hand side. Integrating both sides 
between the initial condition and a final condition of interest gives 


CA dc, t 
raed Mc 
cao CA 0 


Performing the integrals gives 


4 = 4 = —kt 
cao CA 
Finally solving for c4 gives 
1 -1 
Ca = (=+) (4.19) 
CAD 


You should check that this solution does indeed satisfy the differential 
equation and initial condition. 

Figure 4.6 displays this solution and the first-order solution with a 
rate constant chosen such that the initial rates are equal. Notice that 
although both solutions have the same qualitative features, the second- 
order reaction decays more slowly to zero than the first-order reaction. 
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1 Y T f Bin terms of A, 
a E Cg = CA — Cag + CRO (4.23) 
0.8 < Substituting this expression into the material balance for A yields 
aca = ~kca(ca ~ Cao + Cgo) 
d This equation also is separable and can be integrated to give (you should 
a work through these steps), 
0.4 second orde A 
er eosa È 7 ERO ptes-csot | ; Eatin (4.24) 
AO 
0.2 Notice that if cao = cgo, then from Equation 4.23 ca(t) = cg(t) for all 
t and this case reduces to the solution previously presented in Equa- 
tion 4.19. One also can obtain that result by taking the limit in Equa- 
0 ae tion 4.24 as discussed in Exercise 4.11. Component B can be com- 
` z E 4 puted from Equation 4.23, or by switching the roles of A and B in Re- 
t 


action 4.20, giving 


Figure 4.6: Second-order and first-order kinetics in a batch reactor, 


-1 
CAD please] va 
cg = (Cgo - C, 1 = <~ e"ca0~ cro (4.25) 
caos 1k = 1. B = (CBO 0) | ae 


The concentration of component C also can be computed from ca by 


noticing that the material balance for C is 
Consider another second-order, irreversible reaction, dcc 


A+B4c (4.20) at 
and therefore, d(ca + cc)/dt = 0. The concentration of C is given by 


= keace 


in which the rate law isr = kc4cg. The material balance for components 


A and B are Cc = Cao — Ca + CoO 
dca Notice that if c40 > cgo, the steady-state solution is 
aen at = =Y = —kc4cp (4.21) 
dc CAs = CA0 ~ Cgo, Cas=9, Ces = Cao + CCo 
“Gp = 77 = ~keace (4.22) 


In this case, A starts out in excess and all of the B is depleted. Compo- 
nent A remains at steady state even though the reaction is irreversible. 
The final amount of C is equal to its starting value plus all the B that is 
Present initially. For cgo > cao, the steady-state solution is 


In general we need to solve sets of nonlinear equations numerically, but 
again the special structure of this problem allows an analytical solution. 
Notice that we can subtract the material balance for B from the material 
balance for A to obtain : 


Cas = 0. CBs = CRo ~ C, Cos = Cag t+ C 
d(ca~cp) _ ‘As ; Bs = CBO ~ CAQ, Cs = Cag + Coo 


=0 , 

dt In this case, B starts out in excess and all of the A is depleted. Compo- 
which implies that in this reaction, c4 — cg is independent of time. Be: nent B is present at steady state and the final amount of C is equal to 
cause this value is known initially, one can solve for the concentration : its Starting value plus all the A that is present initially. 
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Figure 4.7: Reaction rate versus concentration for nth-order kinetics, 
r =ke nzO. 


nth-order, irreversible, The nth-order rate expression r = kc} is dis- 
played in Figure 4.7 for a variety of positive n values. The material 
balance for Reaction 4.17 with nth-order reaction rate expression is 


aca | be geek 
di =-Y=—ke} 


This equation also is separable and can be rearranged to 


caer dca ts 
oe ~kat 


Performing the integration and solving for c4 gives 


i 
ca = [cat + n- Det], n+l 
We can divide both sides by c40 to obtain 
cA 1 
xT] — Ikot] 71 
ee [1+ (n-Dkot) : n#l (4.26) 
in which 
ko = kcRy! 
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has units of inverse time. The n = 1 case already is given in Equa- 
tion 4.9, which also can be recovered by taking the appropriate limit in 
Equation 4.26 as discussed in Exercise 4.11. Figure 4.8 shows the be- 
havior of c4 versus t for values of n greater than one. Notice the larger 
the value of n, the more slowly the A concentration approaches zero 
at large time. Some care should be exercised when using Equation 4.26 
for n < 1. First notice in Figure 4.9 that c4 reaches zero in finite time 
forn < 1. This time can be obtained by setting the term in brackets to 
zero in Equation 4.26 yielding 


tao = | PROS axi (4.27) 


o, nzil 


Finally notice in Figure 4.10 that for n < 0, the rate decreases with 
increasing reactant concentration; the reactant inhibits the reaction. 
Inhibition reactions are not uncommon, but care must be exercised 
in using this kinetic model when the concentrations are small. Notice 
the rate becomes unbounded as c4 approaches zero, which is not physi- 
cally realistic. When using an ODE solver to compute solutions that can 
reach zero in finite time, it is often necessary to modify the right-hand 
sides of the material balance as follows 

dca _\ -kch ca>O 
“ap f 0, ak (4.28) 
Note that this amendment of the material balance is equivalent to put- 
ting a discontinuity in r(c,) at c4 = 0 in Figure 4.10, so, again, models 
with order less than one, and especially order less than zero, should 
be examined carefully if the concentration reaches zero during model 
solution. 


Two reactions in series. Consider the following two irreversible re- 
actions, 


AEB (4.29) 
BC (4.30) 


Reactant A decomposes to form an intermediate B that can further react 
to form a final product C. Let the reaction rates be given by simple first- 
order rate expressions in the corresponding reactants, 


ry = kica, T2 = kz€g 
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Figure 4.8: Batch reactor with nth-order kinetics, r 


ket =1,n2 1. 
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Figure 4.9: Batch reactor with mth-order kinetics, r - 
kcis' = 1; note the concentration reaches zero in finite 


time f= 1/(ko(1 —)) forn <1. 
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Figure 4.10: Reaction rate versus concentration for nth-order kinet- 
ics, r = ke4, n s0. 


The material balances for the three components are 





dc. 

He Ras -n = ~kiCa 

dcg = = ny tt ~ 

at = Rg =n- = kica keep 
acc Re= zk 

dt = Re = 72 = k2€g 


The material balance for component A can be solved immediately to 
give ca = caoe™™t as before. The material balance for B becomes 

dcg k 

+ kocg = kicaoe ™ 

dt 2CB 1€40 
The homogeneous solution is again Cga = a,e-*2', The particular so- 
lution can be guessed to be of the form cap = aze~*'! due to the form 
of the forcing term on the right-hand side. Substituting the particular 
solution into the differential equation and solving for a2 gives 


a pes: 
Se Pye 
2 = CA0R E 


PRAEENT DON PERON ENEE OON A SAA EN POENOTENE OAOE EE OAA 
= sen om 


ky # Ke 
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so the particular solution is known. The initial condition then deter- 
mines a, 
Ca(O) = Cao = a; + az 


Solving for a; yields ay = Cgo — kicao/(k2 ~ ky). Substituting a; and 
42 into the cg solution gives 





Ce = cgoe™?t + Cao [emt etl, keke (431) 


ky 
ko tor ky 
Notice that the case of ky = kz can be handled by taking limits of Equa- 
tion 4.31. To determine the C concentration, notice from the material 
balances that a(ca + cg + ¢c)/at = 0, which implies c4 + cg + cc is 
constant. Therefore cc can be computed from 


CC = Cao + CBO + Coo ~ Ca ~ CR 


The concentrations of A, B and C are displayed in Figure 4.11 for an 
initial condition of pure reactant A. Notice that A decays exponentially 
as before; B forms at intermediate times and then disappears leaving 
only C as the final product. Exercise 4.10 asks for the optimal time to 
quench the reaction to achieve the maximum amount of intermediate 
B. 


Two reactions in parallel. Consider next two parallel reactions of A 
ito twọ different products, B and C, 


Až B (4.32) 
Ae (4.33) 


Assume the rates of the two irreversible reactions are given by r; = 
kica and rz = kzca. The material balances for the components are 


dc 

Ta = Ra = -r1 =n = -kica ~ k2c4 
dc 

r = Rg =n = kica 

dc 

Ar = Rc =r = koca 


The material balance for A can be solved directly to give 


ca = Cage (hi tket (4.34) 
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Figure 4.11: Two first-order reactions in series in a batch reactor, 
Cao = 1, Cgo = ceo = 0, ky = 2, kz = 1. 


Substituting c(t) into the material balance for B gives 


dce kycage kitkat 


t 


This equation is now separable and can be integrated directly to give 





k (ki + 
Ce = CBO + CAO ki 6 (G ~ eth kat) (4.35) 


Finally, component C can be determined from the condition that ca + 
cg + cc is constant or by switching the roles of B and C, and k; and kz 


in Equation 4.35, 





k ~ikit 
Ce = Coo + caog T (1 -etk kt) (4.36) 


These results are plotted in Figure 4.12. Notice that because the two 
parallel reactions compete for the same reactant, A, the rate constants 
determine which product is favored. Large values of ki /kz favor the 
formation of component B compared to C and vice versa. 
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Figure 4.12: Two first-order reactions in parallel in a batch reactor, 
Cag = 1, Cgo = cco = 0, ky = 1, k2 = 2. 


When two or more reactions are in this kind of competition, it is 
convenient to define selectivity, yield, and conversion to quantify the 
efficiency of the reaction in forming a desired final product. There are 
several ways to define selectivity, yield and conversion. However, these 
terms are often invoked without careful definition in the hope that the 
meaning is clear from context. This practice often confuses the issue 
and should be avoided. 


Point selectivity: The point (or instantaneous) selectivity is the ratio 
of the production rate of one component to the production rate 
of another component. 


Overall selectivity: The overall selectivity is the ratio of the amount of 
one component produced to the amount of another component 
produced. 


Yield: The yield of component j is the fraction of a reactant that is 
converted into component j. 
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Conversion: Conversion is normally defined to be the fraction of a 
component that has been converted to products by the reaction 
network. Conversion has several definitions and conventions. It 
is best to state the definition in the context of the problem being 
solved. 


4.3 The Continuous-Stirred-Tank Reactor (CSTR) 


The continuous-stirred-tank re- 
actor (CSTR) is also a well-stirred 
reactor so there are no concen- 
tration gradients anywhere in 
the reactor volume. We again 
consider the entire reactor con- 
tents to be the reactor volume 
element as in Figure 4.13, and 
V = Vr. Since the reactor is well 
stirred, the relations in Equa- 
tions 4.3 and 4.4 apply to the 
CSTR also. The difference be- 
tween the CSTR and batch reac- 
tor is the flow streams shown in 
Figure 4.13. We denote the feed 
stream with flowrate Q and component j concentration cjf. The out- 
flow stream is flowing out of a well-mixed reactor and is therefore as- 
sumed to be at the same concentration as the reactor. Its flowrate is 
denoted Q. Writing Equation 4.2 for this reactor gives, 





Figure 4.13: CSTR volume element. 


d (c Vr) , at 
ap = Qe cig Qey + RVR, J=l,....Ms (4.37) 
if the reactor volume is constant and the volumetric flowrates of the 


inflow and outflow streams are the same, Equation 4.37 reduces to 
dc; 1 ‘ 4 
Fie = Bleue c+ Rj (4.38) 
in which 
0 = VrRIQF 
is called the mean residence time of the CSTR. The residence time 
distribution will be discussed further in Chapter 8. We refer to this 
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balance as the constant-density case. It is often a good approximation 
for liquid-phase reactions. 

The steady state of the CSTR is described by setting the time deriva- 
tive in Equation 4.37 to zero, 


0 = Qeyp - Qc; + RVe (4.39) 
Conversion of reactant j is defined for a steady-state CSTR as follows 
Qreig ~ QCj 
xj = 
Qpejs 
One can divide Equation 4.39 through by Vz to obtain for the constant- 
density case 


(steady state) {4.40) 


cj) =Cjp+Rj@ (steady state, constant density) (4.41) 


Example 4.1: Reaching steady state in a CSTR 


Consider a first-order, liquid-phase reaction in an isothermal CSTR 
shown in Figure 4.13 


A-~ 2B r=kea 


the feed concentration of A is caf = 2 mol/L, the residence time of the 
reactor is 0 = 100 min, and the rate constant is k = 0.1 min™}. 


l, Find the steady-state concentration of A in the effluent for the 
given feed. 


2. Plot the concentration of A versus time for constant feed concen- 
tration cay = 2 mol/L if the reactor is initially filled with an inert 
so cao = 0 mol/L. 


3. Plot the concentration of A versus time for constant feed concen- 
tration cas = 2 mol/L if the reactor is initially filled with feed so 
Cao = 2 mol/L. 


Solution 


Part 1. Because the reaction is isothermal and takes place in the lig- 
uid phase, we assume the fluid density is constant. Starting with Equa- 
tion 4.41 for compenent A 


Ca = Capt Rad 


a 
| 
i 
Í 
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Substituting the production rate Ra = —kc and solving for ca gives 
the steady-state concentration 


LEAF 
cas = Fko 
Substituting in the numerical values gives 


2 mol/L 


= = 0.182 mov 
1+ (0.1 min J000 min) momi 





CAs 


Parts 2 and 3. The constant-density mass balance for component A 
is given by Equation 4.38 


dex _1 
TA = 3 (car = ca) = kea (4.42) 
ca(0) = Cao 


Equation 4.42 can be arranged in the form 


dca 1 1 
e+ (gtk) ea gear 
a linear differential equation of the same form as Equation 4.13, which 
was solved earlier. Exercise 4.6 provides another convenient method 
for solving linear differential equations analytically. Using either of 
these methods, we find the analytical solution 


a -(ayjerskt , CAF — p-(U/0)+k)t 
ca(t) = C4oe awe) [1 e ] (4.43) 


Figure 4.14 shows the transient solution for the two initial conditions 
cao = 0 and cao = 2 mol/L. Notice both solutions converge to the same 
steady-state solution as time increases even though the starting condi- 
tions are quite different. We will see in Chapter 6 that the nonisother- 
mal reactor behavior can be much more complex than that shown in 
Figure 4.14. o 


Example 4.2: Phenol production in a CSTR 


Next we consider a simple reactor-sizing problem. Consider the reac- 
tion of cumene hydroperoxide (CHP) to phenol and acetone 


(CeHs )C(CH3)200H —. (CgHs)OH + (CH3)2CO (4.44) 


€a(t) (mol/L) 
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Figure 4,14: Reaching steady state in a CSTR. 


This liquid-phase reaction is conducted using a small amount of acid 
as a catalyst [12], and the reaction rate is first order in the concentra- 
tion of CHP and acid [5]. For the reactor temperature (85°C) and feed 
conditions, the reaction rate is given by r = kecyp, which means this 
is a pseudo-first-order reaction. Find the reactor volume to achieve 
85% conversion of CHP at steady state. The flowrate into the reactor is 
Qp = 26.9 m3/hr and k = 4.12 br}. 


Solution 


The reactants and products are liquids at 85°C and the volume change 
is neglected. Therefore we assume Q = Q f and Equation 4.41 applies, 


CA = Cag + R48 


where A designates CHP. Substituting in for the production rate of CHP, 
Ra =.—kc4, and solving for the CHP concentration gives 





= Af 
fA" 77ko a) 
The conversion of CHP (for Q = Q pis 
= SAL TEA La 


XA 
Caf Caf 
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Substituting Equation 4.45 into the above equation gives 


ko 


xa = TRO 


Solving for @ in terms of conversion gives 


= XA 
e E ka ~ Xa) 


ne” 


Substituting the relation Vg = Q f9 and solving for Vp gives 


QfXA 


Ve = Ei -xA 


Substituting in the known values gives the required CSTR volume 


3 
~ (26.9 m° /hr) (0.85) _ 47 3 
(4.12 hr?) (0.15) 


4.4 The Semi-Batch Reactor 


The semi-batch reactor is a cross between the batch reactor and CSTR. 
The semi-batch reactor is initially charged with reactant, like the batch 
reactor, but allows a feed addition policy while the reaction takes place, 
like the CSTR. Normally there is no outflow stream, We then set Q=0 
in Equation 4.37 to obtain for the semi-batch reactor 


d (cjVe) 


dt TQ + RiVa, FHL... Ns (4.46) 


One may choose to operate a semi-batch reactor to control the reaction 
rate or heat release during reaction by slowly adding one of the reac- 
tants in the feed stream. Compared to the batch reactor, the semi-batch 
reactor provides more complete use of the reactor volume in reactions 
such as polymerizations that convert from lower density to higher den- 
sity during the course of the reaction. 


4.5 Volume Change Upon Reaction 


The preceding examples in the batch reactor and CSTR sections were 
solved under the simplifying assumption that the composition of the 
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reaction mixture has no effect on the density of the mixture. This as- 
sumption is useful for ideal-liquid mixtures in which the pure compo- 
nents have similar densities, and is a correct statement for ideal-gas 
mixtures. In this section we establish the appropriate modeling equa- 
tions for the general case. We start with the material balance for a 
well-mixed reactor, Equation 4.37, 


d (cvr) 


n J =1,2,...,k, Nns (4.47) 


= Qpeip ~ Qej + RyVr, 
Equation 4.47 covers the batch, CSTR and semi-batch reactors, depend- 
ing on how we specify Q and Q. 

If we multiply Equation 4.47 by the molecular weight of species j 
and sum over all species we obtain, 


a(S; ¢7M;Vp) 
es cn) = QD. cigMj~ QD cjMj+ SD RiMjVa (4.48) 
i j ] 


J 


The term 3°; cj;Mj; is the mass density of the reactor contents, which 
iwe denote p 


ns 
p= > cM; (4.49) 
jel 
The term 3°; cjf M; is the mass density of the feedstream, pf. We know 
that conservation of mass in chemical reactions implies $; RjM; = 0 
(see Example 2.5). Substitution into Equation 4.48 leads to 


a(pV; e 
AVR 2 Qspy ~ Qp (4.50) 


Equation 4.50 is clearly a total mass balance, in which the total mass in 
the reactor changes in time due to the inflow and outflow of mass. No- 
tice that chemical reactions play no role in the total mass balance. The 
total mass balance is the starting point for the derivation of governing 
equations for numerous special situations in which the density and the 
volume of the reactor change, depending on the physical properties of 
the reaction mixture and the manner in which the reactor is operated. 

Notice that because the total mass balance is a linear combination 
of the mole balances, it is not independent information. We may some- 
times prefer to include the mass balance in place of one of the mole 
balances, j = k, to ensure that numerical roundoff does not cause small 
violations of the mass balance. The concentration of the kth species is 
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then obtained by subtraction 


_ P- Baie CjMj 


My (4.51) 


ck 
Notice that one should always replace a high-concentration species with 
the mass balance so that catastrophic loss of precision does not occur 
in the subtraction to obtain cx. i 
If we have a single-phase system at equilibrium, the molar concen- 
trations of the components, and the temperature and the pressure com- 
pletely specify all intensive variables of the system. In this chapter we 
consider the temperature and the pressure to be known, fixed quan- 
tities. Therefore, the density of the reaction mixture, which is an in- 
tensive variable, is known if the c; are known. This relationship is one 
form of the equation of state for the mixture 


p = F(T, P, C1, C2., €n) (4.52) 


Substituting the definition of density, Equation 4.49, into Equation 4,52 
shows that the equation of state is a single constraining relationship on 
the set of possible mixture concentrations. Because T and P are fixed 
constants, it is convenient to express the equation of state as 


L£(€1,€2,.+6;€n;) = 0 (4.53) 


For example, we could express the equation of state in terms of the 
partial molar volumes as 

Dj =1 

i 
in which V} is the partial molar volume of component j in the mixture. 
The partial molar volumes are functions of T, P and c yj If we assume 
an ideal mixture, this reduces to 


Dcj¥j=1, ideal mixture 
Jj 


in which V; is the specific volume of pure component j, which is a func- 
tion of only T and P. We shall assume that a thermodynamic equation 
of state is valid even when the reactor is not at equilibrium. We briefly 
Feview the situation when the density does not vary with composition 
and then treat the general case. 
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Constant density. Because the mixture density, p, is independent of 
composition, it does not vary with time either and we can set it to the 
feed value, 


p= pF (4.54) 
The total mass balance then reduces to 
ay, 
=F -Q-Q (4.55) 


dt 
which is sometimes referred. to as a “volume balance.” This terminol- 
ogy should be avoided because one cannot write a conservation state- 
ment for volume. The differential equation for the reactor volume is 
a consequence of the mass balance and the simplifying assumption of 
constant-mixture density. The three reactor types we have considered 
thus far are summarized below. 


e Batch reactor. For the batch reactor, Q = Qy = 0. We can there- 
fore conclude from Equation 4.55 that a batch reactor with con- 
‘stant density has constant volume. 


« CSTR (dynamic and steady state). If the outflow of the CSTR is 
regulated so that the CSTR has constant volume, then we can con- 
clude from Equation 4.55 that Q = Qp. 


e. Semi-batch reactor. In the semi-batch reactor, the reactor is filled 
during operation so Qp is specified and positive for some time 
and Q = 0. The solution to Equation 4.55 then determines the 
change in volume of the reactor during the filling operation. 


Nonconstant density. In the general case, we can consider the follow- 
ing variables to fully determine the state of the reactor: T, P, nj, Vr. We 
assume throughout that the feed conditions, Q f, cjp, are specified. In 
the nonconstant density case, we switch to nj from cj because the ma- 
terial balance is fundamentally a balance on total moles in the reactor, 
not molar concentrations. If we know the 7; and Vg, then the values of 
the cj are known, as required in the reaction rate expressions and the 
equation of state. To specify the right-hand sides of the material bal- 
ances, Equation 4.47, we also require the value of Q. Because T, P are 
regarded as known, fixed constants in this chapter, the set of unknowns 
is nj, Vr, Q. We therefore have n, + 2 unknowns to determine and re- 
quire n, + 2 equations. We have the n, equations from the component 
mole balances, Equations 4.47. The equation of state, Equation 4.53, 
provides one additional equation. The final equation is provided by 





a 
4 
: 


ene 
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a statement of reactor operation. We consider here three important 
cases of reactor operations. 


1. Constant-volume reactor. The constant-volume reactor can be 
achieved by allowing overflow of the reactor to determine flow- 
rate out of the reactor. In this situation, Vg is specified as the 
additional equation. 


2. Constant-mass reactor. The constant-mass reactor can be achieved 
if a differential pressure measurement is used to control the flow- 
rate out of the reactor and the reactor has constant cross-sectional 
area. The difference in pressure between the top and bottom of 
the reactor is determined by ph in which h is the height differ- 
ence. If the cross-sectional area is independent of height, then the 
pressure difference is also proportional to pV, the total mass in 
the reactor. So if the flow controller maintains constant pressure 
difference, it also maintains constant mass. In this situation pVp 
is specified as the additional equation. 


3. Flowrate out of the reactor is specified. This type of operation 
may be achieved if the flowrate out of the reactor is controlled 
by a flow controller. In this case Q(t) is specified. A semi-batch 
reactor is operated in this way with Q = 0 until the reactor is filled 
with the reactants. 


The calculations for the nonconstant-density case may be greatly 
simplified by using a differential-algebraic. equation (DAE) solver. All 
three cases enumerated above can be handled by modifying the residual 
equations provided to the DAE solver. We do not have to differentiate 
the equation of state or perform other algebraic manipulations that are 
required if one uses an ordinary differential equation (ODE) solver. 

In the general case, to produce a differential equation for the reactor 
volume, we begin by taking the differential of the equation of state 
f (cj) = 0 to obtain 


af x Of dey pde 
dt” 3c; at ~2Jiat ~° (456) 
in which af 
fi = be; 


Now differentiating the product term (c;Vg) gives the relation 


y, dcj 7 a(cjVr) oe AVR 


RAE dt Sit 
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Multiplying by f; and summing gives 





















































dcj ~ , A(G V] 
Ve Dd Sia =F fA S pep TE 20 = | 
j j j = 
in which we have used Equation 4.56. Substituting the material balance ps = = E 
into this equation and solving for the rate of change of reactor volume < 2 pj © a 
gives a, +| S Bl a 
dvr di fi (Qpejp ~ Qcy + RjVe) E : = S T & 5 
dt — Sy Figg foo gt es] a £ 
Expressing the production rate in terms of the reaction rate yields i z a EN = : 
rm fAl x 
aVR Qr Di Sicis zas Si AfiriVR (4.57) | E > = R = 7 5 
dt Dj Fics Zy Sic + oO] & 3 =| 2 
in which Af; is defined to be | = 8 A 4 vi A F 
l g l a 3 [=] + an z 
Afi = Z vyti = Z vut š% Š $ =) a Ng 
J j j Ş BS a] | OJ È 
which is a change in a derivative property upon reaction. For example, if f y ` z A 4 5 
an ideal mixture is assumed for the equation of state, fj = Vi, the pure ak a ar S p 
‘component specific volumes, and Af; = AV;, the change in specific = gQ ee E 
volume upon reaction i. a als 5 
The constant-density and ideal-mixture cases for the three reactor | RIS 5 
operations are summarized in Table 4.1. We have ns +2 unknowns and i Z = pP 
the component balances at the top of Table 4.1 provide n, equations. i a & Š 
The remaining two equations for the constant-mass, constant-volume i = S oS oi 
and specified-outflow operations are provided lower in the table. In | SA 4 i > 2 
these cases, these two extra equations are either differential equations i . F Q gQ 9 2 
or merely specify the values of constants. | = g ae Ẹ m E 
The general equation of state case for the three reactor operations i p I 3 = l pi 
is summarized in Table 4.2. The n; component balances are the same | < E E Z £ e F : 
as in Table 4.1. But for the remaining two equations, we have a choice. | = 3 5 > a 1 3 
We can either specify algebraic equations to obtain DAEs for the model, | £ = J Es a 4 Sts fa 
or differentiate the algebraic relations to obtain ODEs. DAEs may be à o 5 A S > > = 
preferred because the ODEs require the partial derivatives of the equa- = E E = A 
tion of state, f; = ðf /ðcj, as shown in Equation 4.57. Depending on a U A E g > 
the form of the equation of state, these derivatives may be complex ex- = ai as 
ESS Ea, 


pressions. In the following example, we set up and solve a nonconstant- 
density case, in which the products are denser than the reactants. 
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Example 4.3: Semi-batch polymerization 
Consider a solution polymerization reaction, which can be modeled as 



































a first-order, irreversible reaction 
M-% Pp r= key 
as = Y 
P z E € Ez] A 20 m3 semi-batch reactor is initially charged with solvent and initia- 
: ae Fe + g tor to half its total volume. A pure monomer feed is slowly added at 
iN wh 2 jen r 
a 3 1 a flowrate Q fo = 1 m?/min to fill the reactor in semi-batch operation to 
fi INPN Q Si 
2 1 s 5 Ey v ay control the heat release. 

z = < j n E = Consider two cases for the subsequent reactor operation. 

-f a A 2 2 f 1. The monomer feed is shut off and the reaction goes to completion. 

[i sei x S n ear mere (ee 
‘ x 4 $] © , i i ri 
= + Ny : a ‘ He] s 2. The monomer feed is adjusted to keep the reactor filled while the 
è R) Li & 5 reaction goes to completion. 

x 1 a 3 . 2 
ol a a 2 S Calculate the total polymer mass production, and the percentage in- 
£ = + z g ; crease in polymer production achieved in the second operation. You 

oS m 7 5 | may assume an ideal mixture; the densities of monomer and polymer 
if = ee = i are pm = 800 kg/m’, pp = 1100 kg/m?. The monomer molecular 
as i > = | weight is My = 100 kg/kmol, and the rate constant is k = 0.1 min™!. 
AA a 3 j 
E T E | Solution 
pa Í z i E ; 
Shs 2 i While the reactor is filling, the monomer mole balance is 
v © 
4 L | 5 d(cuVr) 
oS A hei ai k A LA pc, 
© s = & | di Q foCmf ~ KCMVR 
3 S > bes | in which Cup = Pm/My is given, and Qf = Q fo is constant during the 
MA Sa = i 2 ; filling operation. We denote the total number of moles of monomer by 
wn i] i 
be 2 j 3 5 4 M = cmVr, and can write the monomer balance as 
N i o a z ES i 
+ S Š 2 a > a | dM ` 
č a E = & £ 3 | “ap = Qrocms kM (4.58) 
= oo a ee al v 4 
ary | slats | es 
5 2 T & > a gQ F ; ; ee n 
E a E Z or an ideal mixture, the volume is given by 
F y = 
& 8 x g ez 2 ay, 
= v a a S E > | Pra = Q fo + AVkM (4.59) 
7 ce SEE ESE | Vr(0) = 10 m? 














in which 
AV = {(1/pp = 1/Ppm) Mm 
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To compute the polymer mass, we note from the stoichiometry that the 
mass production rate of polymer Rp is 


Rp = ~RuMu 


so the mass balance for total polymer P is given by 


aP 

dt 

Let tı be the time that the reactor fills. Equation 4.58 is of the same 
form as Equation 4.13 and can be solved in the same manner, yielding 


= RpVe = keuMu Ve = (kMu)M (4.60) 


Mit) = BOME (1 ett), t<t (4.61) 


Substituting this result into Equations 4.59 and 4,60 and integrating 
gives 


Vr(t) = Vr(0) + G + AVcug) Qfot 


AVQ focus X 
sea ee) St (4.62) 
P(t) = QpocuypMm (e-ga-e*), tst (4.63) 


We can solve Equation 4.62 for the time tı when the reactor fills, Vg (t1) = 
20 m3, Note we have a single nonlinear equation that must be solved 
numerically. Substituting in the numerical values and solving for tı 
‘yields 

i tı = 11.2 min 

Note the reactor would have filled in 10 min if the density were con- 
stant. The extra time reflects the available volume created by convert- 
ing some of the monomer to polymer during filling. After tı we com- 
sider the two operations. 


Operation 1. In the first operation, Qf = 0 after tı. Substituting this 
value of Q; into Equations 4.58 and 4.59 gives 


dM 

ar = -kM (4.64) 
AVR 

aS AVKM (4.65) 


in which initial condition M(t;) is given by substituting t) in Equa- 
tion 4.61, and Ve(t}) = 20 m3. We solve Equation 4.64 to obtain 


M(t) = M(t e tE, ti <t 
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and substitution into Equations 4.65 and 4.60 and integration gives 


V(t) = Vr (t1) + AVM(t1) (1 -e0 0)), tist (4.66) 
P(t) = P(t) + MyM (ti) (1 -e*t ), hst (4.67) 


Notice the reactor volume decreases after tı because AV is negative. 
These results are plotted in Figures 4.15-4.18. 


Operation 2. Because the reactor volume is constant" we can solve 
Equation 4.59 for the feed flowrate during the secondary monomer ad- 
dition 

Qf = -AVkM 


Substitution of this flowrate into Equation 4.58 gives 


a —(1 + AVey sp) kM 


which can be solved to give 
M(t) = M(h)exp(-(+AVewp)k(t-0)), hst 


The polymer mass can be calculated by substituting this result into 
Equation 4.60 and integrating 


P(t) = P(t,)+ 
MM (ti) 


a wea) [1-exp(-.+AVewpkit-t))], ost 


These results also are plotted in Figures 4.15-4.18. Notice the final 
polymer production is larger in Operation 2 because of the extra mon- 
omer addition. We can perform an independent, simple calculation of 
the total polymer in Operation 2. In Operation 2, 10 m? of polymer 
are produced because in an ideal mixture, the volumes are additive. 
Therefore 


P, = (Vg — Vro)pp = 10 m? x 1100 kg/m? = 11000 kg 
in good agreement with the long-time solution for Operation 2 in Fig- 


ure 4.18. For Operation 1, we have no simple calculation, so we take 
the limit as t — co in Equation 4.67 to obtain 


P, = P(t) + Mu M(t) 
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Figure 4.15: Semi-batch reactor volume for primary monomer ad- 
dition (Operation 1) and primary plus secondary 
monomer additions (Operation 2). 
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Figure 4.16: Semi-batch reactor feed flowrate for primary monomer 
addition (Operation 1) and primary plus secondary 
monomer additions (Operation 2). 
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Figure 4.17: Semi-batch reactor monomer content for primary 
monomer addition (Operation 1) and primary plus sec- 
ondary monomer additions (Operation 2). 


12000 
10000 
8000 
6000 
4000 


2000 








L. 

0 5 10 15 20 25 30 35 40 45 50 
time (min) 

Figure 4.18: Semi-batch reactor polymer content for primary 


monomer addition (Operation 1) and primary plus 
secondary monomer additions (Operation 2). 
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Both P(t) and M(t;) can be evaluated by substituting fı = 11.2 min in 
Equations 4.61 and 4.63, respectively. The results are 


Piti) = 3582kg, M(tı) = 53.95 kmol, P, = 8977 kg 


Note the value P; = 8977 kg is in good agreement with the long-time so- 
lution for Operation 1 in Figure 4.18. Finally, the increase in production 
rate is 7 N 
Pe- Pi X 100% = 22.5% 
Py 
By using the volume of the reactor more efficiently, the total polymer 
production increases 22.5%. Qo 


4.6 The Plug-Flow Reactor (PFR) 


Plug flow in a tube is an ideal-flow assumption in which the fluid is 
‘well mixed in the radial and angular directions. The fluid velocity is 
assumed to be a function of only the axial position in the tube. Plug 
‘flow is often used to approximate fluid flow in tubes at high Reynolds 
number. The turbulent flow mixes the fluid in the radial and angular 
directions. Also in turbulent flow, the velocity profile is expected to be 
reasonably flat in the radial direction except near the tube wall. 


4.6.1 Thin Disk Volume Element 


Because of the plug-flow assumption, it is natural to take a thin disk for 
the reactor volume element as shown in Figure 4.19. The concentration 
does not change over the volume element because there is complete 
mixing in the radial and angular directions and because the axial dis- 
tance Az is small. The element has volume AV = A Az in which Ac 
is the tube cross-sectional area. Writing Equation 4.2 in this situation 
gives 

a (cav) 


Sp = a], OQ], 4, + RAV (4.68) 


Z2t+Az 


Dividing the above equation by AV and taking the limit as AV goes to 
zero yields, 
F {GQ 
es Be (6 J, Ri (4.69) 
ses =~ 


accumulation convection 





reaction 
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Figure 4.19: Plug-flow reactor volume element. 


If the tube has constant cross section, Ac, then velocity, v, is related 
to volumetric flowrate by v = Q/Ac, and axial length is related to tube 
volume by z = V/A¢, so Equation 4.69 can be rearranged to the familiar 
form [1, p.584] 

acj 9 (ejv) P 


ot az 





Rj (4.70) 


4.6.2 Steady-State Operation 


One is often interested in the steady-state operation of a plug-flow re- 
actor. Setting the time derivative in Equation 4.69 to zero gives, 


a(ejQ) p, > 
av Ri (4.71) 


The product c;Q = N}; is the total molar flow of component j. One also 
can express the PFR mole balance in terms of the molar flow, 


an, 
dv 








= Rj (4.72) 


4.6.3 Volumetric Flowrate for Gas-Phase Reactions 


To use Equation 4.72 for designing a gas-phase reactor, one has to be 
able to relate the volumetric flowrate, Q, to the molar flows, N pd = 
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1,2,...,7s5. The important piece of information tying these quantities 
together is, again, the equation of state for the reaction mixture. The 
equation of state is a function relating the system temperature, pres- 
sure, and all molar concentrations, f(T, P,c;) = 0. Because the molar 
flow and concentration are directly related, 


Nj = €jQ (4.73) 


the equation of state is also a relation between temperature, pressure, 
molar flows, and volumetric flowrate. For example, the ideal-gas equa- 
tion of state, ¢ = P/RT, can be stated in terms of molar concentrations, 


Cj, as 
Soek 
7 I” RT 
In terms of molar flows, the equation of state is 
ZN; PL 
Q RT 


One can solve the previous equation for the volumetric flowrate, 
a- F EN (4.74) 
2 


Equation 4.74 is used with the mole balance, Equation 4.72, to solve 
gas-phase PFR problems under the ideal-gas assumption. To evaluate 
ithe concentrations for use with the reaction rate expressions, one then 
rearranges Equation 4.73 to obtain 
N j P N j 
OE ETE A (4.75) 
J" Q RTS jNj 


4.6.4 Volumetric Flowrate for Liquid-Phase Reactions 


Consider the equation of state for a liquid-phase system to be arranged 
in the form 


p= f(T,P,c;) 
The mass density is related to the volumetric flowrate and total mass 
flow, M = $; NjMy, via 
M=pQ (4.76) 
Multiplying Equation 4.72 by M; and summing on j produces 


dM 


av 0, M(0) = My 
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in which M; is the feed mass flowrate. The total mass balance indicates 
that the total mass flow is constant with respect to axial position in the 
PFR because chemical reaction cannot alter the total mass flow. We can 
solve for the volumetric flowrate by rearranging Equation 4.76 

Q= “1 (4.77) 


If the liquid density is considered constant, p = py, then. 
Q=Q,, constant density (4.78) 


and the volumetric flowrate is constant and equal to the feed value. 
Equation 4.78 is used often for liquid-phase reactions. If the density 
variation is significant, however, Equation 4.77 should be used instead. 
Finally, if we denote the time spent in the tube by 0 = V/Q, if Q is 
constant, we can rewrite Equation 4.71 as 

dcj 

dao 
which is identical to the constant-volume batch reactor, Equation 4.6, 
In other words, for the constant-flowrate case, the steady-state profile 
in a PFR starting from a given feed condition is also the transient profile 
in a batch reactor starting from the equivalent initial condition. 


= Rj, constant flowrate (4.79) 


4.6.5 Single Reaction Systems 


Example 4.4: Changing flowrate in a PFR 
A pure vapor stream of A is decomposed in a PFR to form B and C 


A-~ B+C (4.80) 


Determine the length of 2.5 cm inner-diameter tube required to achieve 
35% conversion of A. The reactor temperature is 518°C and the pressure 
is 2.0 atm. Assume the pressure drop is negligible. The reaction rate is 
first order in A, k = 0.05 s~} at the reactor temperature, and the feed 
flowrate is 35 L/min. 


Solution 

Writing the mole balance for component A gives 
aNa _ 
av TPA 
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The production rate of Ais Ra = =r = —kca. Substituting the produc- 
tion rate into the above equation gives, 
ANa 
av 
The volumetric flowrate is not constant, so we use Equation 4.74, which 
assumes an ideal-gas equation of state, 


= ~kN4/Q (4.81) 


Q= RT (Na + Ne + Nc) (4.82) 


The ideal-gas assumption is reasonable at this reactor temperature and 
pressure. One can relate the molar flows of B and C to A using the 
reaction stoichiometry. The mole balances for B and C are 


ANg aNe _ M 
av T= av eee 
‘Adding the mole balance for A to those of B and C gives 
d(Na+Na) _ 9 d(Na+Ne) _ 4 
dv ; dv F 


The stoichiometry does not allow the molar flow Na + Ng or Na + Ne 
to change with position in the tube. Because both of these quantities 
are known at the tube entrance, one can relate Ng and Nc to Na, 


Na+ Ng = Nap + Nur 
Na +Ne= Nay + Nee 


Rearranging the previous equations gives, 


Ng = Nay + Nee -Na 
Ne = Naf + Neg -Na 


Substituting the relations for Ng and Nc into Equation 4.82 gives 
Q= re Nay + Nap + Nep- Na) 
Because the feed stream is pure A, Ney = Ncp = 0, yielding 
Q= AT (2m4 s-Na) 
Substituting this expression in Equation 4.81 gives the final mole bal- 
ance, 


dNa P Na 
av ~ “RT 2N; -N 











i 
3 
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The previous differential equation can be separated and integrated, 


> 2Naf -Na 


vV 
e kP gy 
KAN, = i ~ Rav 


Naf 


Performing the integration gives, 


2N4fln (Na/Nas) sa (Nas ~Na) E -EFV 


The conversion of component j for a plug-flow reactor operating at 
steady state is defined as 
Nip ~ Ni 


1 Nip 


Because we are interested in the V corresponding to 35% conversion 
of A, we substitute Na = (1 ~ x4)Naf into the previous equation and 
solve for V, 


Ve= -ip Nas {2In(1 ~ x4) + xa] 


Because Q f = NayRT/P is given in the problem statement and the tube 
length is desired, it is convenient to rearrange the previous equation to 
obtain 


is ree [2In(1 ~ xa) + xa] 


Substituting in the known values gives 
35 x 103 cm3 /min ( 4 ) P 
ae (i s160 s/min } (n (2.5 cm)? / PO ~ 35) +35] 
Z=1216cm=12.2m 





4.6.6 Multiple-Reaction Systems 


The modeler has some freedom in setting up the material balances for 
a plug-flow reactor with several reactions. The most straightforward 
method is to write the material balance relation for every component, 


aN; 


av wR Jalen 
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Recall the production rate of each species is a simple linear combination 
of the reaction rates times the appropriate stoichiometric coefficients, 


Ry 
Rj = > vir, J=1,2,...,ns 


i=l 


The reaction rates are expressed in terms of the species concentrations. 
The c; are calculated from the molar flows with Equation 4.73, and Q 
is calculated from Equation 4.74, if an ideal-gas mixture is assumed. 


Example 4.5: Benzene pyrolysis in a PFR 


Hougen and Watson [9] analyzed the rate data for the pyrolysis of ben- 
zene by the following two reactions. Diphenyl is produced by the de- 
hydrogenation of benzene, 


k 
2C6Hs = CieHio + He (4.83) 
oh 
Triphenyl is formed by the secondary reaction, 


k2 
CsHe + Ci2Hio fea CisHi4a + H2 (4.84) 


- 


The reactions are assumed to be elementary so that the rate expressions 
are 

2 _ EDCH CTECH e 

n=k (eż - ) r2 =k (cse - e) .85 

1 eB ee 2 = k2 | Caco ~ =E; (4.85) 





in which the subscripts, B, D, T and H represent benzene, diphenyl, 
triphenyl and hydrogen, respectively. Calculate the tube volume re- 
quired to reach 50% total conversion of the benzene for a 60 kmol/hr 
feed stream of pure benzene. The reactor operates at 1033 K and 
1.0 atm. Plot the mole fractions of the four components versus re- 
actor volume. The rate and equilibrium constants at T = 1033 K and 
P = 1,0.atm are given in Hougen and Watson, 


ky=7x10°L/mol-hr Kı =0.31 
ky =4x10°L/mol-hr Kọ = 0.48 











bias 
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Solution 


The mole balances for the four components follow from the stoichiom- 
etry, 





aNg Z : aNuy 7 

adv = -2n -n2 av =n +n 

ANp _ aN _ 

av ar cet av = 12 se 


The initial condition for the ODEs are Ng (0) = Ngr and Np(0) = Ny (0) = 
Nr(0) = 0. Because the number of moles are conserved in both reac- 
tions, the total molar flux does not change with reactor volume. The 
volumetric flowrate can be evaluated from Equation 4.74, which in this 
case reduces to, 


Q= ~p Nes (4.86) 


The rate expressions are substituted into the four ODEs and they are 
solved numerically. The total conversion of benzene, xg = (Ngf ~ 
Ng)/Ngpf, is plotted versus reactor volume in Figure 4.20. A reactor 
volume of 403 L is required to reach 50% conversion. The composition 
of the reactor versus reactor volume is plotted in Figure 4.21. [a] 


In the previous approach, a differential equation is required for each 
component. Therefore nt, differential equations are solved simultane- 
ously in this approach. One can instead solve the problem by using 
one differential equation for each independent reaction for a total of 
n;i differential equations. Because n; < ns, this second approach pro- 
duces fewer differential equations. Normally n; is not much less than 
Ns, and the computational expenses of the two approaches are similar. 
Whether we write differential equations for the species or the reaction 
extents is largely a matter of taste. 

In any case, the following procedure is guaranteed to give the mini- 
mal set of differential equations. Instead of writing the material balance 
for each component, define extents for each reaction that satisfy 


dé; : 
ave i= 1,2,...,n; 


The initial conditions for these extents can be defined to be zero, 


£,(0) = 0, i= 1,2,...,nj 
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Figure 4.20; Benzene conversion versus reactor volume. 
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Figure 4.21: Component mole fractions versus reactor volume. 
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The molar flow for each species can be computed by summing the stoi- 
chiometric number times each extent, 


ni 
Ny =Nipt > vjen j=L2,. As 

i=l 
As with the previous method, the c; are calculated from the molar flows 
with Equation 4.73, and Q is calculated from Equation 4.74. 
Example 4.6: Benzene pyrolysis, revisited 
Rework the previous example using the minimum number of differen- 
tial equations. 


Solution 


Defining the extents to track the rates of the two reactions in Equa- 
tions 4.83 and 4.84 gives 


dé 


av Ths €1(0) = 0 (4.87) 
ae =r}  e&(0)=0 (4.88) 


The stoichiometry allows all molar flows to be calculated from these 
two extents, 


Ng + 2&1 + £2 = Ngf 
Np ~ 1 + €2 = Npf 


Ny ~ £ ~ €2 = Nuf 
Nr ~ £2 = Nr¢ 


Substituting in the feed conditions gives, 


Np = Ngf ~ 281 ~ £2 Ny = & + €2 
Np = €1 — €2 Nr = & 


These relations can be used along with Equation 4.86 and Equations 4.85 
to evaluate the rates 1 and rz in Equations 4.87 and 4.88 in terms of £ 
and z2. In this approach one only has to solve two differential equations 
rather than the four required in the previous approach. The solutions 
are the same in the two approaches. o 
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Example 4.7: Ethane pyrolysis in the presence of NO 


The thermal decomposition of ethane is inhibited by nitric oxide. Lai- 
dler and Wojciechowski [10] have suggested the following sequence of 
elementary reactions to describe pyrolysis. 


CoHe + NO! CoHs + HNO 
CoHs 2 HON 
H+CoHs “2 @Hs+ He 
H+ NOŽ HNO 
HNO H+ NO 


C2H5 + HNO “2 CoH + NO 


The kinetic data for this reaction are, where k; = A; exp(—E;/RT) 


























[ Reaction Yi Ai Ei 

(kJ/mol) 

1 A= kcomeo | 10x10"? cm3/mol s 217.6 

2 T2 = k2€caHs 3.0 x 1014 s-} 165.3 

3 Y3 = K3CHCCoH, 3.4 x 10!? em3/mol s 28.5 

4 r4 = kgcueno 1.0 x 10!2 cm?/mol s 0 

5 Ys = ksCuno 1.0 x 10!3 s71 200.8 

the 6 Te = keCco.H; CHNO 1.0 x101? cm?/mol s 0 
Assume the reaction takes place in an isothermal, 1500-cm? PER oper- 
ating at constant pressure (1.0 atm). The feed to the reactor consists 


of a mixture of ethane and NO with a molar ratio of 95% ethane and 5% 
NO. The inlet volumetric flowrate is 600 cm3/s. Consider a base-case 
reactor temperature of 1050 K. 


1. Develop the necessary design equations to calculate the molar 
flow of ethane, NO and ethylene, and determine the effluent com- 
position from the reactor. Be sure to specify the initial conditions. 


2. Solve the design equations and calculate the molar flowrates of 
ethane, ethylene and NO as a function of reactor volume for a 
reactor temperature of 1050 K. 


3. Examine the effect of increasing and decreasing the temperature 
50 K on the molar flowrate of ethane. Why do you think a small 


ae 


Sivan aanaeio comers 


isms ntti nam dint 
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change in temperature creates such a large effect on the amount 
of ethane reacting? 


Solution 


The reaction rates are functions of molar concentrations of the compo- 
nents, and the concentrations can be found from the molar flowrates 
of each component 


vant 


Nj Nj P Nj 
Cj = 


Q T HSN RSM 


We need to know all the molar flows, and they can be found from the 
PFR mass balance 





aN; 
ori = Rj =È vari 


which produces for this example 








aNem = Y} -Y3 + T6 ine = 12-137 V4 +715 

ava = -r1 — Y4 + Y5 + Y6 Nea =r aio 
PN pr +73 — Ye Nie» 7 
av TMT rat hs 76 av 3 

åN; 
ANo L n tra- rs -re 


The rates are calculated from the rate constants and concentrations; 
for example, the first rate is 


n-k (E) reo 
PART) NE 


in which 
Nior = Neots + Nuo + Neans + Nuno + Ny + Neon, + Nip 
The feed contains only CzHs and NO at molar flows given by 
P 
Nif = Vit RTOS 
leading to Nen, f = 6.62 x 10-3 mol/s and Nyos = 3.48 x 10-4 mol/s. 


The numerical solution of Equations 4.89 at 1050 K is shown in Fig- 
ure 4.22, We see the consumption of ethane and the production of 
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Figure 4.22: Molar flowrate of ethane, ethylene and NO versus reac- 
tor volume for ethane pyrolysis example. 
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Figure 4.23: Molar flowrate of ethane versus reactor volume for inlet 
temperatures of 1000, 1050 and 1100 K. 
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ethylene. The ethane molar flows at the three different reactor temper- 
atures are shown in Figure 4.23. The solution shows a small change in 
ethane molar flow initially, followed by a more rapid change of molar 
flow with increasing distance in the reactor. The rate is low initially 
until a sufficient amount of H is formed so the third reaction can begin 
to contribute to the ethane consumption. The rates are very sensitive 
to temperature because the activation energies are quite high for the 
reactions that lead to the loss of ethane. For example, the-first reaction 
that initiates the pyrolysis and the second reaction that produces H, 
which contributes to the consumption of ethane, have high activation 
energies. [5] 


4.7 Some PFR-CSTR Comparisons 


Given the two continuous reactors in this chapter, the CSTR and the 
PFR, it is natural to compare their steady-state efficiencies in convert- 
ing reactants to products. For simplicity, consider a constant-density, 
liquid-phase reaction with nth-order, irreversible reaction rate 


A“ B  r=ke? (4.90) 


For this situation, the steady-state PFR material balance is given by 


Equation 4.79 
dca 
ag. 3 (ca) 
We rearrange and solve for the time required to change from the feed 


condition c,4r to some exit concentration ca 


CA 1 
O= | sate 

cap YCA) 
in which the prime is to remind us that this variable is a dummy variable 
of integration. Figure 4.24 shows the graphical interpretation of this 
result. The area under the curve 1/r (c4) is the total time required to 
achieve the desired concentration change. 

To achieve this same concentration change in the CSTR, we start 

with Equation 4.41, and solve for @ giving 


_ Caf TEA 
r{ca) 
This result also can be interpreted as an area in Figure 4.24. Notice 
that this area is the height, 1/r(ca), times the width, caf — ca, of the 
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rca) 





CA ' Caf 
CA 


Figure 4,24; Inverse of reaction rate versus concentration; area un- 
der curve is the PFR residence time 0; area of the rectan- 
gle is the CSTR residence time; PFR is more efficient; ir- 
reversible, nth-order kinetics with positive order, n > 0. 


rectangle shown in Figure 4.24. Obviously if 1/r(ca) is a decreasing 
function of ca, or, equivalently, r (ca) is an increasing function of ca, 
to achieve the same conversion, the PFR time (or volume, Vg = Q f0) is 
less than the CSTR time (volume). We make a final comment to reinforce 
‘this point. The reaction rate for the PFR varies with length. The rate is 
high at the entrance to the tube where the concentration of A is equal to 
the feed value, and decreases with length as the concentration drops. 
At the exit of the PFR, the rate is the lowest of any location in the tube. 
Now considering that the entire volume of the CSTR is reacting at this 
lowest rate of the PFR, it seems intuitively clear that more volume is 
required for the CSTR to achieve the same conversion as the PFR. 

So for this simple, single-reactant case, we only need to know if 
r(c,q) is an increasing or decreasing function of ca to know which re- 
actor is more efficient, i.e, requires less volume. If the reaction order 
is positive (the usual case), the PFR is more efficient, as shown in Fig- 
ure 4.24, If the reaction order is negative, the CSTR is more efficient, 
as shown in Figure 4.25. 

if the reaction rate is neither strictly increasing nor strictly decreas- 
ing, the reactor configuration with the smallest volume becomes a se- 
ries of CSTRs and PFRs. Such an example is shown in Chapter 8, Ex- 
ample 8.4. Levenspiel provides further discussion of these interesting 
cases [11, pp. 128-156}. 
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Figure 4.25: To achieve the same conversion, the CSTR is smaller 
than the PFR for irreversible, nth-order kinetics, nega- 
tive order, n <0. 


Example 4.8: The PFR versus CSTR with separation 


We have noticed that a PFR achieves higher conversion than an equiva- 
lent volume CSTR for the irreversible reaction with first-order kinetics 


A— B r= kca 


Consider the case in which we add separation. Find a single CSTR and 
separator combination that achieves the same conversion as the PFR. 
You may assume a perfect separation of A and B, the feed is a pure A 
stream, and k9 = 1 for the PFR. 


Solution 


The PFR achieves a fractional conversion of A 
Xprr = 1 ~ Na/Nag = 1 ~ exp(-k0) = 0.632 


For an equivalent volume CSTR without separation, the conversion of 
Ais 
Xcesta = 1~ Na/Nao = k0/(1 + k8) = 0.5 

The goal is to increase the achievable conversion in the CSTR using 
Separation. Education in chemical engineering principles leads one im- 
mediately to consider recycle of the unreacted A as a means to increase 
this conversion. Consider the flowsheet depicted in Figure 4.26. A frac- 
tion of the outflow from the CSTR is recycled, the product B is removed 
and the unreacted A is combined with the feed as the inflow of the CSTR. 
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Figure 4.26: PFR versus CSTR with recycle and separation. 


Given the assumption of perfect separation, we can achieve essentially 
complete conversion of A for k@ = 1 with complete recycle, so our goal 
here is to calculate the fractional recycle, «x, that achieves exactly the 
PFR conversion. For k@ < 1 the achievable conversion is less than one 
as discussed in Exercise 4.14. 

Notice first that the mean residence time of the CSTR, 0’, is less 
than that for the PFR, 8, because the flowrate has increased due to 
the recycle. Notice that with perfect separation, pure A streams are 
combined at the mixer, and Qo/Q; = Nao/ Na So 


8 = Vr/Qi = (Vr/Qo)(Qo/Q1) = ONA / Na 


We may consider four variables to specify the state of the system: 
& Nai, Naz, Na; and we can write three component A material balances 
for the reactor, splitter at reactor exit and mixer at reactor inlet 

reactor: = Naz = Nar/(1+k@N40/Nax) 

splitter: Na = (1 - &)Na2 

mixer: Nar = Nao + &Na2 

The separator balance is trivial because the separation of A is perfect, 
and, therefore, the molar flow of A is conserved across the recycle 
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Figure 4.27: Overall and per-pass conversion of A as a function of 
fractional recycle, o. 


stream. Because the inlet flow of A is not specified, it is convenient 
to divide the preceding equations by Nao, define dimensionless molar 
flows, and rearrange to obtain 


reactor: Na2(1+k0/Nai) —Nai = 0 
splitter: Na-(1~@)Na42=0 
mixer: 1+ ON a2 = Nai = 0 (4.91) 


We can specify a single variable as known and solve for the remaining 
three with the three equations. For example, if we specify the recycle 
fraction, «, we can solve Equations 4.91 for Na, N41, Naz, and compute 
the conversion from xa = 1 — Na. Figure 4.27 shows the resulting 
conversion of A plotted as a function of œ. We can see from Figure 4.27 
that the PFR conversion is achieved at about « = 0.65. If we want a 
more accurate answer, we can set Ña = exp(-k@) = 0.3678 and solve 
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numerically for «,N41,Na2, with Equations 4.91! , and the result is 
æ = 0.6613 
o 
CSTR equivalence principle. Example 4.8 is motivated by a recent 


result of Feinberg and Ellison called the CSTR equivalence principle of 
reactor-separator systems [4]. This surprising principle states: 





For a given reaction network with n; linearly independent re- | 
actions, any steady state that is achievable by any reactor- 
separator design with total reactor volume V is achievable by 
a design with not more than ni + 1 CSTRs, also of total reac- 
tor volume V. Moreover the concentrations, temperatures and 
pressures in the CSTRs are arbitrarily close to those occurring 
in the reactors of the original design. 








Applying this principle to the last example, we know that any achiev- 
able concentration of the PFR for a single reaction is achievable with a 
‘CSTR and separation. Note the number of CSTRs can be reduced from 
ini + 1 to n; in certain situations, such as the one considered in Exam- 
ple 4.8. And we know the concentration in the CSTR will be achieved 
somewhere in the PFR. 


4.8 Stochastic Simulation of Chemical Reactions 


We wish to introduce next a topic of increasing importance to chemi- 
cal engineers, stochastic (random) simulation. In stochastic models we 
simulate quite directly the random nature of the molecules. We will 
see that the deterministic rate laws and material balances presented 
in the previous sections can be captured in the stochastic approach 
by allowing the numbers of molecules in the simulation to become 
large. From this viewpoint, deterministic and stochastic approaches 
are complementary. Deterministic models and solution methods are 
quite efficient when the numbers of molecules are large and the ran- 
dom behavior is not important. The numerical methods for solution 
of the nonlinear differential equations of the deterministic models are 

'Nete one can solve this simple problem analytically as well. Eliminate oN 42 from 
the second and third equations in Equation 4.91. Substitute the result into the first 
equation and solve the resulting quadratic equation. 
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also highly developed. The stochastic modeling approach is appropri- 
ate if the random nature of the system is one of the important fea- 
tures to be captured in the model. These situations are becoming in- 
creasingly important to chemical engineers as we explore reactions at 
smaller and smaller length scales. For example, if we are modeling the 
chemical transformation by reaction of only a few hundreds or thou- 
sands of molecules at an interface, we may want to examine explicitly 
the random fluctuations taking place. In biological problems, we often 
consider the interactions of only several hundred or several thousand 
protein molecules and cells. In sterilization problems, we may wish to 
model the transient behavior until every last organism is eliminated. 

It is perhaps best to illustrate features of the stochastic approach 
with a simple example. Instead of the common case in which we have 
on the order of Avogadro’s number of reacting molecules, assume we 
have only a hundred molecules moving randomly in the gas phase and 
we wish to follow the reaction 


AB (4.92) 
Lg (4.93) 


in a constant-volume batch reactor. In this section we take reaction 
statements quite literally. We assume these reactions are not merely 
observed stoichiometries, but actual molecular events. 

The probability of reaction is assumed proportional to the 


Yi = kyxXa, ¥2 = k2Xg 


in which x; is the number of component j molecules in the reactor vol- 
ume. Note x; is an integer, unlike c; of the deterministic model, which 
is real. The reaction probabilities play the role of the rate expressions 
in the deterministic models. Given the stoichiometry and the reaction 
probabilities, we would like to simulate the expected behavior of the 
reaction network. One way to accomplish this task is the Gillespie algo- 
rithm, which we describe next. The basic idea of the Gillespie algorithm 
is to: (i) choose randomly the time at which the next reaction occurs, 
and (ii) choose randomly which reactions occurs at that time. Of course 
we do not choose completely randomly. If the total reaction probabili- 
ties are large, it is intuitively clear that the time interval until the next 
Feaction should be small, and, if reaction probability r; is much larger 
than 72, the first reaction is more likely to occur at the next reaction 
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time. The beauty of the Gillespie algorithm is the simple and statisti- 
cally correct manner in which these two random choices are made. 

In a series of papers, Gillespie makes an elegant argument for the 
use of stochastic simulation in chemical kinetic modeling [7, 8] and 
provides the following simulation algorithm [7, p.2345]. 


1. Initialize. Set integer counter n to zero. Set the initial species 
numbers, x;(0), j = 1,...ns. Determine stoichiometric matrix v 
and reaction probability laws (rate expressions) 


Yi = kih(x;) 
for all reactions. 


2. Compute reaction probabilities, r; = kjh(x;). Compute total re- 
action probability rrot = $; ri 


3. Select two random numbers, p1, p2, from a uniform distribution 
on the interval (0,1). Let the time interval until the next reaction 
be 

T = ~In(pi)/Tor (4.94) 


Determine reaction. m to take place in this time interval. The 
idea here is to partition the interval (0,1) by the relative sizes of 
each reaction probability and then “throw a dart” at the interval 
to pick the reaction that occurs. In this manner, all reactions are 
possible, but the reaction is selected in accord with its probability. 
See Figure 4.28. 


4, Update the simulation time t(m+1) =t(n) +7. Update the species 
numbers for the single occurrence of the mth reaction via 


xiin +1) =x;(n)+Ymp  j=1,.-Ns 
Let n =n +1. Return to Step 2. 


If ftot is the total probability for reaction, e~”!7 is the probability that a 
reaction has not occurred during time interval T, which leads directly to 
Equation 4.94 for choosing the time of the next reaction. We will derive 
this fact in Chapter 8 when we develop the residence-time distribution 
for a CSTR. Shah, Ramkrishna and Borwanker call this time the “interval 
of quiescence,” and use it to develop a stochastic simulation algorithm 
for particulate system dynamics rather than chemical kinetics [14]. 
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Figure 4.28: Randomly choosing a reaction with appropriate proba- 
bility; the interval is partitioned according to the rela- 
tive sizes of the reaction rates; a random number po 
between zero and one is generated to determine the re- 
action; in this case, m = 2 and the second reaction is 
selected. 


Figure 4.29 shows the results of this algorithm when starting with 
xa = 100 molecules. Notice the random aspect of the simulation gives 
a.rough appearance to the number of molecules versus time, which 
is quite unlike any of the deterministic simulations presented in Sec- 
tion 4.2. In fact, because the number of molecules is an integer, the 
simulation is actually discontinuous with jumps between simulation 
times. But in spite of the roughness, we already can make out the 
classic behavior of the series reaction: loss of starting material A, ap- 
pearance and then disappearance of the intermediate species B, and 
slow increase in final product C. Note also that Figure 4.29 is only one 
simulation of the stochastic model. Unlike the deterministic models, 
if we repeat this simulation, we obtain a different sequence of random 
numbers and a different simulation. To talk about expected or aver- 
age behavior of the system, we must perform many of these random 
simulations and then compute the averages of quantities we wish to 
report. 

Next we explore the effect of increasing the initial number of A 
molecules on a single simulation. The results for 1000 and 4000 ini- 
tial A molecules are shown in Figures 4.30 and 4.31, respectively. We 
see the random fluctuations become less pronounced. Notice that even 
with only 4000 starting molecules, Figure 4.31 compares very favorably 
with the deterministic simulation shown in Figure 4.11 of Section 4.2. 

Another striking feature of the stochastic approach is the trivial 
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Figure 4.29: Stochastic simulation of the first-order reactions 
A—B—C starting with 100 A molecules. 


level of programming effort required to make the simulations. In fact, 
the biggest numerical challenge is producing the random numbers,” 
and many well-developed algorithms are available for that task. The 
computational time required for performing the stochastic simulation 
may, however, be large. The solution time depends on the number of 
simulation steps, and also on whether or not we must repeat the simu- 
lations to calculate averages. Usually large numbers of simulation steps 
are chosen when one has large numbers of initial molecules. If reliable 
deterministic rate laws are available, at some point it becomes more 
efficient to use the deterministic models as the number of molecules 
increases. 

But the stochastic approach is invaluable in several ways. It builds 
a clear intuitive connection between the microscopic and the macro- 
scopic. The microscopic level is characterized by discontinuous, ran- 
dom molecular motion and the probability of collision as the basis 
for chemical reaction rate. The macroscopic level is characterized by 


2it ig more accurate to use the term pseudo-random number here to distinguish 
something we compute from a truly random number, 
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Figure 4.30: Stochastic simulation of the first-order reactions 
A-~B--C starting with 1000 A molecules. 
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Figure 4.31: Stochastic simulation of the first-order reactions 
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A—B—C starting with 4000.A molecules. 
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smoothly varying concentrations, and deterministic rate laws and ma- 
terial balances. Watching the transition in Figures 4.29-4.31 and then 
finally to the deterministic Figure 4.11 is a nice illustration of this con- 
nection and provides logical support for the construction of the deter- 
ministic rate laws. It is possible to prove that the average of stochastic 
simulations converges to the deterministic simulation as the number of 
molecules becomes large, which is known as the thermodynamic limit. 

As stressed earlier, the random fluctuations may be an important 
physical behavior to include in the model. In this situation, the stochas- 
tic approach is essential and a deterministic approach cannot be sub- 
stituted. We illustrate with the hepatitis B virus model introduced in 
Chapter 1. 


Example 4.9: Stochastic versus deterministic simulation of a virus 
model 


Consider the hepatitis B virus model given in Chapter 1. 


nucleotides C24 rcDNA (4.95) 

nucleotides + rcDNA — eccDNA (4.96) 
amino acids “So envelope (4.97) 

eccDNA — degraded (4.98) 


envelope — secreted or degraded (4.99) 


rcDNA+ envelope — secreted virus (4.100) 


Assume the system starts with a single cccDNA molecule, and no rcDNA 
and no envelope protein, and use the following rate constants 


[ xa xB xe ]'-[ 100 f (4.101) 


Eal 1 0.025 1000 0.25 2 75x 10-6 | (4.102) 


Compare the results of a deterministic simulation to the average of 500 
stochastic simulations. If these results are not the same, explain why 
not. 
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Figure 4.32: Species cccDNA versus time for hepatitis B virus model: 
deterministic and average stochastic models. 





deterministic 


avg. stochastic 





0 50 100 150 200 
t (days) 


Figure 4.33: Species rcDNA versus time for hepatitis B virus model; 
deterministic and average stochastic models. 
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Figure 4.34: Envelope versus time for hepatitis B virus model; deter- 
ministic and average stochastic models, 


cccDNA 
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t (days) 
Figure 4.35: Species cccDNA versus time for hepatitis B virus model; 
two representative stochastic trajectories. 
Solution 


The reaction rates and production rates for Reactions 4.95-4,100 are 
given by 


rh kixa 

T k2xXg Ra Yo — Y4 

n = iS Rs |=| n-r2-rs (4.103) 
Rc 13-15 — ¥6 

rs Ksx¢ i 

Ye keXexc 


in which A is cccDNA, B is rcDNA, and C is envelope. 

Figures 4.32-4.34. show the deterministic model simulation and an 
average of 500 stochastic simulations. Notice these results are not the 
same, and we should investigate why not. Figure 4.35 shows two rep- 
resentative stochastic simulations for only the cccDNA species. Notice 
the first stochastic simulation does fluctuate around the deterministic 
simulation as expected. The second stochastic simulation, however, 
shows complete extinction of the virus. That is another possible steady 
state for the stochastic model. In fact, it occurs for 125 of the 500 
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— fens 
a(e;V 
BATCH deva) = RjVR (4.104) 
dcj 
constant volume TR (4.105) 
d(cjVr) 
CSTR aa Fag = Qpejyp -Qcjy+RjVr (4.106) 
. ac; ‘eat 
constant density oe = AGH ~ Cj) +Rj (4.107) 
steady state cj = cjf + RyO (4.108) 
| 
a(cjVr) 
SEMI-BATCH Se = Qeys + Rie (4.109) 
ac; 8(cjQ) | 
PFR at = -—2 A 
m Sy Ri (4.110) 
d(c;Q) 
steady state ae = Rj (4.111) 
dc; 
constant flowrate a = Rj, O=V/Q¢ (4.112) 














Table 4.3: Summary of mole balances for several ideal reactors. 


simulations. So the average stochastic simulation in Figures 4.32-4.34 
consist of 75% trajectories that fluctuate about the deterministic trajec- 
tory and 25% trajectories that go to zero. The two types of stochastic 
trajectories therefore explain why the average stochastic model is not 
equal to the deterministic model. We should bear this feature in mind 
when using deterministic models with small numbers of molecules. o 


4.9 Summary 


We have introduced four main reactor types in this chapter: the batch 
reactor, the continuous-stirred-tank reactor (CSTR), the semi-batch re- 
actor, and the phig-flow reactor (PFR). Table 4.3 summarizes the mole 
balances for these four reactors. We also have introduced some of the 
basic reaction-rate expressions: 


e first order, irreversible 
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+ first order, reversible 

« second order, irreversible 

» nth order, irreversible 

e two first-order reactions in series 

e two first-order reactions in parallel 

e two second-order, reversible reactions 


We developed the equations required to compute the volume of the 
reactor if there is a significant volume change upon reaction. We require 
an equation of state for this purpose. Tables 4.1 and 4.2 describe the 
appropriate balances for a constant-density mixture, an ideal mixture, 
and a mixture with a general equation of state. 

Several of these simple mass balances with basic rate expressions 
were solved analytically. In the case of multiple reactions with nonlin- 
ear rate expressions (Le., not first-order reaction rates), the balances 
must be solved numerically. A high-quality ordinary differential equa- 
tion (ODE) solver is indispensable for solving these problems. For a 
complex equation of state and nonconstant-volume case, a differential- 
algebraic equation (DAE) solver may be convenient. 

We showed that the PFR achieves higher conversion than the CSTR 
of the same volume if the reaction rate is an increasing function of 
a component composition (n > 0 for an nth-order rate expression). 
Conversely, the CSTR achieves higher conversion than the same-volume 
PFR if the rate is a decreasing function of a component composition 
(n < 0). 

Finally, we introduced stochastic simulation to model chemical re- 
actions occurring with small numbers of molecules. Each of these ran- 
dom simulation trajectories has a rough appearance and the average 
of many of these simulations is required to show the expected system 
behavior. The stochastic model uses basic probability to compute reac- 
tion rate. The probability of occurrence of a given reaction is assumed 
proportional to the number of possible combinations of reactants for 
the given stoichiometry. Two pseudo-random numbers are chosen to 
determine; (i) the time of the next reaction and (ii) the reaction that oc- 
curs at that time. The smooth behavior of the macroscopic ODE models 
is recovered by the random simulations in the limit of large numbers 
of reacting molecules. With small numbers of molecules, however, the 
average of the stochastic simulation does not have to be equal to the 
deterministic simulation. We demonstrated this fact with the simple, 
nonlinear hepatitis B virus model. 


ip SAAANA AAA A ANAREN a 
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Notation 


Ac reactor tube cross-sectional area 

Aj preexponential factor for rate constant i 
CG concentration of species j 

cjg feed concentration of species j 

Cjs steady-state concentration of species j 
cjo intial concentration of species j 

E; activation energy for rate constant i 
reaction rate constant for reaction i 
equilibrium constant for reaction i 

total mass flow, N;M; 

total monomer mass 

total feed mass flow, NjM; 

molecular weight of species j 

reaction order 

moles of species j, Vecj 

number of reactions in the reaction network 
number of species in the reaction network 
molar flow of species j, Qc; 

feed molar flow of species j, Qc; 
uniformly distributed random number on (0, 1) 
pressure 

total polymer mass 

volumetric flowrate 

feed volumetric flowrate 

reaction rate for ith reaction 

fit total reaction rate, S17; 


HPV AZT PSA SEK EHS 


& 
& 


2 


R gas constant 

R; production rate for jth species 

t time 

T temperature 

y reactor volume variable 

V; partial molar volume of species j 


Y; specific molar volume of species j 

Vr reactor volume 

AV; change in volume upon reaction i, Èy VigVi 

Xj number of molecules of species j in a stochastic simulation 
Xj molar conversion of species j 

Yj mole fraction of gas-phase species j 
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z reactor length variable 
£i extent of reaction i 
0 reactor residence time, Vg/Qf 
Vy stoichiometric coefficient for species j in reaction í 
p mass density 
T simulation time in a stochastic simulation 


4.10 Exercises 


Exercise 4.1: Order versus rate of reaction 


‘Liquid A decomposes with nth-order kinetics in a batch reactor 
A— B, r=kcz 


The conversion of A reaches 50% in a five-minute run. 

‘What is the order of the reaction if it takes 10 minutes to reach 75% con- 
version? What is the order of the reaction if it takes 20 minutes to reach 75% 
‘conversion? What is the order of the reaction if it takes 30 minutes to reach 
75% conversion? 


Exercise 4.2: Constant volume versus constant pressure batch reac- 
‘tor 


Consider the following two well-mixed, isothermal gas-phase batch reactors 
for the elementary and irreversible decomposition of A to B, 


A~ 2B 


reactor 1: The reactor volume is held constant (reactor pressure therefore 
changes). 


reactor 2: The reactor pressure is held constant (reactor volume therefore 
changes). 


Both reactors are charged with pure A at 1.0 atm and k = 0.35 min”). 


(a) What is the fractional decrease in the concentration of A in reactors 1 
and 2 after five minutes? 


(b) What is the total molar conversion of A in reactors 1 and 2 after five 
minutes? 
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Exercise 4.3: CSTR performance 
A liquid-phase reaction 


A+B C, r= keged 
takes place in a CSTR of volume Vz in the presence of a large excess of reactant 
B. Assume the reactor achieves 50% conversion of A at steady state, 


{a) What is the steady-state conversion if the original reacter is replaced by 
two CSTRs of volume Vz /2 in series? 


(b) What is the conversion if the original reactor is replaced by three CSTRs 
of volume Vz/3 in series? 


{c) What is the conversion if the original reactor is replaced by a plug-flow 
reactor of volume Vg? 


Exercise 4.4: Catalyst deactivation in a batch reactor 
Consider the irreversible, liquid-phase isomerization reaction carried out in a 
solvent containing dissolved catalyst at 25°C in a batch reactor 

ASB 


The apparent first-order reaction-rate constant, Ka, decreases with time þe- 
cause of catalyst deterioration. A chemist colleague of yours has studied the 
catalyst deactivation process and has proposed that it can be modeled by 


k 
ka = Tage 





in which k is the fresh catalyst rate constant and Ky is the deactivation-rate 
constant. 


{a) Write down the mole balance for this reactor. 


(b) Solve the mole balance for c4(t). Sketch your solution. 


(c) If it takes two hours to reach 50% conversion and the fresh catalyst has 
arate constant of 0.6 hrt, what is ka? 


{d} How long does it take to reach 75% conversion? 
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Exercise 4.5: Dynamic CSTR 


A CSTR is used to convert A to products B and C via the following liquid-phase 
reaction 


A~ BHC 


The reaction is first order in A and irreversible. The tank initially is charged 
with species A at concentration Cao. At time zero, the feed pump is turned on 
and delivers constant flowrate, Q. The feed concentration of A is caf, which 
is also constant. The tank volume is Vg. Liquid density change due to reaction 
may be neglected. 


(a) Write down and solve the dynamic material balance for component A. 


(b) Sketch the solution, c4(t) versus t, for the tank initially filled with sol- 
vent, Cao = 0. On the same plot, sketch the solution for the tank initially 
filled with feed, cao = Cay. Clearly label on your plot the initial and 
steady-state concentrations for both curves. 


(c) For a 50 mê tank with flowrate of 7 L/s and rate constant k = 0.02 min", 


what is the steady-state conversion of A? 


Exercise 4.6: Linear differential equations and Laplace transforms 
Consider the linear, first-order, constant-coefficient differential equation 


dx 
Gp TAX tb 


x (0) = xo (4.113) 


The Laplace transform is a handy method for solving linear differential equa- 
tions. 


(a) Take the Laplace transform of Equation 4.113 and show 





PA Xo b 
Xis) = zT tG A (4.114) 
(b) Invert the transform and show 
x(t) = xge4* + Ren (4.115) 


You may want to use the following partial fraction formula 








1 4- 1 ] 
s(s-A) Als s-À 


(c) Substitute Equation 4.115 into Equation 4.113 and show that it satisfies 
the differential equation and initial condition. 








4.10 Exercises 179 


(d) Identify A, b, so that Equation 4.113 applies to the reversible, first-order 
reaction case given in Equation 4.13. Substitute these values into Equa- 
tion 4.115 and verify Equation 4.15. 


{e) Identify A, b, so that Equation 4.113 applies to the reversible, first-order 
reaction case given in Equation 4.42. Substitute these values into Equa- 
tion 4.115 and verify Equation 4.43. 


Exercise 4.7: Multiple reactions in CSTRs in series 


The following liquid-phase reactions take place in two identical CSTRs in se- 
ries, 


Am B+C n= k,c3% 
B— D Y2 = kzcg 


in which kı = 0.05 L/mol-min and kz = 0.022 min`’. The feed to the first 
reactor is pure A, caf = 1.5 mol/L, and the residence time in each reactor is 
15 min. Determine the overall conversion of A and the yield of B for the series 
of reactors. Recall yield is the fraction of reactant converted into a specified 
product. 


Exercise 4.8: Nonconstant density with a liquid-phase reaction 


Propylene glycol is produced by the hydrolysis of propylene oxide according 
to the following reaction 





Rec CH—CH3 + WO — co CH3 
7 OH OH 
propylene oxide propylene glycol 


In the presence of excess water, the reaction has been found to be first-order 
in propylene oxide 
r = kcpo 


and the rate constant is [6] 
k = kge Fat RT ko = 4.71 x 109 $7} Ea = 18.0 kcal/mol K 
Methanol is added as a solvent, and the reaction is performed in a 1000 L 


CSTR operating at 60°C. The feed conditions and physical properties are as 
follows [15]: 
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Component Density | Mol. wt. | Inlet feedrate ; or, equivalently, upon substitution of the previous equation 
| (g/cm?) | (g/mol) (L/br) Eo 
propylene oxide | 0855 | 58.08 1300 — p = Mscso + 3 Mjcj (4.116) 
water 1.000 18.02 6600 di 
propylene glycol | 1.0361 76.11 0 
| methanol | 0.7914 32.04 1300 i (a) Show that even though the density is not assumed constant in Equa- 














tion 4.116, one still obtains for the reactor volume in a CSTR 


AVR _ 
“a 7 2r-Q 


Assume the mixture is ideal so that 


l= 3 cV 
J 





(b) Show that the approximation error in the density in Equation 4.116 is 
in'which V; = Mj/p; are the pure component specific molar volumes. Neglect 
any change in the pure component densities with temperature in the temper- i 
ature range 25-60°C. i in which cs is the actual solvent concentration in the mixture, which also 
changes, in general, upon reaction even though the solvent does not take 
part in any reactions. 


Ms (Cs — Cso) 


(a) Compute the steady-state concentrations of all components, Q, and Vg 
for the following two situations. 


1. A float in the top of the tank is used to adjust Q to maintain reactor Exercise 4.10: Maximizing an intermediate 


volume constant at 1000 L. 3 We considered the following two first-order, irreversible reactions in Reac- 
2. The reactor is initially charged with pure solvent, and a differential | tion 4.29 





pressure measurement is used to adjust Q to maintain constant j atiy 
reactor mass. f 
f BE 
Which operation do you recommend, constant volume or constant mass? 
Look at the conversion of propylene oxide and production rate of propy- =e and derived Equation 4.31 for the intermediate B concentration 
lene glycol for the two cases. What are you wasting in constant mass 
operation? i cg = Cgoe*?! + Cag cos [ew ~- e:t] i ky # kz 
(b) Resolve the constant reactor volume operation under the assumption i (a) What is the optimal stopping time in order to maximize the concentra- 

that all densities are equal to water. How much error in the conversion i tion of intermediate B? 


and production rate do you commit under this assumption? 
(b) Check your result against Figure 4.11. 


Exercise 4.9: Linear density versus concentration assumption (© How does this result simplify for the case kı = kz? 


Consider the important case of liquid-phase reaction in an excess of solvent. 
Let component j = s be the solvent and consider the solution density at some 
reference concentrations, Cj = Cjo, 


Exercise 4,11: Some limits 
{a) For the second-order, irreversible reaction 
Po = MsCso + > MjCjo 


jes AaB EC r = KC4Cp 


In this situation, a useful approximation for the density-concentration rela- 


in the batch reactor, we showed solving the material balance produces 
tionship is the linear form [13] 


Equation 4.24 
P= po + $ Mj (ej = cjo) 


CR 
0 
dre 


-1 
ico eant] Cag * CRO 
CAQ 


Za = {Cag ~ €80) [i = 
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Take the limit cao — cgo — O in this equation and show it produces the 
other second-order reaction result given in Equation 4.19 


b 


For the n-order, irreversible chemical reaction 


A—B r=ket 


in the batch reactor, we showed solving the material balance produces 
Equation 4,26 


1 
LA 21+ (n-Dkotl I, nel 
Cao 
in which 
ky = kets! 
Take the limit n ~ 1 in this equation and show that it produces the 
first-order reaction result 
CA 


= ekt, n=1 
CAO 


Exercise 4.12: Constant gas flowrate; large or small error? 


One of the interesting features of (ideal) gas molecules is that they demand 
‘a certain amount of “territory.” It doesn’t matter if they are heavy or light, 
big or small — all gas molecules occupy the same amount of space at a given 
temperature and pressure; hence the idea gas law. 

Consider the following hypothetical reaction taking place in the gas phase 
in an isothermal, constant pressure PFR with a pure A feed stream 


A — bB (4.117) 


Derive an expression for the tube volume required to achieve molar conversion 
of A, x4, for the following two cases. 


(a) Ideal gas equation of state, which we call the correct answer, Vge. 
(b) Constant gas flowrate, which we call the dubious assumption, Vga- 


(c) Compute the fractional error committed when using the dubious as- 
sumption 





Vere 
Your result should be a function of only x, and b. 











| 
i 
$ 
= 
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Nao Nai Naz Na 








Vg pure B 





Figure 4.36: An alternative CSTR-separator design. 


{d) Plot e versus x, for b = 1,2,5, 100. Note for b = 100, Reaction 4.117 is 
very hypothetical. 


(e) If you are unwilling to commit errors larger than 10%, for what b and xa 
values must you object to the dubious assumption? 


Bottom line: are you generally making large or small errors when you neglect 
the change in the number of moles when modeling a gas-phase reaction in a 
PFR? 


Exercise 4.13: Ethane pyrolysis, revisited 


Using the reaction chemistry and kinetics presented in Example 4.7, change 
the feed concentration of NO from 5 ppm to 5%, and examine the effect on 
the concentration profile for ethane in the PFR at 1050 K. Assume the feed 
consists only of ethane and NO, and that the pressure and volumetric flowrate 
are the same as in Example 4.7. Explain the effect of the feed NO concentration 
on the ethane conversion. 


Exercise 4.14: Recycle effects 


Consider again Example 4.8, and compute the limiting conversion for a CSTR 
with recycle for k@ = 0.5. What is the corresponding limiting fractional recycle, 
a? What happens if one attempts to recycle more material than this limiting 
value? 


Exercise 4.15: An alternative reactor-separator design 

Feinberg and Ellison considered an alternative design for Example 4.8 shown 
in Figure 4.36. Notice the separator is placed ahead of the recycle split in this 
design, and after the recycle split in Figure 4.26. 
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(a) Calculate the flowrate of the recycle stream that achieves the PFR con- 
version given in Example 4.8. 


(b) Compare the two reactor-separator designs. What are the advantages 
and disadvantages of each design. 


Exercise 4.16: Stochastic simulation of a virus model 


Perform several random simulations of the virus model given in Equations 4.95- 
4.102. Perform enough simulations so that some of your trajectories lead to 
extinction of all three species: cccDNA, rcDNA and envelope protein. 


(a) Compare and contrast a simulation that leads to a steady-state infection, 
and a simulation that leads to extinction. 


(b) During the first 25-50 days, is it possible to tell by looking at the tra- 
Jectory whether it will lead to infection or extinction? About how many 
days are required before you have a reliable idea of where a trajectory 
will finish? 


(c) Of the trajectories that lead to extinction, what is the longest time re- 
quired to reach extinction? What fraction of your trajectories lead to 
extinction? 


(d) Which parameters in the model have the largest affect on the behavior? 


Exercise 4.17: Stochastic simulation for nonlinear kinetics 
Consider the reversible, second-order reaction 


k 
A+B = C r= kicacs = kice 
ok 


(a) Solve the deterministic material balance for a constant-volume batch 
reactor with 


kı = 1 mol/L-min k-i = 1 min? 
e4(0) = 1 mol/L cg(0) = 0.9 mol/L ¢€c(0) = 0 mol/L 


Plot the A, B and C concentrations out to t = 5 min. 


(b) Compare the result to a stochastic simulation using an initial condition 
of 400 A, 360 B and zero C molecules. Notice from the units of the rate 
constants that k; should be divided by 400 to compare simulations. 
Figure 4.37 is a representative comparison for one sequence of pseudo- 
random numbers. 
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Figure 4.37: Deterministic simulation of reaction A + B = C com- 


pared to stochastic simulation starting with 400 A 
molecules. 


{c) Repeat the stochastic simulation for an initial condition of 4000 A, 3600 
B, zero C molecules. Remember to scale kı appropriately. Are the fluc- 
tuations noticeable with this many starting molecules? 


Exercise 4.18: From microscopic to macroscopic 


It is often easier to provide a correct explanation than it is to find the error in 
someone else's incorrect explanation. Consider the following situation from 
an instructor’s point of view. A student in your class asks you to explain 
the following difficulty he is having. “I start with the continuity equation for 
species j,” 

8c; 

Ot 
“Since this equation is true at all points in the volume element, I integrate it 
over the CSTR reactor volume element (as depicted in Figure 4.13),” 


+V -(cjv;)-Rj=0 (4.118) 


ac; 
ME +9605) -R,| dn =0 (4.119) 
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“I then use the divergence theorem that we learned in the Transport Phenom- 
ena course to. convert the divergence term to a surface integral and obtain,” 


8c; f 
Í, [Gt -riaa [ ews mda =o (4.120) 


“It is clear to me that the surface integral picks up the flux of species j into 
and out of the reactor with the flow streams,” 


[cio mao = ~Qpcjg + Qe; (4.121) 
“Substituting this into Equation 4.120 gives” 
PCy 
Í, rs Rj | dQ— Qpcyy¢ + Qej = 9 (4.122) 


“Finally since cj and R; don’t vary over the well-mixed reactor, I simplify to” 


ae 
Va = Qpeyy ~ Qey + RIVR (4.123) 


“But this doesn’t agree with Equation 4.106!” How do you respond to this 
student? Remember, he does not really want to hear a restatement of why 
Equation 4.106 is correct; he really wants to know what is wrong with his 
derivation. 


Exercise 4.19: Index and DAEs 


We saw in Section 4.5 that it was convenient to specify reactor models for 
nonconstant-density cases by using DAEs instead of ODEs. Compare, for ex- 
ample, the complexity of the ODE and DAE models appearing in Table 4.2. 
Some care should be exercised, however, to avoid creating a DAE that is dif- 
ficult to solve. The DAEs in Table 4.2 are of the following form in which the 
time derivatives of only the x variables appear explicitly in the model, 


a = f(x,y) (4.124) 


r =g(x, y) {4.125) 


The total moles of the species, n;, are the x variables and Vg and Q are the y 
variables. 

xT = [nin na] y" = [Ve Q] 
‘The index of a DAE is the number of times that the algebraic equations must 
be differentiated with respect to t to determine dy/dt [3]. An ODE, with no 
algebraic relations, has index zero. Differentiating Equation 4.125 with respeet 
to time produces 


dgix,y) dx glx, y) dy 


O= 











| 
| 
| 
| 
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in which 3g /ðy7 is a Jacobian matrix with elements 


(23) = ae 
Əy i OY; 

If 3g/ðyT is a nonsingular matrix, then we can solve this equation for dy/dt 

and the DAE has index one. DAEs with index zero and one are generally much 

easier to solve than those with index two or higher [3]. Notice if the y vari- 

ables do not appear explicitly in the algebraic equations, for example, then 

ag/dy™ = 0 and the DAE has index two or higher. 

Consider the algebraic equations appearing in Table 4.2 for the nonconstant- 
density cases: 1. reactor volume constant, 2. reactor mass constant, and 3. Q 
specified. Show that, as expressed in Table 4.2, cases 1. and 2. are high-index 
DAEs and case 3. is index one. Without differentiating the equation of state, 
how can case 2. be modified to be index one? Can you find a simple way to 
modify case 1. to be index one? 


Exercise 4.20: Matrix exponential 
Consider the general linear kinetic expression written in vector-matrix form 
R(c) = Ke 


in which R is an m,-vector of production rates, ¢ is an m,-vector of concentra- 
tions, and K is an ns x ns matrix of rate constants. The batch reactor material 
balance can be written as 


dc 
at = Ke 
c(0) = co (4.126) 


The solution to Equations 4.126 can be written as c = eX' cy, in which e** 
is the matrix exponential. The matrix exponential can be defined using the 
power series 

ApT+A+ pate pAb 
This series converges for all A. 


(a) Write K for two first-order series reactions in a batch reactor 
A=B B=C 
(b} Write out the series expansion for eX! and verify the solution derived in 


Section 4.2.1 


{c) Repeat for two first-order parallel reactions in a batch reactor 


A=B A=C 
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Chemical Kinetics 





5.1 Introduction 


The purpose of this chapter is to provide a framework for determining 
the reaction rate given a detailed statement of the reaction chemistry. 
We use several concepts from the subject of chemical kinetics to illus- 
trate two key points: 


1. The stoichiometry of an elementary reaction defines the concen- 
tration dependence of the rate expression. 


2. The quasi-steady-state assumption (QSSA) and the reaction equi- 
librium assumption allow us to generate reaction-rate expressions 
that capture the details of the reaction chemistry with a minimum 
number of rate constants. 


The concepts include: 


the elementary reaction 
Tolman’s principle of microscopic reversibility 


elementary reaction kinetics 


the quasi-steady-state assumption. 


the reaction equilibrium assumption 


This chapter complements Chapter 9 on data analysis and empirical 
reaction-rate expressions in which the goal is to find a mathematical 
relation that describes the reaction rate over the range of experimental 
conditions. The goals here are to develop a chemical kinetics basis 
for the empirical expression, and to show that kinetic analysis can be 
used to take mechanistic insight and describe reaction rates from first 
principles. 
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In this chapter we also discuss heterogeneous catalytic adsorption 
and reaction kinetics. Catalysis has a significant impact on the United 
States economy! and many important reactions employ catalysts.2 We 
describe the kinetic principles that are needed for rate studies and 
demonstrate how the concepts for homogeneous reactions apply to het- 
erogeneously catalyzed reactions with the added constraint of surface- 
site conservation. The physical characteristics of catalysts are dis- 
cussed in Chapter 7. 


5.2 Elementary Reactions and Microscopic Reversibility 
Stoichiometric statements such as 
A+BeC 


are used to represent the changes that occur during a chemical reac- 
tion. These statements can be interpreted in two ways. The reaction 
statement may represent the change in the relative amounts of species 
that is observed when the reaction proceeds. Or the reaction statement 
may represent the actual molecular events that are presumed to occur 
as the reaction proceeds. The former is referred to as an overall stoi- 
chiometry or an overall reaction statement. The latter is referred to as 
an elementary reaction. The elementary reaction is characterized by a 
change from reactants to products that proceeds without identifiable 
intermediate species forming. We show subsequently that for an ele- 
mentary reaction, the reaction rates for the forward and reverse paths 
are proportional to the concentration of species taking part in the re- 
action raised to the absolute value of their stoichiometric coefficients. 
The reaction order in all species is determined directly from the stoichi- 
ometry. Elementary reactions are usually unimolecular or bimolecular 
because the probability of collision between several species is low and 
is not observed at appreciable rates. For an overall stoichiometry, on 
the other hand, any correspondence between the stoichiometric coeffi- 
cients and the reaction order is purely coincidental. 

We use three examples to illustrate overall reaction stoichiometry 
and elementary reactions. The first involves the mechanism proposed 





i Catalysis is at the heart of the chemical industry, with sales in 1990 of $292 billion 
and employment of 1.1 million, and the petroleum refining industry, which had sales 
of $140 billion and employment of 6.75 million in 1996 [27]. 

2 Between 1930 and the 1980s, 63 major products and 34 major process innovations 
were introduced by the chemical industry. More than 60% of the products and.90% of 
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for the thermal decomposition of acetone at 900 K to ketene and methyl- 
ethyl ketone (2-butanone) [33]. The overall reaction can be represented 


by 
3CH3COCH3 — CO + 2CH4 + CH2eCO + CH3COC2Hs (5.1) 


and is proposed to proceed by the following elementary reactions 


CH3COCH3 — CH3 + CH3CO (5.2) 
CHCO — CH3 + co (5.3) 

CH3 +:-CH3COCH3 — CH4 + CH3COCH?2 (5.4) 
CH3COCH» — CH2CO + CH3 (5.5) 

CH3 + CH3COCH2 — = CH3COC2Hs5 (5.6) 


In the first elementary reaction, acetone undergoes unimolecular de- 
composition to a methyl radical and to an acetyl radical. These radi- 
cals continue to react: the methyl radical reacts to methane and a third 
radical (CH3COCH2) in elementary Reaction 5.4, and the methyl radi- 
cal combines with the third radical to produce methyl ethyl ketone in 
elementary Reaction 5.6. The acetyl radical undergoes unimolecular 
decomposition to a methyl radical and carbon monoxide in the second 
elementary reaction. The third radical also undergoes unimolecular de- 
composition in elementary Reaction 5.5 to ketene and a methyl radical. 
The thermal decomposition of acetone generates four stable molecules 
that can be removed from the reaction vessel: CO, CHa, CHeCO and 
CH3COC>Hs. Three radicals are formed and consumed during the ther- 
mal decomposition of acetone: CH3, CH3CO and CH3COCH2. These 
three radicals are reaction intermediates and cannot be isolated out- 
side of the reaction vessel. 


The overall reaction stoichiometry, Reaction 5.1, is explained as a 
linear combination of the five reactions in the proposed mechanism. By 
balancing the species in the overall stoichiometry, one can determine 
that the overall stoichiometry is produced by adding twice the third 
reaction to the remaining reactions. If the elementary reactions cannot 
be combined to form the overall stoichiometry, then the mechanism is 
not a valid description of the observed stoichiometry. 


If we assign the species to the A vector as follows 
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[ Species | Formula ] Name 
A ene ee Yai 
Ap methyl radical 
A3 To | acetyl radical 
Ag co carbon monoxide 
As CH3COCH2 | acetone radical 
AG CH2CO ketene 
Az CH4 methane 
Ag CH3COC2H; | methyl ethyl ketone 











then the stoichiometric matrix is 


#1 T 10 00090 
Oo iI ~-1 1 0000 
y=| -1 -l1 00 1010 
0 1 #00 -1100 
0 -1 00 -1 00 1 


If we multiply v by | Ly 2 4 | we obtain 


[-- 9010121] 
which is the overall stoichiometry given in Reaction 5.1. 
The second example involves one of the major reactions responsible 
for the production of photochemical smog. The overall reaction is 


2NO2 + hv — 2NO + Oz (5.7) 


and one possible mechanism is [12, 10] 


NOo+ hy — NO+ O (5.8) 
O+NO2 = NO; (5.9) 
NO3 + NO2 — NO + 0p + NO (5.10) 
NO3 + NO — 2NO% 6.11) 
O+NO2—- NO+0O2 (5.12) 


In this reaction mechanism, nitrogen dioxide is activated by absorbing 
photons and decomposes to nitric oxide and oxygen radicals (elemen- 
tary Reaction 5.8). As in the previous example, stable molecules are 
formed, in this case NO and Oz, and radicals, O and NO3, are gener- 
ated and consumed during the photochemical reaction. The student 
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should work through the steps to determine the linear combination of 
the mechanistic steps that produces the overall reaction. 

The third example involves the synthesis of methane from synthesis 
gas, CO and Hp, over a ruthenium catalyst [8]. The overall reaction is 


3H2(g) + CO(g) — CH4(g) + H20(g) (5.13) 
and one possible mechanism is aa 
CO(g) + S = COs (5.14) 
CO; + S = Cs + Os (5.15) 
Os + Ho(g) — H2O0(g) + S (5.16) 
Heo (g) + 2S = 2H, (5.17) 
Cy + H, = CHs + S (5.18) 
CH; + Hs =  CHz + S (5.19) 
CHos + Hs = CH3s+ S (5.20) 
CH3s + Hs — CH4(g) + 28 (5.21) 


in which subscripts g and s refer to gas phase and adsorbed species, 
respectively, and S refers to a vacant ruthenium surface site. During 
the overall reaction, the reagents adsorb (elementary Reactions 5.14 
and 5.17), and the products form at the surface and desorb (elementary 
Reactions 5.16 and 5.21). Adsorbed CO (COg) either occupies surface 
sites or dissociates to adsorbed carbon and oxygen in elementary Reac- 
tion 5.15. The adsorbed carbon undergoes a sequential hydrogenation 
to methyne, methylene, and methyl, all of which are adsorbed on the 
surface. Hydrogenation of methyl leads to methane in elementary Re- 
action 5.21. In this example, the overall reaction is twice the fourth 
reaction added to the remaining reactions. 

In each of these examples, the elementary reactions describe the 
detailed pathway between reactants and products. Numerous factors 
must be considered in proposing, developing and verifying a mecha- 
nism and a complete discussion of these factors is beyond the scope of 
this text. Keep in mind that the elementary reactions must be possible 
chemically, that is to say the reactants could form the products (and 
the products could form the reactants), and the elementary reactions 
should be kinetically significant, that is to say the reaction contributes 
to the appearance of intermediates or products. For example, during 
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acetone pyrolysis several radicals are produced and these could recom- 
bine in a variety of processes that are chemically possible such as 


CH; + CH3COCH? pacar CH3COC2Hs 
CH3 + CH3 — C2He 
2CH3COCH2 — (CH3COCH2)2 


However, only Reaction 5.6 is listed in the mechanism presented above 
because the other two radical recombination reactions occur at rates 
too small to be significant. Methyl recombination was ruled out because 
the methyl concentration is anticipated to be much lower than the con- 
centration of CH3COCH; therefore the probability of methyl recombin- 
ing is much lower than the methyl being consumed in the other steps. 
Furthermore, the recombination. of CH3COCH> can be discounted be- 
cause the chemical instability of the bond formed in the recombination 
product (CH3COCH?2)2 would cause this product to decompose rapidly 
back into the radical CH3COCHp. Laidler [21] and Hill [14] provide a 
good discussion of some of these kinetic arguments and present addi- 
tional examples of complex reactions. 

One criterion for a reaction to be elementary is that as the reactants 
transform into the products they do so without forming intermediate 
species that are chemically identifiable. A second aspect of an ele- 
mentary reaction is that the reverse reaction also must be possible on 
energy, symmetry and steric bases, using only the products of the ele- 
mentary reaction. This reversible nature of elementary reactions is the 
essence of Tolman’s principle of microscopic reversibility (37, p. 699]. 


This assumption (at equilibrium the number of molecules 
going in unit time from state 1 to state 2 is equal to the 
number going in the reverse direction) should be recognized 
as a distinct postulate and might be called the principle of 
microscopic reversibility. In the case of a system in thermo- 
dynamic equilibrium, the principle requires not only that the 
total number of molecules leaving a given quantum state in 
unit time is equal to the number arriving in that state in unit 
time, but also that the number leaving by any one particular 
path, is equal to the number arriving by the reverse of that 
particular path. 


Various models or theories have been postulated to describe the rate 
of an elementary reaction. Transition state theory (TST) is reviewed 
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briefly in the next section to describe the flow of systems (reactants — 
products) over potential-energy surfaces. Using Tolman’s principle, the 
most probable path in one direction must be the most probable path 
in the opposite direction. Furthermore, the Gibbs energy difference in 
the two directions must be equal to the overall Gibbs energy difference 
— the ratio of rate constants for an elementary reaction must be equal 
to the equilibrium constant for the elementary reaction. 


5.3 Elementary Reaction Kinetics 


In this section we outline the transition-state theory (TST), which can 
be used to predict the rate of an elementary reaction. Our purpose 
is to show how the rate of an elementary reaction is related to the 
concentration of reactants. The result is 


ri = ki J| g" -k-i [I ej” (5.22) 


JER; JEP; 


in which j € R; and j € P; represent the reactant species and the 
product species in the ith reaction, respectively. 

Equation 5.22 forms the basis for predicting reaction rates and is 
applied to homogeneous and heterogeneous systems. Because of its 
wide use, the remainder of this section describes the concepts and as- 
sumptions that underlie Equation 5.22. Transition state theory is based 
on the principles of statistical mechanics and, for the purposes here, 
you need only an understanding of molecular partition functions at the 
level presented in undergraduate physical chemistry texts. 

Before describing TST it is necessary to develop the concept of the 
reaction coordinate. We use a two-body reaction example to calculate 
and illustrate a potential energy surface from which a reaction coordi- 
nate diagram is constructed. Elementary reaction kinetics is a rich field 
[26, 21, 40] and the material outlined here is far from comprehensive — 
it is intended to provide a framework for developing a physical picture 
and mathematical model of a chemical reaction. 

Molecules containing N atoms require 3N Cartesian coordinates 
to specify the locations of all the nuclei. For convenience, we may 
use three coordinates to locate the center of mass of the molecule, 
and three more coordinates to orient a chosen axis passing through 
the molecule. Only two are needed to describe the orientation if the 
molecule is diatomic. The remaining 3N — 6 coordinates are used to 
specify the relative positions of the atoms: The potential energy Vir) 
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Figure 5.1: Morse potential for Hz and HF. 


of the molecule is related to the relative position of the atoms, and 
for a diatomic molecule the potential energy can be represented with a 
Morse function 

V(r) = D [er ~ 2e-2r] 


in which D is the dissociation energy, r is the displacement from the 
equilibrium bond length, and £ is related to the vibrational frequency 
of the molecule. Figure 5.1 presents the Morse functions for HF and Ho 
molecules. The depth of the well is governed by the magnitude of D and 
the curvature at the bottom is governed by the vibrational frequency. 
The potential energy is a strong function of the distance of separation 
between the atoms, 

If we increase the number of atoms in the molecule to three, we 
require three coordinates to describe the internuclear distances. We 
might choose the two distances from the center atom and the bond 
angle as the three coordinates. The potential energy is a function of 
all three coordinate values. A plot of the energy would be a three- 
dimensional surface, requiring four dimensions to plot the surface. 
If we fix the bond angle by choosing a collinear molecule, say, only 
the two distances relative to a central atom are required to describe 
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Figure 5.2: Potential-energy surface for the F, Hz reaction, 


the molecule. The potential energy can be expressed as a function of 
these two distances, and we can view this case as a three-dimensional 
plot. Figure 5.2 shows a representative view of such a surface for the 
collinear collision between F and Ho. 





F+H—H = {F—-H—H} = F—-H+H 


Several sources provided the data used to calculate this potential-energy 
surface (30, 32, 31]. Moore and Pearson provide a more detailed dis- 
cussion of computing potential-energy surfaces [26]. 

Figure 5.3 gives a contour representation of Figure 5.2. The contour 
lines are isoenergetic. Figures 5.2 and 5.3 illustrate, for a collinear col- 
lision between a diatomic molecule and an atom, the potential-energy 
surface consists of two valleys connected by a pass. A slice through 
the energy surface of Figure 5.2 at large values of ryp — in which F 
atoms exist along with Hz molecules — reproduces the curve for He in 
Figure 5.1. A slice at large rhn — in which H atoms exist along with HE 
molecules — reproduces the curve for HF in Figure 5.1. As the F atom is 
brought into contact with Hz in a collinear fashion, a surface of energies 
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Figure 5.3: Contour representation of the potential-energy surface. 


is possible that depends on the values of rup and ruy. There is a mini- 
mum energy path along the valley of decreasing rur and constant ryn- 
This path is shown by the dashed line in Figures 5.2 and 5.3. The re- 
action starts in the Hz valley at large nur, proceeds along the minimum 
energy path and ends in the HF valley at large ruy. Because of the re- 
pulsive and attractive forces present during the collision, the maximum 
value of the energy along the minimum energy path is a saddle point. 
The dashed line is referred to as the reaction-coordinate pathway, and 
movement along this pathway is the reaction coordinate, £. 

Figure 5.4 is a reaction-coordinate diagram, which displays the en- 
ergy change during this reaction. The reaction coordinate represents 
travel along the minimum energy path from reactants to products. For 
this example, there is a one-to-one correspondence between the energy 
associated with a rar-ruy Coordinate pair in Figure 5.3 and the energy 
presented in Figure 5.4. The difference in energies between reactants 
and products is the heat of reaction; in this case it is exothermic by 
34 keal/mol. The barrier height of 4 kcal/mol between reactants and 
products is used to calculate the activation energy for the reaction. 

Potential-energy surfaces such as Figures 5.2 and 5.3 cannot be 
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Figure 5.4: Reaction-coordinate diagram. 


depicted for polyatomic systems with N > 3 because more variables 
would be needed to describe all the relative positions of the nuclei. 
However, a reaction-coordinate diagram can always be constructed from 
a minimum energy path along a potential-energy surface. The saddle- 
point location defines the relative positions of all nuclei in the system, 
just as in Figure 5.3. 

The principle of microscopic reversibility for this elementary reac- 
tion implies that the same structure at the saddle point must be realized 
if the reaction started at HF + H and went in reverse. The molecular 
structure (the relative positions of F, and two H’s) at the saddle point is 
called the transition-state complex. This transition-state complex is not 
a chemically identifiable reaction intermediate; it is the arrangement of 
atoms at the point in energy space between reactants and products. 
Any change of relative positions of F and the two H’s for the transition- 
State complex (as long as the motions are collinear) results in the com- 
plex reverting to reactants or proceeding to products. 

Statistical mechanics uses the properties of individual molecules 
to describe the thermodynamic properties of the bulk system such as 
the energy, which is the average energy of all molecules in the system. 
This energy is found by summing over the product of all possible en- 
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ergies and the probability of finding each energy in the system. The 
individual probabilities are normalized with a quantity known as the 
partition function, Q. Therefore, the partition function is a normaliza- 
tion function and we use a microscopic description of the molecules 
in the system to calculate the partition function. All thermodynamic 
properties can be expressed in terms of the partition function, includ- 
ing the internal energy, entropy, Helmholtz energy, pressure, enthalpy 
and Gibbs energy. It is also possible to compute the chemical potential 
of a component in a mixture from the partition function. This ability to 
take a microscopic description of the molecules and determine macro- 
scopic properties is exploited to calculate equilibrium constants for a 
reaction, and rate constants using TST. 

The partition function of the system Q is related to the molecular 
partition function of the individual molecules in the system. In our 
development of rate constants we make use of the molecular partition 
functions. The molecular partition function per unit volume for an 
ideal gas is the product of the translational, rotational, vibrational and 
electronic energy states in the molecule 


2),-(8) 
(4 4 V iran HOtAvib elec 


Table 5.1 lists relationships needed to calculate the various terms of 
the molecular partition function. Further, the activity for any species j 


is ke 
eof @). Bet 
a (7), f; 


The molecular partition functions can be used to calculate the equi- 
librium constant for the reaction between F and H2. For this gas-phase 


reaction 
_ AHFAH _ (Bue (#) 5 Ja St fay 


~ aran (8), (P) Sink 


This example serves to illustrate how a microscopic description — the 
bond distances in HF and H3, the vibrational frequencies of HF and Ho, 
the degeneracies of the electronic states of HF, H2, F and H, and the 
electronic energy levels of HF, Hz, F and H — can be used to deter- 
mine a thermodynamic property. This same microscopic description 
can equally well be used to calculate the enthalpy or any other thermo- 
dynamic property of the system. 

The reaction-coordinate diagram illustrates the idea that, at some 
particular orientation of atoms, the reacting molecules (atoms) are in 








(5.23) 
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Table 5.1: Molecular partition function terms. 


a configuration that either goes forward to products or reverts back 
to reactants. TST is based on the assumption that the transition-state 
complex is in equilibrium with the reactants forming it. We use X to 
designate the transition-state complex, A to denote one reactant, and 
B to denote the other reactant 


A+B— X 


Using the principles of statistical mechanics we can write for this gas- 
phase reaction 


ax (t)y Safe 1 (5.24) 


aaas ` (8), (6), f BF 


K= 














The concentration of the transition-state complex is required to express 
the rate as a function of concentration. If activity is defined as 


=f dh 
a a 


and the equation of state is, 


(5.25) 


P;V = zkaTnj (5.26) 
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then 














ax _ _ ox Fafg lex (5.27) 
asap habe fy ZKaT cacr 


Combining Equations 5.24 and 5.27 and solving for cy gives 


Ein (#). pahsz 
(9), (8), Px 


TST invokes the idea that the rate in the forward direction (H2 + 
F — HF + H) is equal to the number of transition-state complexes 
moving to the right of on the reaction coordinate diagram. For the 
example worked here, the rate has units of molecules/time-volume. 
Since movement along the reaction coordinate describes molecules (or 
atoms) coming together and bonds rearranging, TST assumes that the 
complex either moves to the right or to the left within the frequency of 
‘the single vibration (molecular motion) that best represents the bond 
to be made (or broken). We refer to this special frequency as v*, and 
‘we can write 





CACR (5.28) 


(Bx pagaz 
(#),(8), 9 


The vibrational partition function is 


r=y*cx =v* CACB (5.29) 


INS exp (~hv;/2kgT) 


avb = I] 1 — exp (—hy;/keT) 


in which 3N —6 vibrational modes are needed to describe a polyatomic, 

nonlinear molecule comprised of N atoms (3N -5 modes describe a 

linear molecule). In the limit of a very weak vibration (small vj), the 
quantity 

exp (—hv;/2kgT) kgT 

1 - exp {-hvy;/kBT) T hyi 


This approximation is valid for hy;/kgT < 0.1. This limit is some- 
times referred to as the classical high-temperature limit. The argument 
hy/kgT equals 0.1 at a temperature of 28,800 K for a stretching fre- 
quency of 2000 cmt, and it equals 0.1 at a stretching frequency of 
20.8 cm`? for a temperature of 300 K. A frequency of 20.8 cm! is 
reasonable for a rocking motion or a hindered rotation about a bond. 








(5.30) 
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At this point, we assume a weak bond is made (or broken) as the the 
transition-state complex transforms to products. We then rewrite the 
molecular partition function for the transition-state complex as 


a\ {4 + exp (~hv*/2kgT) 
(4) (3) rot elec yin Teesi hv JkeT) exp (<hv*/kgT) (5.31) 


in which q{;, now has 3N ~ 7 (or 3N — 6 linear) vibrational modes re- 
maining because one was used in the argument containing v*. At the 
classical high-temperature limit (shown in Equation 5.30) Equation 5.31 
becomes 


a\*_ fa kgT 
(2). = (E), dorAetec dn hy* 


Combining this result with Equation 5.29 gives 


„T (#); pahez 
0.0, oo 


y 





(5.32) 


The rate constant contains all the terms on the right-hand side of 
Equation 5.32 except for the concentration of reactants, 


ket ($); dapez 
k= (5.33) 
h (8) G) ”x 





which leads to 
Y = kcacg (5.34) 


Equation 5.33 can be rewritten as 

k=k°f (cj) (5.35) 
in which 

a\* 
keT V £ 
( V ) A ( V ) B 

represents all the terms that are composition independent. For a reac- 
tion involving ideal gases, f (cj) = 1. 

Most rate expressions use the form of Equation 5.34. The variable k 
is the rate constant and many texts consider this to be a composition- 
independent term. The rate “constant” is not strictly constant. It 
changes with temperature and even composition. The composition 
dependence is absent for ideal gases and it is reasonable to neglect 
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compositional dependence of k in many situations. The temperature 
dependence is rigorously found by accounting for the effect of temper- 
ature on each term in Equation 5.33. The Arrhenius rate expression is 
one very common way of representing the temperature dependence. 


k = kg exp (~Eg/kgT) (5.37) 


where kg is temperature independent. Often ko varies weakly with tem- 
perature 
ko = AT? 


with ~2 < B < 1. The Arrhenius expression is accurate provided Ea > 
BkgT. 

With Equation 5.32 and a potential-energy surface, it is possible, in 
principle, to calculate the rate of any elementary reaction. This is a use- 
ful result because, as computational chemistry develops better empir- 
ical methods for determining the potential-energy surface, it becomes 
possible to predict reaction rates from first principles and compare 
them against experimental information or possibly avoid experimental 
determination of the reaction rate. 

TST teaches us that elementary reactions depend on the amount 
(concentration) of each reactant raised to the absolute value of its stoi- 
chiometric coefficient because of the equilibrium assumed between the 
transition-state complex and the reactants. This allows us to general- 
ize the results illustrated above to all elementary reactions? and adopt 
the convention 

nak [| op -ki I cj" (5.38) 

JER; JEP; 
Equation 5.38 cannot be set to zero to define the equilibrium concentra- 
tion, nor is the ratio of the forward and reverse rate constants equal to 
the equilibrium constant for the elementary reaction. The equilibrium 


constant K is given by 
i Py (ka) 
es TI (' F 


-i j j 





The equilibrium constant is equal to a ratio of activities. The compo- 
sition at equilibrium is found by expressing the activities in terms of 
concentrations. 


JThere is an exception for unimolecular reactions in the low-pressure regime. 
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Note that k_; may be small compared to k;, in which case the reverse 
reaction is insignificant. The reversibility condition, although true in 
general, may not be important in a particular reaction. Recall also that 
the production rate of any species j is 


Nr 
Rj = 5 Viji (5.39) 
i=] 


Applying Equations 5.38 and 5.39 to NOs in the photochemical smog 
example gives 


Ryo; = k2€oCno, ~ k-2€no, ~ K3CNO3CNO; ~ K4CNO3CNO 


Example 5.1: Computing a rate constant for trioxane decomposition 


Using TST, predict the value of the rate constant for the unimolecu- 
lar decomposition of 1,3,5-trioxane at 750 K. The decomposition pro- 
ceeds by the concerted rupture of three C—O bonds in the ring to form 
CH20. 


CH? 


The ring expands during the reaction. The vibrational frequencies and 
moments of inertia of the molecule and the transition complex are 
listed in Table 5.2, and the experimentally observed rate constant is [16]. 


k=koe Ea RT ko = 1915-2820.06 gl B= 47.5 + 2.4 kcal/mol 


Solution 


It is reasonable to assume the reacting mixture is ideal and k is given 
by Equation 5,36. 


ye 
{3 
k- kgT (3 lana (5.40) 
Lao 
V J oxirane 
Because the masses of the transition-state complex and the trioxane 
are equal, ($) san is the same for the complex and trioxane molecule. 
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Parameter Value 


frequencies, cm~? 
trioxane 





296, 296, 524, 524, 945, 945, 
1070, 1070, 1178, 1178, 
1305, 1305, 1410, 1410, 
1481, 1481, 2850, 2850, 
3025, 3025, 1122, 1242, 
1383, 466, 752, 978, 1235, 
1495, 2850, 3025 

transition complex 100, 100, 200, 200, 945, 945, 
1400, 1400, 1178, 1178, 
1200, 1200, 1200, 1200, 
1481, 1481, 2850, 2850, 
3025, 3025, 1000, 1242, 
1100, 200, 700, 1200, 1495, 
2850, 3025 


moments of inertia, amu-A? 
trioxane 96.4, 96.4, 173.0 


transition complex 125.3, 120.5, 249.2 








| potential-energy barrier, kcal/mol 51.4 





Table 5.2: Parameters for the trioxane reaction. 


A ratio of the Gror reduces to 


(Arot) complex f? ( Talg Te) ore 
(rot) oxirane (VisIsIc) 


Grot)comptex _ V(125.3)(120.5) (249.2) _ | 53 


¥(96.4) (96.4) (96.4) 

The vibrational terms use the frequency v in reciprocal time and we 
are given the frequency in wave numbers (cm7!). To use wave number 
units, the following is used in place of h/kgf 





oxirane 
(4rot) oxirane 
he _ (6,626 x 10°34] s)(2.998 x 10!°cm/s) 


kok NRT 0 71S Ee 
kal. (1.381 x 10 -2J/K) (750 K) 1.92 x 10° cm 
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Using the vibrational frequencies listed in Table 5.2, the vibrational 


partition functions are 
= i exp(~1/2(1.92 x 103cm) (v;cm-})) 
vib, complex = | | T exp (—(1.92 x 103cm) (v:cm1)) 


i=l 
30 


= 1.94x 10°83 





exp(—1/2(1.92 x 10-3em)(vjcm=!)) 


vib, oxirane = II 1 -exp(- (1.92 x 10-3em)(v;em"!)) 


Ayib, complex _ 596 
vib, oxirane 





= 3.25 x 10716 


The reaction frequency is 


kBT _ (1.381 x 10723 J/K)(750 K) 
ho 6.626 x 10734] s 
= 1.56 x 103s 





Assuming degeneracies of unity the electronic terms are 


= (Dex ( -51400 cal/mol ) 
etec, complex = 1) EXP | 77987 cal/mol K)(750 K) 
= 1.05 x 10735 





Getec, oxirane = 1 


and the ratio of electronic terms is 1.05 x 10775. 
Substituting all the individual terms into Equation 5.40 yields 


k = (1.56 x 108 s~!)(1.53)(596)(1.05 x 10739) 
=14.9s7) 


This value compares reasonably well to the experimentally determined 
value of 27.4 s~! at this temperature. A factor of two is not a large 
disagreement if you consider the temperature dependence of the rate 
constant. Figure 5.5 compares the experimental and calculated values 
of the rate constant over the temperature range 700-800 K. o 


5.4 Fast and Slow Time Scales 


One of the characteristic features of many chemically reacting systems 
is the widely disparate time scales at which reactions occur. It is notun- 
Usual for complex reaction mechanisms to contain rate constants that 
differ from each other by several orders of magnitude. Moreover, the 
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Figure 5.5: Comparison of measured and calculated rate constant 
versus temperature for oxirane decomposition. 


concentrations of highly reactive intermediates may differ by orders of 
magnitude from the concentrations of relatively stable reactants and 
products. These widely different time and concentration scales present 
challenges for accurate estimation of rate constants, measurement of 
low-concentration species, and even numerical solution of complex 
models. 

On the other hand, these disparate scales often allow us to approx- 
imate the complete mechanistic description with simpler rate expres- 
sions that retain the essential features of the full problem on the time 
scale or in the concentration range of interest. Although these approx- 
imations were often used in earlier days to allow easier model solu- 
tion, that is not their primary purpose today. Most models, even stiff 
differential equation models with fairly disparate time scales, can be 
solved efficiently with modern ODE solvers. On the other hand, the 
physical insight provided by these approximations remains valuable. 
Moreover the reduction of complex mechanisms removes from con- 
sideration many parameters that would be difficult to estimate from 
available data. The next two sections describe two of the most widely 
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used methods of model simplification: the equilibrium assumption and 
the quasi-steady-state assumption. 


5.4.1 The Reaction Equilibrium Assumption 


In the reaction equilibrium assumption, we reduce the full mechanism 
on the basis of fast and slow reactions. In a given mechanism consist- 
ing of multiple reactions, some reactions may be so much faster than 
others, that they equilibrate after any displacement frOm their equi- 
librium condition. The remaining, slower reactions then govern the 
rate at which the amounts of reactants and products change. If we 
take the extreme case in which all reactions except one are assumed 
at equilibrium, this remaining slow reaction is called the rate-limiting 
step. But the equilibrium approximation is more general and flexible 
than this one case. We may decompose a full set of reactions into two 
sets consisting of any number of slow and fast reactions, and make the 
equilibrium assumption on the set of fast reactions. 
We illustrate the main features with the simple series reaction 


ki kz 
A = B, B=C (5.41) 
ky k2 


Assume that the rate constants kz, k-2 are much larger than the rate 
constants kı, k1, so the second reaction equilibrates quickly. By con- 
trast, the first reaction is slow and can remain far from equilibrium for 
a significant period of time. Because the only other reaction in the net- 
work is at equilibrium, the slow, first reaction is called the rate-limiting 
step. We show that the rate of this slow reaction does indeed determine 
or limit the rate at which the concentrations change. 

It is perhaps clearest to start with the full model and demonstrate 
what happens if k2,k-2 > ki,k-1. Consider the solution to the full 
model with rate constants kı = 1,k_, = 0.5,kz = k_2 = 1 and initial 
conditions c4(0) = 1.0,cg(0) = 0.4,cc (0) = 0 shown in Figure 5.6. Now 
consider what happens as kz and k_2 become larger. Figure 5.7 shows 
the solution for kz = k-z = 10. Notice the characteristic feature is that 
equilibrium is now quickly established between species B and C, The 
time scale for this equilibration is about 0.1 min. The remaining slow 
Part of the system takes about 4 min to reach equilibrium. Figure 5.8 
shows the rapid equilibration of cg and cc at small times for increasing 
k2 holding K = ke/k_2 = 1. 

We now analyze the kinetic model. We can express the mole bal- 
ances in terms of either the extents of the two reactions or the com 
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‘Figure 5.6; Full model solution for ky = 1,k_) = 0.5,k2 = k_2=1. 
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Figure 5.7: Full model solution for kı = 1,k.; = 0.5, kz = k-z = 10. 
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Figure 5.8: Concentrations of B and C versus time for full model with 
increasing kz with Kz = kz/k-2 = 1. 


centrations of the three species. Both approaches are instructive so we 
examine both, but we start with the two reaction extents because there 
are only two independent reactions. The full model can be expressed 
as 


dé 
qr Tn = kica -kace &(0) =0 
ae = 2 = k2cg ~k-2€c, €2(0) =0 


in which, for the batch reactor, 
CaA=Cao-E1, Cg =Cgo +E E2, CC = CCo +E (5-42) 


To describe the fast time-scale behavior displayed in Figure 5.8, let T 
denote a fast time variable via 


takat 


so a small change in t is equivalent to a large change in v. If we divide 
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both full model equations by k-z we produce 


aa l 
dr k 


x dé ko bs 
(kica ~ kp), a7 Keg ~ €c 
in which Ke = k2/k_2 is the equilibrium constant of the fast reaction. 


Now if we take the limit as k-z ~ œ, these equations reduce to 


dé, 


dey dep 
dt 


dt 


which shows the extent of the slow reaction does not change, £1 (T) = 0, 
over the small time during which the fast reaction equilibrates. We com- 
pute the steady state achieved by £z on this fast time scale by substitut- 
ing Equations 5.42 into the right-hand side of the differential equation 
‘for €z, and setting the equation to zero, which yields 


= 0, = Kotz -Cc 


és =0, E25 = aE ess = EEA 
l1+Ko l + K2 
“Given this steady state achieved on the fast time scale, we can com- 
pute the relaxation on the slow time scale. On the slow time scale, we 
wish to impose the equilibrium condition Kzcg — cc = 0. In terms of 
extents, this equation is equivalent to 


Kg Ke 1 


We n Kar Ke S (5.43) 





This equilibrium relationship takes the place of the differential equa- 
tion for £2 on the slow time scale. Notice the time derivative of £2 
should not be set to zero on the long time scale because 


de 


are k_2 (Ko€g ~ Cc) 


Although the term in parentheses approaches zero for a fast second 
reaction, k-z approaches infinity, and the product does not go to zero. 
To determine a differential equation for £2, if one is desired, we instead 
differentiate the equilibrium condition, Equation 5.43, to obtain? 


dé _ Ke dey Ko i 
dt 1+K dt ~ 1+K2' 








‘Notice we again are choosing between a DAE and an ODE description of the model 
as in Section 4.5 and Exercise 4.19 
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Equations | Fast Time Scale(t = k_2t) Slow Time Scale(t) 
a =0 a =F | 
ODEs a = Kocr~ ce ae = pin 
€1(0) =0 €:(0) = 0 =e 
&2(0) = 0 E2(O) = Eqs = Aacanecco 
&=0 a =P, | 
DAEs 2E a Kacr -ce £2 = fpe + Pga | 
€2(0) =0 €(0) =0 
CA = CAO ~ E15 CB = CBO + El ~ E2, Ce = Cco + E 











Table 5.3: Fast and slow time-scale models in extents of reactions. 


Table 5.3 summarizes the results so far. A network with fast and 
slow reactions leads to fast and slow time-scale reduced models, shown 
in the left- and right-hand columns of Table 5.3, respectively. We can 
express the model either as a set of two ODEs or a DAE consisting 
of one ODE and one algebraic equation, shown in the top and bottom 
portions of the table. In either case, the dynamics of the slow time 
scale are determined only by rı, verifying that the slow first reaction 
is the rate-limiting step. The steady state of the fast model becomes 
the initial condition for the slow model. If we solve the slow time-scale 
model, we produce the results in Figure 5.9. Notice the concentrations 
of all components are in excellent agreement after a short time. The big 
advantage of the reduced model is that values of kz and k-z, which are 
large and hard to estimate from data, are not required. In the reduced 
model, only their ratio, K2, appears. 

Extents of reaction are convenient variables for a batch reactor, but 
are inadequate to describe systems with flow terms such as the CSTR. 
We require species balances for reactors with flow terms, so we reexam- 
ine the equilibrium assumption in terms of the concentration variables. 
The mole balances for the full model are 
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Table 5.4: Fast and slow time-scale models in species concentrations. 
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full model 


equilibrium assumption ~--~- 


concentration 








Figure 5.9: Comparison of equilibrium assumption to full model for 
kı = 1, k1 =.0.5,k2 = k-2 = 10. 


dce 


dc dc 
A =f], IA =r Y2, Er 


dt 
We know that only two of these differential equations are independent; 
we could add the three expressions to deduce the implied algebraic 
constraint, which could serve as a replacement for any one of the ODEs 
aboye 


d 3 
Alcate teo =0, CA + CB + CC = Cao + Cgo + CCo (5.44) 


The short time-scale model is similar to the case with reaction extents. 
Table 5.4 shows the short time-scale result in the left hand column. De- 
riving the correct slow time-scale model is less obvious and sometimes 
leads to confusion. The equilibrium assumption is made by adding the 
algebraic constraint that rọ = 0 or Kzcg — Cc = 0. This algebraic equa- 
tion coupled with Equation 5.44 and the mole balance for component 
A, in which the second reaction does not appear, then constitute a com- 
plete set of equations for the slow time scale, shown in the lower, right 
portion of Table 5.4. If we prefer differential equations, we can add the 
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mole balances for components B and C to eliminate r2 


(cp tec} | 


AL FI (5.45) 


Notice we have not set r2 = 0 to obtain this result. Equation 5.45 in- 
volves no approximation. If we differentiate the equilibrium condition, 
we obtain a second relation, Kodcg/dt —'dcc/dt = 0, which allows us 
to solve for both dcg/dt and dcc/dt, 


dcg 1 dcc a Kə 


dt IFR 


dt ~1+K;" 





This result also is listed in Table 5.4. Notice that this result is not 
derivable by setting r2 = 0 in the full model. We see immediately from 
the slow time-scale differential equations that all concentrations are 
driven by rı, again showing the first reaction is the rate-limiting step. 

Normally one is interested in the solution to only the slow time- 
scale model and ignores the small errors at early times. However, one 
can also knit the slow and fast time-scale models together and obtain 
a more accurate reduced model valid at all times. This knitting proce- 
dure is known as matching the inner (fast) and outer (slow) solutions 
in the mathematical theory of singular perturbations [29, 23, 35]. The 
inverse of the large rate constant plays the role of the perturbation pa- 
‘rameter in this theory. The inner (fast) solution is valid in a boundary 
layer (small time) that decreases in size as the perturbation parameter 
goes to zero (k_2 goes to infinity) as shown in Figure 5.8. The slow and 
fast time-scale models presented in Tables 5.3 and 5.4 are zero-order 
terms in a full perturbation series solution. Higher-order corrections 
also can be computed as shown by O’Malley [29], for example. Although 
this series solution may be of interest to gain analytical insight into 
nonlinear kinetic models, the higher-order terms depend on the values 
of ky and k-z. In other words, the higher-order corrections require as 
much information as the solution of the full model. It is usually sim- 
pler to compute numerically the solution to the full model if these rate 
constants are known. Kumar, Christofides and Daoutidis provide fur- 
ther discussion of the application of the singular perturbation method, 
and also discuss the resulting control problems arising with chemical 
reactors having both fast and slow time-scale kinetics [20]. 

Another interesting extension is the case of larger sets of reactions. 
The equilibrium assumption for larger sets of reactions is elegantly 
handled by finding the null space of the stoichiometric matrix of the 
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fast reactions. Ramkrishna and coworkers [11] provide a more com- 
plete discussion of this approach. 

Finally, if the fast reactions are irreversible, further simplification 
is possible. In the simple series reactions, let the second reaction be 
fast and irreversible in Equation 5.41, We start with the slow time-scale 
model given in Table 5.4 and take the limit as Kz —- œ giving 


a oh 
TA =-=],  calO) = c40 

dcg is 

it = 0, cg(0)=0 

dec 2 = 

ap 7 Cc (0) = cgo + €co 


In this limit the B disappears, cg(t) = 0, and rı = kica, which describes 
the irreversible reaction of A directly to C with rate constant ky 


ac (5.46) 


We see in the next section that this case is well described also by making 
the quasi-steady-state assumption on species B. 

If we take the second reaction as irreversible in the backward direc- 
tion, Kz = 0, we obtain from Table 5.4 


dca 


deo Yh ca(O) = Cao 

d m. 

oe =n, Cg(0) = Cgo + Cco 
dec = i 

at =a 0, ec (0) =O 


which describes the reversible reaction between A and B with no second 
reaction, cc(t) = 0, 


=B (5.47) 


Under the equilibrium assumption, we see that the two series reactions 
in Equation 5.41 may reduce to A going directly and irreversibly to C, 
Equation 5.46, or A going reversibly to B, Equation 5.47, depending on 
the magnitude of the equilibrium constant of the second, fast reaction. 
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5.4.2 The Quasi-Steady-State Assumption 


In the quasi-steady-state assumption, we reduce the full mechanism 
on the basis of rapidly equilibrating species rather than reactions as in 
the reaction equilibrium assumption. We have seen in Section 5.2 that 
reaction networks can involve the formation and consumption of inter- 
mediate species. In some cases the intermediates are transitory, highly 
reactive species that are chemically identifiable but unlikely to exist out- 
side the reaction mixture. Examples of these transitory species include 
atoms, radicals, ions and molecules in excited states. The examples in 
Section 5.2 contained radicals (CH3, CH3CO, CH3COCH2 and NO3) and 
an atom (O). When the transitory species (reaction intermediates) have 
certain kinetic properties that we discuss next, their net rate of forma- 
tion can be set equal to zero, which enables their concentration to be 
determined in terms of reactants and products using algebraic equa- 
tions. After solving for these small concentration species, one is then 
able to construct reaction-rate expressions for the stable reactants and 
stable products in terms of reactant and product concentrations only. 

‘The idea to set the production rate of a reaction intermediate equal 
to zero has its origins in the early 1900s [2, 4] and has been termed the 
Bodenstein-steady-state, pseudo-steady-state, or quasi-steady-state as- 
sumption. We use the term quasi-steady-state assumption (QSSA). The 
intermediate species are referred to as OSSA species [38]. The condi- 
tions are: the error in the concentration of the important species (re- 
actants and products) calculated with the QSSA and without the QSSA 
(the exact solution) be small, and the time domain over which the QSSA 
is applied be selected to ensure the calculated error is minimized. A 
number of other qualifying conditions have been applied, which may be 
valid in certain circumstances, but as pointed out by Turanyi et al. [38, 
p.172] are not universally applicable. 


There have been several empirical observations or con- 
clusions based on the investigation of small model reaction 
systems that showed that the rates of consuming reactions 
of OSSA species are unusually high, that the concentrations, 
and the net rates of reaction of QSSA species are unusu- 
ally low, that the induction period is usually short, and that 
most OSSA species are radicals. These observations are sim- 
ple consequences of the physical pictures presented above 
and the error formulas derived from them. 


Having stated that certain reactive characteristics (high rates of con- 
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sumption, short lifetimes, short induction times, low concentrations, 
radicals, etc.) do not necessarily make a good OSSA species, we still use 
these characteristics to identify prospective QSSA species, but must 
then test to determine if these reaction intermediates are QSSA species 
{38, 26]. The key issue is how well the approximate solution that in- 
vokes the QSSA describes the exact solution. A detailed discussion of 
the error analysis is given by Turanyi et al. [38]. Here we illustrate the 
features of the QSSA and its application to a QSSA species ' 

For a spatially homogeneous reaction system, such as a constant- 
volume batch reactor, we write the following differential equation for 
each component 

nr 
ds =Rj= 2 vari = f(T,c;) (5.48) 
j= 
A system composed of ns species leads to ns differential equations, 
and the exact solution is found by solving Equations 5.48. The QSSA is 
applied to k QSSA species, where k < ns. This leads to the following 
set of algebraic equations for the QSSA species 


acjs 
at 





nr 
=0= J viri = g(T,cs) (5.49) 
i=} 


The system of differential-algebraic equations is solved subject to the 
same initial conditions. We show in the next section how the solution 
of Equations 5.49 leads to reaction-rate expressions in terms of only 
the non-QSSA species concentrations, which is the goal. Given today’s 
computing capability, not much has been gained by reducing the set of 
ODEs required for the model solution. If one knows all the k; values, 
it is just as easy to simulate the entire set of ODEs as it is to solve 
the reduced set of ODEs. If experimental data are being fit to a kinetic 
model, however, it is advantageous to reduce the number of estimated 
kinetic parameters. A valuable feature of the QSSA is that it eliminates 
hard-to-estimate rate constants from the model as demonstrated in 
Example 5.5. 

To illustrate the QSSA we consider two simple elementary reaction 
schemes. Scheme I is given by 

A“ +B pee 
and Scheme H is given by 
Sg pke 

Koy 
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Let the initial concentration in a constant-volume, isothermal, batch 
reactor be ca =.C4o,Cgp = Cc = 0. The exact solution to the set of 
Equations 5.48 for Scheme I is 





ca = Cage ™t (5.50) 
cb ki -kıt -kzt 5 

Cg = CA0 eo (e TF. gi ) (5.51) 
= 1 -k -kzt ee 

ce = Cana (ke(1 = et) ~ ki (1 = e:t) 6.52) 


The exact solution to the set of Equations 5.48 for Scheme I is> 

















7 kila = ke) -at _ kilkə = B) -gt E 
ea = cao (Maap e t ae") pee 
CB = Cao (e + wae”) (5.54) 
ae kik2 kike ot — Kiko pe 
co= 600 (“St aa HO" Ra ne") Cay 
a= 5 (ka + k-i + ke + fika E k-i + ke)? — Akaike) (5.56) 
B=5 (ki ka + ka = iki + kai + ka)? = kaka) (5.57) 


We next examine the effect of increasing kz on the concentration 
of C. Figure 5.10 shows the normalized concentration of C given in 
Equation 5.52 versus time for different values of k2/k,. The curve 
cc/Cag = (a - et) is shown also (the condition where k2/k, = œ). 
Figure 5.10 illustrates that as kz > kı, the exact solution is equivalent 
to 

Cc = Cao G - ekit) (5.58) 


For kz > kı the rate of decomposition of B is much greater than its rate 
of formation, which is a necessary condition for B to be a QSSA species. 
If component B is defined to be a QSSA species, we write 





Aces 
ar = 0 = kiCas — k2CBs 
which leads to 7 
CBs = ics (5.59) 
2 





aplace transform is a good approach for solving these differential equations. 
Also see Exercise 4.6. 
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kefky =1 
ko/k; = 10 
- ko/ky = 50 
k/k; = œ 








Figure 5.10: Normalized concentration of C versus dimensionless 
time for the series reaction A ~ B — C for different val- 
ues of kz/kı. 


for Scheme I. Note cgs is not constant; it changes linearly with the con- 
centration of A. The issue is not if cg is a constant, but whether or not 
the B equilibrates quickly to its quasi-steady value. 

Substitution of Equation 5.59 into Equation 5.48 for components A 
and C results in 





deas ae ae (5.60) 
dees _ 5.61 
at = ki Cas i$ ) 


for Scheme I. The solutions to Equations 5.60 and 5.61 are presented 
in Table 5.5 for the initial condition Cas = CA0, Cgs = Ecs = 0. 

Similarly, for Scheme IJ, when component B is defined to be a QSSA 
Species, 


k 
CBs = uoge (5.78) 


Substitution of Equation 5.78 into Equation 5.48 for components A and 
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macs C results in 
al gafef ES deas kke 6.79) 
comm | BB oe in | oe 2S 8 “apo “Eyam į 
l l dccs kiko é 
| Avan | = ds PR “dt = ky F ko fas (5.80) 
| E 7 ` £ rf F The solutions to Equations 5.79 and 5.80 are presented in Table 5,5 for 
3 < ge ey | 3 Ta {o e the initial condition cas = CA0, Cas = Ccs = 0. g 
f È 2 8 a ae at a For the QSSA to be accurate, the error in the predicted concentra- 
2 j i i 2 Va a a = tions of the reactants and products must be acceptable and the induc- 
oi 2 @& g S $ g & g tion time should be small. The results in Table 5.5 permit us to examine 
| awe D j y i the error in the predicted concentration of an important species, the 
S @ g z reaction product C, and the induction time to reach the quasi-steady 
io) (0) £ state. Equation 5.65 is used in Figure 5.10 to show cc/cao versus di- 
2f a! 2| ‘3. lo wate a Ge a mensionless time (kıt) for different values of k2/k,. The dotted curve 
ma TORE m a e RR Š shows ccs/cao (Equation 5.68). The fractional error between the QSSA 
aĵ Wop g ziJ 2 2 ees £ and exact values for cc is shown in Figure 5.11 for much larger ra- 
< < 8 tios of k2/k; and for shorter dimensionless times than are presented 
2 in Figure 5.10. Figure 5.11 illustrates several points. As the lifetime 
~ oS ES = of the intermediate product decreases (the reciprocal of kọ), the error 
= a | 1512 decreases and the induction time (dimensionless because we plotted 
% ET Bly, | z kıt) to reach an acceptable error, such as 107?, decreases. Turànyi 
t E ar Z JA 2 et al. [38] have shown that the induction period to reach the QSSA is 
X ala 25 x R S likely to be several times the lifetime of the longest-lived QSSA species. 
g a, s| 2 aS olls 3 Figure 5.11 illustrates this change in induction time with decreasing 
lg 2 ¢ = se Roe [FF 5 lifetime. The induction time should be such that the quasi-steady state 
l E 5 . 2 + ie ia £ (z & is established rapidly (i.e., before a significant amount of reactant A has 
\2 | pé T ts ai FF i disappeared). An error of 1% is reached at kıt = 0.1 for kz/kı = 104, 
| k Te a 3| cm 2 3% 2 2 a which corresponds to a conversion of about 10% for A. As kz/kı in- 
a Ai ere rd i 7 = $ creases, the amount of A that reacts before an error of 1% is reached 
sg ely Zš ar s+ x a decreases as indicated in Figure 5.11. 
Me 2 Le SU Se so If component B were a radical or atom, it could be treated as a QSSA 
é é S = Š 2 ENEE Species provided k2/k; were large enough because large kz/k; leads to 
tee hak ae a ala V end Tate Yen Small errors in the predicted concentration of product. In this simple 
ae SS ee example the net rate of production of the intermediate never reached 
ad = zero over the values of kıt examined, demonstrating it is not neces- 
g | = Sary for the net rate of production of QSSA species to be zero. At 
5 | a sufficiently large values of k2/k; the intermediate B can be considered 
g | 3 a QSSA species because the error in the actual and approximate con- 








centration of the QSSA reaches an acceptable level. 
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Figure 5.11: Fractional error in the QSSA concentration of C versus 
dimensionless time for the series reaction A ~ B — C 
for different values of k2/ky. 


Similar concentration plots can be developed for the components in 
Scheme IJ to examine the effect of increasing the rate of decomposition 
of intermediate B relative to its rate of formation. Now both k.; and 
k2 need to varied. Figure 5.12 was generated using Equations 5.72 
and 5.77 to illustrate the effect of decreasing the lifetime T of B, here 
T = (1/k., + 1/k2). As the lifetime decreases, the error in cc reaches an 
acceptable level such as 10-2 more rapidly. This effect can be seen by 
comparing the two curves for k-; = kz = 100k; and kı = k2 = 1000k;. 
Note also that the error at long times does depend on the relative values 
of k_, and kz, and there are subtle differences in the induction time for 
comparable r. Then provided r is sufficiently small and k_; and/or 
ko are sufficiently large, we would be justified in letting B be a QSSA 
species. 

In summary, we write for a QSSA species 


R;=0, j= QSSA species (5.81) 


The OSSA was developed for a constant-volume batch reactor, but can 
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Figure 5.12: Fractional error in the QSSA concentration of C versus 
dimensionless time for the series-parallel reaction, 
A= B-+C, 


be applied equally well to a PFR. For this reason, it is best to define the 
QSSA based on the production rate of species j, rather than the time 
derivative of the concentration of species j. 

The OSSA is a useful tool in reaction analysis. Material balances for 
batch and plug-flow reactors are ordinary differential equations. By 
applying Equation 5.81 to the components that are QSSA species, their 
material balances become algebraic equations. These algebraic equa- 
tions can be used to simplify the reaction expressions and reduce the 
number of equations that must be solved simultaneously. In addition, 
appropriate use of the QSSA can eliminate the need to know several 
difficult-to-measure rate constants. The required information can be 
reduced to ratios of certain rate constants, which can be more easily 
estimated from data. In the next section we show how the QSSA is used 
to develop a rate expression for the production of a component from a 
statement of the elementary reactions, and illustrate the kinetic model 
simplification that results from the QSSA model reduction. 
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5.5 Developing Rate Expressions from Complex 
Mechanisms 


In this section we develop rate expressions for the mechanistic schemes 
presented in Section 5.1. The goal is to determine the rate in terms of 
measurable quantities, such as the concentrations of the reactants and 
products, and the temperature. Heterogeneous problems are consid- 
ered in Section 5.6. The approach taken for homogeneous and het- 
erogeneous reactions is similar, but additional constraints are placed 
on heterogeneous problems so the synthesis reaction example is pre- 
sented after discussing these constraints. 

The following procedure enables one to develop a reaction-rate ex- 
pression from a set of elementary reactions. 


1. Identify the species that do not appear in equilibrium reactions 
and write a statement for the rate of production of these species 
using Equations 5.38 and 5.39. 


2. If the rate of production statement developed in step 1 contains 
the concentration of reaction intermediates that are QSSA species, 
their concentrations can be found in terms of reactant and prod- 
uct concentrations by writing a necessary number of algebraic 
statements. These algebraic statements come from applying the 
OSSA to reaction intermediates. In some cases, either by assump- 
tion or because of kinetic insight, an elementary reaction is treated 
as being at equilibrium. 


w 


. Perform the necessary algebraic manipulations and substitute the 
resulting intermediate concentrations into the rate of production 
statement from step 1. 


Example 5.2: Production rate of acetone 


The thermal decomposition of acetone is represented by the following 
stoichiometry 


3CH3COCH3 — CO + 2CH4 + CH2CO + CHyCOCoHs 


Use the following mechanism to determine the production rate of ace- 
tone [33]. You may assume the methyl, acetyl and acetone radicals are 
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QSSA species. 
CH3COCH; 2 CH3 + CH;CO (5.82) 
cH;co # CH; + CO (5.83) 
CH3 + CH3COCH; -8 CH4  +CH3COCH, (5.84) 
CHCOCH: Œ  CHCO + CHa __. (5.85) 
CH3 + CH3COCH: Œ  CH3COCH; (5.86) 

Solution 


Let the species be designated as: 

















Species Formula Name 
Ay CH3COCH3 | acetone 
Ag CH3 methyl radical 
A3 CH3CO acetyl radical 
A4 co carbon monoxide 
As CH3COCH2 | acetone radical 
Ag CH2CO ketene 
A7 CH4 methane 
Ag CH3COC2Hs | methyl ethyl ketone 








Write the production rate of acetone using Reactions 5.82 and 5.84 
Ry = -kici — k3C1C2 (5.87) 


Species 2, 3 and 5 are QSSA species. Apply the QSSA to each of these 
species 


R2 =0= kic E k23 = k3€,C2 ka kacs ae Kkscacs (5.88) 
R3 = 0 = kici — koc3 (5.89) 
Rs =Q= k30)C2 ag kacs a ksć265 (5.90) 
From Equation 5.89 
c3= ie (65.91) 
k2 


Adding Equations 5.88, 5.89 and 5.90 gives 


ekiti 


C5 = 
ks C? 


(5.92) 
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Inserting the concentrations shown in Equations 5.91 and 5.92 into 
Equation 5.88 gives 
kik 


k3c3 ~kyc2- hed =O 
Fear meee 
_ ki ki kiks = 
c2 = 3K; Aa + Yoke (5.93) 


in which the positive sign is chosen to obtain a positive concentration. 
This result can be substituted into Equation 5.87 to give the rate in 
terms of measurable species. 


2 
r =- (3r + HF akk) e 6.94) 


‘Equation 5.94 can be simplified to 
Ry = ~kegpe1 (5.95) 
by defining an effective rate constant 


ki 


ki kıkzk4 
4 


3 
ket = 5ki + is 


5 + 


This simplified form illustrates the rate is first order in the acetone 
concentration. If, based on kinetic theories, we knew all the individ- 
ual rate constants, we could calculate the rate of acetone production. 
Alternately, we can use Equation 5.95 as the basis for designing exper- 
iments to determine if the rate of production is first order in acetone 
and to determine the magnitude of the first-order rate constant, keff- 


o 
Example 5.3: Production rate of oxygen 
Given the following mechanism for the overall stoichiometry 
2NO2 + hy — 2NO + Oz (5.96) 


derive an expression for the production rate of Op. Assume atomic O 
and NO; radicals are QSSA species. The production rate should be in 
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terms of the reactant, NO2, and products, NO and Oz. 


NOz+ hy! NO+ 0 (5.97) 
O + NO? = NO3 (5.98) 
NO3 + NO2 “! NO + O2 + NO? (5.99) 
NO3+ NO +! 2NO2 =" (5.100) 
O+NO2 “2 NO+O2 (5.101) 


Solution 
Let the species be designated as: 
A, =NOz, Azg=NO, A3=0, Aq=NO3, As = O2 
The production rate of molecular oxygen is 
5 = k3cyc4 + kscic3 (5.102) 


Species 3 and 4 are QSSA species. Applying the QSSA to these reaction 
intermediates gives 


R3 = 0 = kici ~ k2C1C3 + k-ac4 ~ kscic3 (5.103) 
R4 = 0 = k261c3 ~ k_2¢4 ~ k3cic4 ~ k4C2C4 (5.104) 


Adding Equations 5.103 and 5.104 
0 = kici ~ k3¢1C4 ~ k4C2C4 ~ ks cies (5.105) 


This result can be used to simplify the rate expression. Adding Equa- 
tions 5.102 and 5.105 


Rs = kici ~ kgc2c4 (5.106) 


Ma intermediate NO; concentration is found by solving Equation 5.103 
OF C3. 
ee ky k- 2 C4 
= +k | ketkea 


Substituting Equation 5.107 into Equation 5.104 and rearranging gives 


feta ate RE e ea 
(kok3 + kaks}ci + (kaka + kaks)c2 + k-2k5 





(5.107) 


4 (5.108) 
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The rate expression now can be found using Equations 5.106 and 5.108 


ky kokac\c2 
(kak3 + k3ks)c1 + (kokg + Kaks)eg + k-2k5 





Rs = kici - (5.109) 
Equation 5.109 is rather complex; under reaction conditions several 
terms in the denominator are expected to be kinetically unimportant 
leading to a simple power-law reaction-rate expression. o 


Example 5.4: Free-radical polymerization kinetics 


Polymers are economically important and many chemical engineers are 
involved with some aspect of polymer manufacturing during their ca- 
reers. Polymerization reactions raise interesting kinetic issues because 
of the long chains that are produced. Consider free-radical polymer- 
ization reaction kinetics as an illustrative example. A simple polymer- 
ization mechanism is represented by the following set of elementary 
reactions. 


Initiation: 
1 2R 
Propagation: 
Ri+M “2 R 
k p 
R: +M pass R3 
R3+M “2 Ry 
k, 
Rj+M = Rjst 
Termination: 


Kemn 
Rm + Ra =" Mmen 


in which M is monomer, Mj is a dead polymer chain of length j, and 
R; is a growing polymer chain of length j. In free-radical polymeriza- 
tions, the initiation reaction generates the free radicals, which initiate 
the polymerization reactions. An example is the thermal dissociation 
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of benzoyl peroxide as initiator to form a benzyl radical that subse- 
quently reacts with styrene monomer to form the first polymer chain. 
The termination reaction presented here is a termination of two grow- 
ing polymer chains by a combination reaction. 

Develop an expression for the rate of monomer consumption using 
the assumptions that kpj = kp for all j, and Kimn = ky is independent 
of the chain lengths of the two terminating chains. You may make the 
QSSA for all growing polymer radicals. a 


Solution 


From the propagation reactions we can see the rate of monomer con- 
sumption is given by 


Ru = x Ypj = ~kpCm x Cry (5.1 10) 
jel j=l 
in which the rate of the jth propagation reaction is given by 
Tj = kpCmCr, 


Making the QSSA for all polymer radicals, we set their production rates 











to zero 
oo 
O - kite, Sjarca, =0 
~ |kpcr cm - kier, Sjaicr, = 0 
+ : : : 
(5.111) 
Tr ~ ke Sin CR, Djn1 CR; = 0 


‘The first term is the formation of growing chain i by propagation (initi- 
ation for i = 1), the second term is loss of chain i by propagation with 
monomer, and the third term is loss of chain i by termination reac- 
tion with chains of all other lengths. Notice if we add these equations, 
Propagation terms on each line cancel corresponding entries on the 
lines directly above and below. It is valid to perform the infinite sum in 
Equation 5.111 because the polymer concentration for long chains goes 
to zero, imja cp, = 0. We solve Equation 5.111 for the total growing 
Polymer concentration and obtain 


RA = fri tke 
jel 
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Substituting this result into Equation 5.110 yields the monomer con- 
sumption rate 


Ry = ~kpemyri/Kr 


From the initiation reaction, the initiation rate is given by f; = kic, 
which upon substitution gives the final monomer consumption rate 


Rum = ~Kpvkr/ keJ/crem (5.112) 


Notice that this result also provides a mechanistic justification for the 
production rate used in Example 4.3 in which monomer consumption 
rate was assumed linear in monomer concentration. D 





Example 5.5; Ethane pyrolysis 


This example illustrates how to apply the QSSA to a flow reactor. We 
are interested in determining the effluent concentration from the reac- 
tor and in demonstrating the use of the QSSA to simplify the design 
calculations. Ethane pyrolysis to produce ethylene and hydrogen also 
generates methane as an unwanted reaction product. The overall stoi- 
chiometry for the process is not a simple balance of ethane and the 
products. The following mechanism and their kinetics have been pro- 
posed for ethane pyrolysis [22] 


CoHs 2H 
CH3 + CoHg Œ CHy + CoHs 
CoHs E CH,+ H 
H+CoHg © Hz + CoHs 
H+ GHs “2 C2H6 


The rate constants are listed in Table 5.6 for the elementary reactions, 
in which k = Agexp(~E/RT). The preexponential factor Ap has units 
of s-! or cm3/mol s for first- and second-order reactions, respectively. 

The pyrolysis is performed in a 100 cm? isothermal PFR, operating at 
a constant pressure of 1.0 atm and at 925 K. The feed consists of ethane 
in a steam diluent. The inlet partial pressure of ethane is 50 torr and 
the partial pressure of steam is 710 torr. The feed enters at a flowrate 
of 35 cm3/s. The exact solution of this problem uses the methods 
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Reaction 





E(kJ/mol) 








Table 5.6: Ethane pyrolysis kinetics. 


developed in Chapter 4 and involves solving a set of eight initial-value 
ODEs of the form 
aN; 
“av 
subject to the initial conditions. In this numerical solution, each of the 
molar flows are computed as the volume increases from 0 to 100, with 
the concentrations of each component given by 


=R; (5.113) 


oa NOP 
J SN, RT 

The results for C2Hg, C2H4 and CH, are plotted in Figure 5.13. The 
H? concentration is not shown because it is almost equal to the C2H4 
concentration. Note the molar flowrate of CH, is only 0.2% of the molar 
flowrate of the other products, C2H4 and H2. The concentrations of the 
radicals, CH3, C2Hs and H, are on the order of 1076 times the ethylene 
concentration. 

Assuming the radicals CH3, C2Hs and H are QSSA species, develop 
an expression for the rate of ethylene formation. Verify that this ap- 
proximation is valid. 


Solution 


The rate of ethylene formation is 
Rou, = k3€css (5.114) 
Next use the QSSA to relate C2H; to stable reactants and products 


Rew, = 0 = 2k ccyng — K2CCH CCH (5.115) 
Ru = 0 = k3cc,n, — K4CHCCGHe ~ kscucc.u; (5.116) 
Roos = 0 = keccnyCcotts — K3Ccan, + KaCcyHpCn —kscuccu, (5-117) 
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Figure 5.13: Molar flowrates of C2H6, C2H4 and CH4 corresponding 


to the exact solution. 


Adding Equations 5.115, 5.116 and 5.117 gives 


n Ki CoH 


CH 
ks Cools 


Inserting Equation 5.118 into Equation 5.116 yields 


0 = k3kscê n; ~ kaki cen, ~ kiksccotg CCH; 


eck att Bley, Gaye es c 
i 2k3 2k3 k3ks CoHe 


k ki \? kika 
Ron = to (SE (AE + BEE Jeon 


which can be rewritten as 


Finally 





Roo, = KCCaHe 


(5.118) 


(5.119) 


(5.120) 


(5.121) 
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in which 





2k k3ks 


ton (EEE) 


“At 925 K, k = 0.797 s71. The student should prove that 





cn = ales (5.122) 
ky /2k3 + V(ki/2k3)° + kika/kaks 
CCH, = oa (5.123) 


The validity of the QSSA is established by solving the set of ODEs 








Nats = <M -r2 -T4 475 aN = 14 
aNcn, _ aNywo _ 
av n av TO 
aNoH, S 
dV 


subject to the initial molar flowrates. During the numerical solution 
the concentrations needed in the rate equations are computed using 


Nove ) P 





CCaHs = (azz + Ncn, ka Neots + Np, + No RT (5.124) 
and Equations 5.119, 5.122 and 5.123. Note we can neglect H, CH3 
and C2Hs in the molar flowrate balance (Equation 5.124) because these 
components are present at levels on the order of 10~® less than C2H¢. 
Figure 5.14 shows the error in the molar flowrate of ethylene that 
results from the QSSA. The error is less than 10% after 3.1 cm? of reactor 
volume; i.e., it takes about 3% of the volume for the error to be less than 
10%. Similarly, the error is less than 5% after 5.9 cm? and less than 1% 
_ after 18.6 cm3. Figure 5.14 provides evidence that the QSSA is valid 
for sufficiently large reactors, such as 100 cm3. If the reactor volume 
were very small (a very short residence time), such as 20 cm}, the QSSA 
would not be appropriate. 

The reader might question what has been gained in this OSSA exam- 
ple. After all, the full model solution requires the simultaneous solu- 
tion of eight ODEs and the reduced model requires solving five ODEs. If 
One had experimental data, such as effluent ethane, ethylene, hydrogen 
_and methane concentrations for different residence times (Vr /Q f), one 
Would need to fit these data to find the five rate constants for either the 
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Figure 5.14: Fractional error in the QSSA molar flowrate of C2H4 ver- 
sus reactor volume, 


full or the reduced model. However, the results in Figure 5.13 demon- 
strate that CH4 is a minor product at this temperature and this also 
would be found in the experimental data. This suggests we can neglect 
CH4 in a species balance when computing mole fractions. Therefore 
the mass action statement 

CoHg Æ C2H4 + He (5.125) 
does a reasonable job of accounting for the changes that occur in the 
PFR during ethane pyrolysis. QSSA analysis predicts the ethane py- 
rolysis rate should be first order in ethane concentration and the rate 
constant is k = 0.797 s7}. Using the mass action statement to describe 
the reaction stoichiometry and the definition of the rate of production 
of a component in a single reaction 


Ry = Vir 


to relate Rem, and Ry, to the result for C2H4 found in Equation 5.121, 
it is possible to solve the problem analytically. Figure 5.15 shows that 
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Figure 5.15: Comparison of the molar flowrates of C2Hg and CH4 for 
the exact solution (solid lines) and the simplified kinetic 
scheme (dashed lines). 


nearly equivalent predictions are made for the simplified scheme based 
on the mass action statement, Reaction 5.125 using Equation 5.121 for 
the rate expression. 

This simple example demonstrates that when one has all the kinetic 
parameters, they should be used because the QSSA buys very little in 
this case. The reverse situation of knowing a mechanism but not the 
Tate constants could pose a difficult optimization problem when fit- 
tng all the rate constants, and the QSSA analysis can provide a frame- 
work for simplifying the kinetic expressions against which the data are 
tested. Here one would expect a first-order expression to describe the 
appearance of ethylene adequately. oO 


: 5.6 Reactions at Surfaces 


: Many books have been written on this topic and it continues to be an 
aie of intense research. Our intention in this chapter is to provide 
student with a simple picture of surfaces and to provide a basis for 
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Figure 5.16: Surface and second-layer (dashed) atom arrangements 
for several low-index surfaces. 


evaluating heterogeneously catalyzed reaction kinetics and reaction- 
rate expressions. Keep in mind the goal is to develop a rate expression 
from a reaction mechanism. This rate expression can be used to direct 
the regression of rate data when determining the parameters for a het- 
erogeneously catalyzed reaction. To understand how we construct sur- 
face reactions and develop rate expressions, it is necessary to discuss 
the elementary steps that comprise a surface reaction — adsorption, 
surface reaction and desorption. We also need to have a model of a 
surface at which the elementary steps occur. To streamline the pre- 
sentation, the discussion is limited to gas-solid systems and a single 
chemical isotherm, the Langmuir isotherm. The interested student can 
find a more complete and thorough discussion of adsorption, surface 
reaction and desorption in numerous textbooks [5, 36, 1, 13, 24, 3]. 
A heterogeneously catalyzed reaction takes place at the surface of 
a catalyst. Catalysts, their properties, and the nature of catalytic sur- 
faces are discussed in Chapter 7. For this discussion, we approximate 
the surface as a single crystal with a known surface order. The density 
of atoms at the low-index planes of transition metals is on the order of 
1015 em-2. Figure 5.16 presents the atomic arrangement of low-index 
surfaces for various metals. This figure illustrates the packing arrange- 
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[ Property Chemisorption | Physisorption | 
amount limited to a monolayer | multilayer possible 
specificity high none 
heat of adsorption | typically > 10 kcal/mol | low (2-5 kcal/mol) 





activated | possibly generally not 





Table 5.7: Chemisorption and physisorption properties. 

ment and different combinations of nearest neighbors that can exist at 
a surface. For example, an fcc(111) surface atom has six nearest-surface 
neighbors, an fcc(100) surface atom has four nearest-surface neighbors, 
and an fcc(110) surface atom has two nearest-surface neighbors. We 
find that the interaction between an adsorbing molecule and the sur- 
face of a single crystal depends on the surface structure. 

To facilitate our discussion of heterogeneous reaction kinetics let us 
consider the oxidation of CO on Pd, an fcc metal. The following mech- 
anism has been proposed for the oxidation reaction over Pd(111) [9] 


O2+ 2S = 20aas (5.126) 
CO+ S$ = COads (5.127) 
COads + Oads — CO2 + 28 (5.128) 


where the subscript ads refers to adsorbed species and S refers to 
vacant surface sites. This simple example illustrates the steps in a cat- 
alytic reaction — adsorption of reactants in Reactions 5.126 and 5.127, 
reaction of adsorbed components in Reaction 5.128, and desorption of 
products also shown as part of Reaction 5.128. 

Adsorption occurs when an incident atom or molecule sticks to the 

surface. The adsorbing species can be bound weakly to the surface or 
it can be held tightly to the surface. The manner by which the adsorbed 
species is held and the properties it exhibits once adsorbed determine 
the type of adsorption — physical or chemical. The dynamics of the 
Process by which the incident adsorbate finds the adsorption site is 
used to construct a rate expression and rate constant for the adsorption 
Step from first principles. 
: A number of criteria have been applied to distinguish between phys- 
ical and chemical adsorption. In some cases the distinction is not clear. 
Table 5.7 lists several properties that can be used to distinguish be- 
tween physisorption and chemisorption. The most distinguishing char- 
acteristics are the degree of coverage and the specificity. 
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Chemisorption: Chemical adsorption occurs when a chemical bond or 
a partial chemical bond is formed between the surface (adsorbent) 
and the adsorbate, leading to the specificity of the process. In gen- 
eral, but not always, the formation of a bond limits the coverage 
to at most one chemisorbed adsorbate for every surface atom. 
This limit of a single layer or monolayer is exploited later to de- 
rive a statement of conservation of sites. The upper limit need 
not have a one-to-one adsorbate to surface atom stoichiometry; 
for example, saturation can occur after one-third of all sites are 
occupied. 


Physisorption: Physical adsorption occurs once the partial pressure of 
the adsorbate is above its saturation vapor pressure. Physisorp- 
tion is similar to a condensation process and has practically no 
dependence on the solid surface and the interaction between the 
adsorbate and adsorbent. Just as water vapor condenses on any 
cold surface placed in ambient, humid air, a gas such as N2 con- 
denses on solids maintained at 77 K. 


Adsorption is an exothermic process and the magnitude of the heat 
of adsorption is used to distinguish chemisorption from physisorption. 
Heats of adsorption greater than 10 kcal/mol are definitely associated 
with chemisorbed species. Small heats of adsorption (2-5 kcal/mol) 
do not always indicate physisorption, however. Therefore, it is best 
to look at more than one property when trying to distinguish between 
chemisorption and physisorption. Physical adsorption is used to mea- 
sure the area of high-area oxide catalysts and oxide-supported metal 
catalysts. Physisorption isotherms and their use are discussed in Chap- 
ter 7. The discussion that follows treats only chemisorption. 

Figure 5.17 depicts a schematic of a simple adsorption process. Ad- 
sorption occurs when an incident CO molecule finds a vacant site. The 
dynamics of the collision process, accommodation with the surface, 
and binding to the surface are complex, and the overall rate of this pro- 
cess can change for the same adsorbate on different metals or even dif- 
ferent low-index surfaces of the same metal. The flux of CO molecules 
to the surface (molecules/area-time) is proportional to the number den- 
sity of incident molecules and the mean kinetic velocity, and is given 
by 


Š Peo 
Feo 





which, for pressure in torr, equals 3.83 x 10?°Pco molecule/s-cm? at 
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Figure 5.17: Schematic representation of the adsorption/desorption 
process. 


300 K. Since most surfaces contain approximately 10!5 atoms/cm®, at 
2.6 x 10-® torr, the number of atoms in a monolayer strikes, the surface 
per second. At one atmosphere, 290 million times the number of atoms 
in a monolayer strike the surface per second. 

Not every collision leads to adsorption. The rate of adsorption can 
be written as the product of the flux times the probability of sticking 


Yads = FS(0,T) 


S is known as the sticking coefficient, and is a function of the surface 
coverage and temperature; the exact functional dependence can be de- 
termined once the dynamics of the adsorption process are known [24]. 
We use the Langmuir adsorption to model the adsorption process. 
The Langmuir adsorption model assumes that all surface sites are 
the same. As long as the incident molecules possess the necessary en- 
ergy, and entropy considerations are satisfied, adsorption proceeds if a 
vacant site is available. The Langmuir process also assumes adsorption 
is a completely random surface process with no adsorbate-adsorbate 
interactions, Since all sites are equivalent, and adsorbate-adsorbate 
interactions are neglected, the surface sites can be divided into two 
groups, vacant and occupied. The surface-site balance is therefore 


Total number of Number of | Number of 
surface sites = vacant sites +4 occupied sites 
per unit area per unit area per unit area 
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or 
As 


Em = by + >; (5.129) 
j=l 
Dividing by the total number of surface sites leads to the fractional 
form of the site balance. 


pa See Sot 0,+ YG; (5.130) 


Equations 5.129 and 5.130 represent the conservation of sites for non- 
interacting adsorbates on uniform surfaces. Since active catalysts gen- 
erally are dispersed on high-surface-area inert carriers, the units for Cy 
often are number of sites per gram of catalyst. 

Figure 5.17 shows the model of a surface consisting of vacant sites 
and sites covered by chemisorbed CO. The CO in the gas phase is ad- 
sorbing on the surface and desorbing from the surface. The surface 
reaction, and the forward rate of adsorption and the reverse rate of 
desorption, are given by® 


k. 
co+s= COads (5.131) 
-1 


Yads = kiCco€v,  Yaes =-k-1čco 


The units of the rate are mol/time-area. The rate expressions follow 
directly from the reaction mechanism because the reactions are treated 
as elementary steps. When the adsorption-desorption reactions are in 
equilibrium, the amount of adsorbed CO is related to the gas-phase 
partial pressure of CO, an equilibrium constant, and the total number 
of surface sites. Equating the adsorption and desorption rates at equi- 
librium gives 
kicco€y = k-1€co 


Solving for the surface concentration gives 


aa k = ~ 
eco = peot = Kyccoty (5.132) 


®This is an oversimplification of the adsorption process. A more acceptable view 
is to have CO adsorb into a precursor state and move around on the surface until 
it finds a suitable adsorption site, S. As long as the precursor state is in equilibrium 
with the gas phase, the Langmuir description of the adsorption process represented by 
Reaction 5.131 gives the same result as is obtained by a more accurate description of the 
adsorption and desorption dynamics. Since experimental results are often consistent 
with the precursor state in equilibrium with the gas phase, we present the Langmuir 
model. 
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Figure 5.18: Fractional coverage versus adsorbate concentration for 
different values of the adsorption constant, K. 


The conservation of sites gives 
ey = €m ~ €co (5.133) 


Substituting Equation 5.133 into Equation 5.132 and rearranging leads 
to the Langmuir isotherm for single-component, associative adsorption 


=... EmKkicco 


Shae A 
co 1+ Kicco (3,134) 


Dividing both sides of Equation 5.134 by the total concentration of 
surface sites Cm leads to the fractional form of the single component, 
associative Langmuir adsorption isotherm. 


(5.135) 


Figure 5.18 presents the general shape of the fractional coverage as 
a function of pressure for different values of K. In the limit Kicco > 1, 
Equations 5.134 and 5.135 asymptotically approach Čm and 1.0, re- 
spectively. Since adsorption is exothermic, Kı decreases with increas- 
ing temperature and higher CO partial pressures are required to reach 
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saturation. Figure 5.18 illustrates the effect of K on the coverage. In 
all cases the surface saturates with the adsorbate; however, the con- 
centration at which this saturation occurs is a strong function of K. 
Single component adsorption is used to determine the number of ac- 
tive sites, Em. The adsorption data can be fit to either the Langmuir 
isotherm (Equation 5.134) or to the “linear” form of the isotherm. The 
linear form is obtained by taking the inverse of Equation 5.134 and 
multiplying by cco ` 

cco cco 

Feo ET + = (5.136) 
‘A plot of the linear form provides 1/(K,@m) for the intercept and 1/Gm 
for the slope. 





Example 5.6: Fitting Langmuir adsorption constants to CO data 


The active area of supported transition metals can be determined by 
adsorbing carbon monoxide. Carbon monoxide is known to adsorb 
associatively on ruthenium at 100°C. Use the following uptake data 
for the adsorption of CO on 10 wt % Ru supported on Al203 at 100°C 
to determine the equilibrium adsorption constant and the number of 
adsorption sites. 


Peo (torr) 100 150 200 250 300 400 
CO adsorbed (umol/g cat) | 1.28 1.63 1.77 1.94 2.06 2.21 

















Solution 


Figures 5.19 and 5.20 plot the data for Equations 5.134 and 5.136, 
respectively. From Figure 5.20 we can estimate using least squares the 
slope, 0.35 g/pmol, and the zero concentration intercept, 1.822 cm3/g, 
and then calculate 


Kı = 0.190 cm?/pmol 
Em = 2.89 pmol/g 
a 


We now consider multiple-component adsorption. If other compo- 
nents, such as B and D, are assumed to be in adsorption-desorption 
equilibrium along with CO, we.add the following two reactions 


ky 
B+5= Bads 
kz 


k3 
D+S = Daas 
k a 
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Figure 5.19: Langmuir isotherm for CO uptake on Ru. 
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Figure 5.20: Linear form of Langmuir isotherm for CO uptake on Ru. 
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Following the development that led to Equation 5.132, we can show the 
equilibrium surface concentrations for B and D are given by 


Cp = Kocply (5.137) 
€p = K3ycply (5.138) 

The site balance becomes 
Cy = m — Ceo -g — Ep (5.139) 


Substituting Equation 5.139 into Equation 5.132 and rearranging leads 
to a different isotherm expression for CO. 


CmKeoeco (5.140) 


(62 = 
OTe Kicco + Kecg + K3cp 


The terms in the denominator of Equation 5.140 have special signifi- 
cance and the magnitude of the equilibrium adsorption constant, when 
multiplied by the respective concentration, determines the component 
or components that occupy most of the sites. Each of the terms Kjc; 
accounts for sites occupied by species j. From Chapter 3 we know the 
equilibrium constant is related to the exponential of the heat of adsorp- 
tion, which is exothermic. Therefore, the more strongly a component is 
chemisorbed to the surface, the larger the equilibrium constant. Also, if 
components have very different heats of adsorption, the denominator 
may be well approximated using only one Kjc; term. 

The CO oxidation example also contains a dissociative adsorption 
step 


k 
O2 +28 = 20aas (5.141) 
a 


Adsorption requires the O molecule to find a pair of adsorption sites 
and desorption requires two adsorbed O atoms to be adjacent. Hill [15] 
and Kisliuk [18, 19] discuss lattice statistics and the probability of find- 
ing pairs of sites in two-dimensional arrays presented by the regular 
arrangement of surface atoms illustrated in Figure 5.16. Boudart and 
Djega-Mariadassou [3],and Hayward and Trapnell [13], describe how the 
probability of finding pairs of sites is used to develop rate expressions 
on surfaces. When a bimolecular surface reaction occurs, such as dis- 
sociative adsorption, associative desorption, or a bimolecular surface 
reaction, the rate in the forward direction depends on the probability 
of finding pairs of reaction centers. This probability, in turn, depends 
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A B 


Figure 5.21: Two packing arrangements for a coverage of O = 1/2. 


on whether or not the sites are randomly located, and whether or not 
the adsorbates are mobile on the surface. 

The probability of finding pairs of vacant sites can be seen by con- 
sidering adsorption onto a checkerboard such as Figure 5.21. Let two 
sites be adjacent if they share a common line segment (i.e, do not 
count sharing a vertex as being adjacent) and let @ equal the fraction of 
surface covered. The checkerboard has a total 24 adjacent site pairs, 
which can be found by counting the line segments on adjoining squares. 
Figure 5.21 presents two possibilities where half the sites (the shaded 
squares) are covered. For Figure 5.21A the probability an incident gas 
atom striking this surface in a random location hits a vacant site is 1- 0 
and the probability a gas-phase molecule can dissociate on two adjacent 
vacant sites is p = 0. Figure 5.21B has 10 vacant adjacent site pairs. 
Therefore, the probability of dissociative adsorption is p = 10/24. The 
probability of finding vacant adsorption sites is 0 < p < 1/2 for these 
two examples because the probability depends on the packing arrange- 
ment. 

For random or independent packing of the surface the probability 
for finding pairs of vacant adjacent sites is p = (1 — @)*. The probabil- 
ity for random packing can be developed by considering five different 
arrangements for a site and its four nearest neighbors, with the cen- 
ter site always vacant, as shown in Figure 5.22. The probability of any 
configuration is (1 — @)"@™, in which n is the number of vacant sites 
and m is the number of occupied sites. Arrangement 1 can happen 
only one way. However, arrangement 2 can happen four ways because 
the covered site can be in four different locations. Similarly, arrange- 
ment 3 can happen six different ways, 4 can happen four ways, and 5 
can happen only one way. Therefore, the probability of two adjacent 
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1 2 3 4 3 


Figure 5.22: Five possible arrangements around a single site. 


sites being vacant is 
Pi +4p2 + 6p3 + 4p4 + Ops (5.142) 


An incoming gas molecule can hit the surface in one of four positions, 
with one atom in the center and the other pointing either north, south, 
east or west. For random molecule orientations, the probabilities that 
a molecule hits the arrangement with a correct orientation are: p), 
(3/4)4pe, (1/2)6p3 and (1/4)4p4. Therefore, the probability of a suc- 
‘cessful collision is 
p = pi + 3p2+3p3 + Pa 

p= (1-0) +30 ~ 0)40+3(1 - 03a? + (1 -~ 6)° 03 

p = (1-00 — 0)? + 30 ~ 6)70 +3(1 -0)0? + 03] 
Using a binomial expansion, (x + y)? = x3+3x?y +3xy? + y3, the 
term in brackets can be written as 


p=(1-6)*[1- 6) +0) 


or 
p=(1-0)° 
Therefore, we use 0, - Oy to represent the probability of finding pairs 
of vacant sites for dissociative adsorption. The probability of finding 
other pair combinations is the product of the fractional coverage of the 
two types of sites. 
Returning to Reaction 5.141 


k 
Oz + 28 = 20ads 
Ea 


and using concentrations of vacant sites instead of fractional coverage, 
we write the rates of dissociative adsorption and associative desorption 
of oxygen as 

Yads = Ki€2C0, 6.143) 


os a anatania atakan aA 





| 
H 
$ 
H 
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Yaes = k19 (5.144) 


The units on k; are such that faas has the units of mol/time-area. At 
equilibrium, the rate of adsorption equals the rate of desorption leading 
to 

Co = yKiıco Cy (5,145) 


Combining Equation 5.145 with the site balance, Equation 5.129, and 
rearranging leads to the Langmuir form for single-component dissocia- 
tive adsorption 
my Kı CO, 
1+ Kičo, 
The Langmuir isotherms represented in Equations 5,134 and 5,146 
are different because each represents a different gas-surface reaction 
process. Both share the asymptotic approach to saturation at suffi- 
ciently large gas concentration, however. 


To= (5.146) 


Example 5.7: Equilibrium CO and O surface concentrations 


Determine the equilibrium CO and O surface concentrations when Oz 
and CO adsorb according to 


ky 
CO+ S = COads 
Kay 


kz 
O2 + 2S = 20ads 
kz 


Solution 
At equilibrium the net rates of the two reactions are zero (adsorption 
rate equals desorption rate) 

ry = 0 = kyCco€y ~ k-1€co 

r=O= koco,€, = kth 


Solving for the surface coverages in terms of the concentration of va- 
cant sites gives 


€co = Kicco€y (5.147) 
fo = yK2c0,Fy (5.148) 


The remaining unknown is Cs, which can be found using the site bal- 
ance 
Em = €y + Eco + Čo (5.149) 
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Combining Equations 5.147-5.149 yields 


= Em 
(y= 5.150 
PE Hite Kiceco + JK2€0, ( ) 
We next substitute the vacant site concentration into Equations 5.147 
and 5.148 to give the surface concentrations in terms of gas-phase con- 
centrations and physical constants 


ae €mKicco 
1+ Kicco + K200 

To= €mVK2C0, 
1+ Kicco + JK2€0, 


[m] 


The CO oxidation reaction involves associative adsorption of CO, 
dissociative adsorption of O2, and the bimolecular surface reaction 


k; 
CO+ S = COs 
Ka 


kz 
Oz+ 28 = 20ads 


k-2 


COs tOr E “CO2 


The reaction requires CO, and Os to occupy adjacent sites. If this reac- 
tion step is essentially irreversible, the rate expression is 


Y3 = k3€coo (5.151) 


Note this rate expression is based on the probability of finding two 
dissimilar paired adsorbates. 


Example 5.8: Production rate of CO2 


Find the rate of CO; production using the reaction mechanism listed 
above for CO oxidation. Assume the O2 and CO adsorption steps are at 
equilibrium. Make a log-log plot of the production rate of CO2 versus 
gas-phase CO concentration at constant gas-phase Oz concentration. 
What are the slopes of the production rate at high and low CO concen- 
trations? 


a 
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Solution 
The rate of COz production is given by 


Reo, = k3€co®o (5.152) 


The surface concentrations for CO and O were determined in the pre- 
ceding example, 


z EmKiCco ama 
co = O T 
1+ Kicco + JK2Co, 
f= EmVK2Co, 
1 + Kicco + K260: 


Substituting these concentrations onto Equation 5.152 gives the rate of 
CO; production 





s2 
—kstmKiccovR2Co, (5.153) 
el + Kicco + VK2C0;) 


For ease of visualization, we define a dimensionless production rate 


R = Reo, /(k3&*,) 


Reo, = 








and plot this production rate versus dimensionless concentrations of 
CO and Oz in Figure 5.23. Notice that the production rate goes to zero 
if either CO or O2 gas-phase concentration becomes large compared to 
the other. This feature is typical of competitive adsorption processes 
and second-order reactions. A large reaction rate in Equation 5.152 
requires large surface CO and surface O concentrations. But if one gas- 
phase concentration is large relative to the other, then that species sat- 
urates the surface and the other species surface concentration is small, 
which causes a small reaction rate. If we hold one of the gas-phase con- 
centrations constant and vary the other, we are taking a slice through 
the surface in Figure 5.23. Figure 5.24 shows the result when each of 
the dimensionless gas-phase concentrations is held fixed at 1.0. Notice 
again that increasing the gas-phase concentration of either reactant in- 
creases the rate until a maximum is achieved, and then decreases the 
rate upon further increase in concentration. High gas-phase concen- 
tration of either reactant inhibits the reaction by crowding the other 
Species off the surface. Notice from the plot shown in Figure 5.24 that 
log R versus log(K;ccg) changes in slope from 1.0 to —1.0 as CO con- 
centration increases. As the concentration of Op increases, the slope 
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ooh ination 


changes from 0.5 to —0.5. These values also can be deduced by taking 
= the logarithm of Equation 5.153. ia 


sh 






Rate expressions of the form of Equation 5.153 are known as Hougen- 






oe T = Watson or Langmuir-Hinshelwood kinetics [17]. This form of kinetic 
0.15 Lb HLL expression is often used to describe the species production rates for 
0.1 LAAR heterogeneously catalyzed reactions. We complete the section on the 
hh nA A M EÀ LLZ kinetics of elementary surface reactions by returning to the methane 


synthesis reaction listed in Section 5.2. The development proceeds ex- 
actly as outlined in Section 5.2. But now it is necessary to add a site- 
balance expression (Equation 5.129) in Step 3. 


Example 5.9: Production rate of methane 


Develop a rate expression for the synthesis of methane. The reaction 
is proposed to proceed as follows over a ruthenium catalyst [8]. The 


maaameti aaa a aaia 


Figure 5.23: Dimensionless CO2 production rate versus dimension- overall reaction is 
less gas-phase CO and O; concentrations. 


3H2(g) + CO(g) — CH4(g) + H20(g) (5.154) 


and one possible mechanism is 





1 

R versus Kıcco kı 

R versus K2Co, CO(g)+ S = COads (5.155) 

0.1 k ; 

i COas + S = Cads + Oads (5.156) 

0.01 Oaas + Ho(g) Ë H20(g) + S$ (5.157) 
k 

R Ho(g) + 28 = 2Hads (5.158) 
ks 

pans Cads + Hads = CHaas + S (5.159) 
-5 
kg 

0.0001 CHads + Haas a CHaads + 5 (5.160) 
k; 

CHzaas + Hads = CHz3zs+ § (5.161) 
1e-05 ky 

“ooo ool od 1 10 100 1000 10000 CH3aas + Haas ~> CHa(g) + 25 (5.162) 


dimensionless concentration You may assume the reactions shown to be reversible are at equilibrium 


and that the surface is domi adsorbed CO. 
Figure 5.24; Dimensionless CO2 production rate versus a single di- £ ominated by 


mensionless gas-phase concentration while holding the 
other fixed at 1.0; slices through Figure 5.23. 
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Solution 
Let the species be designated as: 











Species | Formula Name 
Ay CO(g) carbon monoxide 
Az S vacant site 
A3 COads adsorbed carbon monoxide 
Aq Caas adsorbed carbon 
As Os adsorbed atomic oxygen 
As H2 (g) hydrogen 
Az H20(g) | water 
Ag Hads adsorbed atomic hydrogen 
Ag CHads adsorbed methyne 
A10 CHzads adsorbed methylene 
All CH3ads adsorbed methyl 
A12 CH4(g) | methane 














The rate of methane formation is given by Reaction 5.162. 
Ry2 = kg€geq3 (5.163) 


From statements of equilibrium for the reversible reactions 
C3 = Kici? 
= Ca€g we C9C8 “se ra 
€9 = K5 -~ Cio = Ke C11 = K7-=— 

9 5 č 10 6 @ li 7 Z 


Substituting for components 4, 9 and 10 into the expression for com- 
ponent 11 gives 
TT 
11 = KyK3KoK75— (5.164) 
C3Cs5 





From the reaction stoichiometry, Riz = R7 and? 


= Ks Csi 


AE t (5.165) 





čs 


Substituting Equation 5.165 into Equation 5.164 and rearranging gives 





a2 _ ka TET: 
C= keg K2KsKoKree 





“See Exercises 5.9 and 5.10 for a more complete description of when you can legiti- 
mately make this assumption. 
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Substitution of this expression into Equation 5.163 gives 
2 RS 
Riss VkakaVK2KsKoK7Vc6 $22 (5.166) 
2 


We are told the surface is saturated with CO, ie., 0co = 1. If only CO 
adsorbs 





Zo = o_o om (5.167) 


Substituting Equation 5.167 into the expressions for the hydrogen and 
carbon monoxide surface concentrations, and combining the resulting 
expressions with Equation 5.166 leads to 


3/2 
Riz = VkeakaKaKsKeK7Em3!? Ka (oo) 
Ki cy 


which simplifies to 





(cy, )3/2 


Ren, =k 
CH4 eff cco 











5.7 Summary 


We introduced several concepts in this chapter that are the building 
blocks for reaction kinetics. 


e Most reaction processes consist of more than one elementary re- 
action. The reaction process can be represented by a mass action 
statement, such as C2Hg — C2H4 + H2 in Example 5.5, but this 
statement does not describe how the reactants convert into the 
products. The atomistic description of chemical events is found 
in the elementary reactions. First principles calculations can be 
used to predict the order of these elementary reactions and the 
values of their rate constants. 


* The reaction order for elementary reactions is determined by the 
stoichiometry of the reaction 


r= ki [| o" = ka f] cy” (5.168) 
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e Two assumptions are generally invoked when developing simpli- P total pressure 
fied kinetic rate expressions: (i) some of the elementary reactions = Pj partial pressure of species j 
are slow relative to the others; the fast reactions can be assumed i Pi product species in reaction i 


to be at equilibrium. If only one step is slow, this single reaction 
determines all production rates, and is called the rate-limiting 
step; and (ii) the rate of formation of highly reactive intermediate 


#), molecular partition function of species j 
elec electronic partition function 








f Á 2 2 rot rotational partition function 
species can be set to zero; the concentration of these intermedi- ie i vibrational partition function 
ates is found from the resulting algebraic relations rather than ? es P ame 
differential equations. S Q pardon wuneuon 
q Qs volumetric flowrate at the reactor inlet 
e The chemical steps involved in heterogeneous reactions (adsorp- Ti reaction rate for ith reaction 
tion, desorption, surface reaction) are generally treated as ele- : R gas constant 
mentary reactions. In many cases, one reaction is the slow step : Ry production rate for jth species 
and the remaining steps are at equilibrium. For heterogeneous Ri reactant species in reaction í 
‘reactions, we add a site balance to account for the vacant and t time 
‘occupied sites that take part in the reaction steps. T absolute temperature 
Vir) intermolecular potential energy 
Notation Ve reactor onime 
z compressibility factor 
aj activity of species j €i energy of the ith electronic level 
cj concentration of species j £i extent of the ith reaction 
Cis steady-state concentration of j Oj fractional surface coverage of species j 
či concentration of species j on the catalyst surface : Oy fractional surface coverage of vacant sites 
Cm total active surface concentration (monolayer coverage concentra- ee Vij stoichiometric number for the jth species in the ith reaction 
tion) 5 o symmetry number, 1 for a heteronuclear molecule, 2 for homonu- 
Cy concentration of vacant surface sites - clear molecule 
J; fugacity of species j a Y lifetime of a component 
Fi standard-state fugacity of pure species j dj fugacity coefficient for species j 
Fi flux of species j from the gas phase to the catalyst surface 
Gei degeneracy of the ith electronic energy level 5.8 Exercises 
h Planck's constant 
momentiot pera foramigid TOLT Exercise 5.1: Equilibrium assumption and nonlinear kinetics 
hi moment of inertia about an axis t As jeciles in two conceciive 
kp Boltzmann constant wo to add groups to difunctional molecules 
K reaction equilibrium constant i 
m mass of a molecule (atom) iiba Co CB ke D 
Mi molecular weight of species j kay kg 
ny moles of species j The difunctional starting material (A) combines with the primary reactant (8) 
Nj molar flowrate of species j to form the monofunctional intermediate (C), which subsequently combines 
p probability of finding adjacent pairs of sites with B to produce the desired final product (D). 
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(a) Write down the material balances for components A, B, C and D if this 
reaction takes place in a batch reactor. 


(b) Let's assume the first step is very slow compared to the second. Solve 
for the equilibrium concentration of component D by setting the rate of 
the second reaction to zero (i.e., the second reaction is at equilibrium 
compared to the first). Then we can eliminate the ODE for component D 
in the simplified model and replace it with this algebraic equation. 


(c) What are the differential equations for concentrations of components 
A, Band C in the simplified model? Hint: don’t just set rz = 0 in the full 
model but eliminate rz instead. 


(d) A numerical ODE solver like Octave can solve the full set of four ODEs 
in part 5.1a as easily as the set of three ODEs in part 5.1c. 
Why might you prefer the simplified model anyway? Be specific. 


Exercise 5.2: Nitrogen dioxide reaction mechanism 


The following overall stoichiometry has been observed for the decomposition 
‘of gaseous dinitrogen pentoxide to gaseous nitrogen dioxide and oxygen [28]. 


2N205 = 4NO2 + O2 
Consider the following proposed mechanism to explain this stoichiometry. 


N205 = NO2 + NO; 
NOz + NO3 — NO+ O2+NOz 
NO+ NO; — 2NO2 


(a) Write down the production rate of each species in the mechanism. 


(b) After making the quasi-steady-state assumption (QSSA) for the interme- 
diates, write down the production rate of the reactants and products. 


(c) How many rate constants would you need to determine experimentally 
to use the full model to predict the concentrations of N20s, NO2 and O2 
in the reactor? How many rate constants would you need to determine 
experimentally to use the QSSA model to predict these same concentra- 
tions? 


ian OEE E OEEO 
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Exercise 5.3: Using the QSSA 
Consider the simple series reaction mechanism taking place in a constant- 
volume batch reactor 

kı ky 


A= B, B=C 
kai kuz 


(a) Write down the mole balance differential equations for species A, B and 
C. We call this set of differential equations the full model. , 


p 


{b) For what values of rate constants would you expect the QSSA to be valid 
for species B? 


(c) Make the QSSA on species B and write down the resulting differential 
equations for species A and C. 


(d) Plot ca, cg and ce versus time for the solution to the full model for initial 
conditions c4(0) = 1, cg(0) = cc(0) = 0, and rate constants kj = k-z = 1, 
ko = kı = 20. You can solve this model analytically or numerically. 


{e} Now solve the simplified model, either analytically or numerically. Make 
three plots, one for each species, showing cj(t) for the full model and 
the simplified model. Are you satisfied using the QSSA for this situation? 
What advantage does the simplified model provide? 


Exercise 5.4: Applying the QSSA to develop a rate expression 
The thermal decomposition of bis-pentafluorosulfurtrioxide (SFsQ3SFs) 
SFs03SF5 — SFs02SFs + 502 


is postulated to proceed by the following mechanism for oxygen partial pres- 
sures greater than 100 torr [7]. 


k; 

SEsOOOSFs = SF50 + SF502 
Ky 

SFsO2 + SF502 “2 2SFs0 + Oz 


2SE50 “2 SE500SEs 


The first reaction is not at equilibrium and SF;0 and SF;02 are radicals. De- 
velop an expression for the rate of bis-pentafluorosulfurtrioxide decomposi- 
tion in terms of stable molecules. 
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Exercise 5.5: Using QSSA to develop a simplified rate expression 
Example 4.7 presented elementary reactions for ethane pyrolysis in the pres- 
ence of NO. Use the data provided in Example 4.7 to answer the following 
questions. 
(a) Apply the quasi-steady state analysis to these reactions, where HNO, H, 
and C2Hs are reaction intermediates to find the rate of ethylene produc- 
tion in terms of stable molecules. 


(b) Detailed analysis of the products in a PFR reveals that the reactions can 
be represented with the following mass action statement 


C2He + NO “! CoHy + H2 + NO 


where 
Y = kettCcyHg 


kıkzks 

Kert = k24} Ekke 
and it is necessary to follow only the concentrations of C2Hes, C2H4, He 
and NO. 
Assume the reaction takes place in an isothermal PFR operating at con- 
stant pressure (1 atm) and constant temperature of 1100 K. The feed to 
the reactor consists of a mixture of ethane and NO with a molar ratio 
of 95% ethane and 5% NO. The inlet volumetric flow rate is 600 cm3/s. 
‘Predict the reactor volume required for 98% of the ethane to react, and 
determine the activation energy for Kerr. 


(c) Compare the answer for this simplified model that uses Kerr with the 
full solution to this problem in which all components are followed as 
illustrated in Example 4.7. 


Exercise 5.6: Acetaldehyde decomposition mechanism and kinetics 


The pyrolysis of acetaldehyde, CH3CHO, has been proposed to involve the 
following reactions [33]. 


CH;CHO“! CH3;+ CHO 
CH; + CH3CHO “2 CH4 + CH3CO 
cHcO“2 CH;+ CO 

2CH; “! CoHs 


In this mechanism CH3, CH;CO and CHO are reaction intermediates. The rad- 
ical CHO undergoes further reactions than are shown, but for simplicity they 
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are ignored here. Assuming the reaction intermediates (CH3, CH3CO and CHO) 
are quasi-steady-state intermediates, determine the rate of methane formation 
in terms of only stable molecules. 


Exercise 5.7: Two candidate reduced models 


Consider the simple series reaction mechanism taking place in a constant- 
volume batch reactor 


k; k; 
2g B=C 
ky ko 


(a) Write down the mole balance differential equations for species A, B and 
C. We call this set of differential equations the full model. 


(b) For what range of rate constants would you think it is reasonable to 
assume the second reaction is at equilibrium compared to the first re- 
action? 


(c) We write down two candidate simplified models to try to describe this 
situation. In the first one, set rz = 0 and solve for cc. Then set r = Oin 
the remaining ODEs for c4 and cg. 


(d) In the second one, solve for cc as above, but now eliminate r from 
the differential equations, rather than setting it to zero, and write down 
differential equations for c4 and cg. 


fe 


Solve the three models for the following values (choose any time and 
concentration units you like). Feel free to solve it analytically or numer- 
ically. Plot the concentrations versus time for each model. 
ky =1 ky =0 kz = 100 
Cao = 0.5 cgo = 0.5 cco = 0 





Which simplified model correctly describes the full model in the limit of 
a fast second reaction? 


What went wrong in the approach that didn’t work? 


Exercise 5.8: Mechanisms and elementary reactions 
(a) What is the important difference between a reaction with an observed 
stoichiometry and an elementary reaction? 


{b) List two simple tests a mechanism must pass to be considered a valid 
description of an overall stoichiometry. 
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(c) Name and describe the two major assumptions that are made to simplify 
the rate expressions for complex reaction networks. 


(d) Describe the transition-state concept and give a chemical example. 


Exercise 5.9: Disproportionation of cumene 


The disproportionation of cumene (CgHsCH(CH3)2) to benzene and propylene 
C— B+P 


proceeds by the following catalytic mechanism [6]: 


ky 
C(g)+ X =C-X 
ky 


k2 
C- X = B-X+P(g) 
kg 


k3 
B(g)+ X =B-X 
k3 
in which C, B, P and X represent cumene, benzene, propylene and vacant sites, 
respectively. The A-X notation means A adsorbed on the catalyst surface. 
Propylene does not adsorb on the surface. Develop production-rate expres- 
‘sions for the following two situations. 


(a) The surface reaction is rate limiting and irreversible, and the adsorption 
and desorption of benzene and cumene are at equilibrium. Develop the 
production-rate expression for propylene. 


(b) The adsorption of cumene is rate limiting and irreversible, and the ad- 
sorption and desorption of benzene and the surface reaction are at equi- 


librium. Develop the production-rate expression for cumene. 


(c) After glancing at the overall stoichiometry, 


C— B+P 


a colleague claims that the production rate of cumene must also be the 
negative of the production rates of propylene and benzene. Do you 
agree? Why or why not? 


Exercise 5.10: Overall stoichiometry and production rates 


Consider again the disproportionation of cumene described in Exercise 5.9. 
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{a) Assume you are running this reaction in a well-mixed gas-phase CSTR 
containing a small, solid-catalyst bed. Gas-phase cumene is fed to the 
reactor, and the effluent gas containing propylene, benzene, and any 
unreacted cumene is withdrawn. If this reactor achieves steady state, 
from the CSTR material balances what can you say about the relation- 
ships between the steady-state production rates of gas-phase cumene, 
benzene and propylene? 


(b) Assume that you run the experiment while maintaining tow concentra- 
tions of adsorbed cumene and benzene compared to the gas-phase con- 
centrations. What can you conclude about the production rates of gas- 
phase cumene, benzene and propylene under these conditions? 


(©) Corrigan et al. [6] used initial rates to support the mechanism given in 
Exercise 5.9. What simple experiments can you do to determine which 
of the previous two sets of assumptions actually describe the chemistry 
of cumene disproportionation? Explain how you would interpret the 
results of your proposed experiments to make this determination. 


Exercise 5.11: Fractional coverage for multicomponent adsorption 


The conversion of carbon monoxide and hydrogen into synthetic fuels occurs 
over metals. Carbon monoxide and hydrogen compete for surface sites in the 
adsorption phase of the synthesis process. 

Determine the fraction of surface sites that are covered by CO and atomic 
hydrogen in the absence of any subsequent reactions. The adsorption reac- 
tions are: 


CO(g)+ X= CO-X Keo = 3.8 x 104 cm3/mol 
Ho(g)+2X = 2H-X Kimi = 4.9 x 10° em3/mol 


The gas-phase conditions are Pco = 3 atm, Py, = G atm and T = 398 K. 


Exercise 5.12: Oxygen adsorption 


The data in Table 5.8, which are plotted in Figure 5.25, were collected for 
adsorption of oxygen on a Pd catalyst. The adsorption is dissociative 


k; 
O2 + 2X = 20. X 
kay 
{a) Derive an expression for the Langmuir isotherrn to model the concen- 


tration of adsorbed oxygen in terms of the concentration of gas-phase 
oxygen. How many unknown parameters does your model contain? 
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Co, x 107 


3.05 6.10 9.15 12.2 15.2 61.0 76.2 91.5 107 122 137 152 
(mol/L) 











čo x 10€ 


(mol/g-cat) 1.00 1.62 2.30 2.88 2.88 4.51 4.59 4.95 5.21 5.35 5.30 5.59 














Table 5.8: Gas-phase oxygen concentration and adsorbed oxygen 
concentration. 
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Figure 5.25; Adsorbed oxygen concentration versus gas-phase oxy- 
gen concentration. 


(b) Use the experimental data to obtain preliminary estimates of these pa- 
rameters. You may wish to replot the data as 1/ĉo versus 1/,/€0;. Don't 
just plug these numbers into a least-squares calculation without looking 
at the re-plotted data first. Table 5.8 provides the numerical values of 
the data plotted in Figure 5.25. 


Does the Langmuir model look reasonable for these data? Explain why 
or why not. 


We revisit these data in Exercise 9.7 after we have developed more general 
parameter estimation methods in Chapter 9. 


isis ia aa e a a 
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Exercise 5.13: Adsorption of propane ê 


Assume we are going to place a large adsorption bed underneath our auto- 
mobile to store adsorbed propane, which we desorb while driving, to use as 
a fuel replacement for liquid gasoline. Let's assume that propane adsorbs on 
the adsorbent material as a Langmuir isotherm, 

ee CmKP 

1+KP 

in which c. is the molar concentration of adsorbed propaneyt, is the mono- 
layer coverage, K is the adsorption equilibrium constant and P is the gas-phase 
propane pressure. 

Assume the propane “filling station” can charge the bed with a propane 
supply pressure of P) = 10 atm and the bed is exhausted at a propane partial 
pressure of P; = 0.1 atm. We are interested in selecting an adsorbent material 
that maximizes the amount of propane that desorbs while changing from P2 
to Pi. 


(a) Write down an expression for Ac = c(P2) ~ c(P,). What is Ac for K = 0, 
for K — œ? Sketch a plot of Ac versus K. 





(b) What is the optimal adsorbent material (K value) and what fraction of 
the adsorbed propane can be taken off as fuel when using this optimal 
adsorbent material? 


Exercise 5.14: Competitive adsorption and reaction rate 

Consider the following heterogeneous reaction in which A and B associatively 
adsorb on a catalyst surface and undergo reaction to product P, which subse- 
quently desorbs. 





x 


A+ X= A-X 
Kay 
kz 
B+ XĒB-X 
Kg 
A-X+B-XË P-X+X 
ky 
P+ X= Pp-x 
Kg 


At 373 K the equilibrium constants for adsorption are 





Kı = 190,000 Kə =580,000 K4=75,000  cm?/mol 
The heats of adsorption are 


AR, = -20,000 AH? = -30,000 AH4 = -12,000 cal/mol 





This problem came from a seminar given at UT-Austin by Professor Eduardo Glandt 
on April 18, 1995 [25]. 
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The rate constant for rs is 


(gcat?) 


ka = 7.6 x 10 exp(-15000/T) Slam) Guoh 








where T is in Kelvin. 


fa) Develop a Langmuir-Hinshelwood rate expression (ie., the rate is ex- 
pressed in terms of gas-phase components) for the surface reaction 
when you assume the surface reaction is the slow step and the adsorp- 
tion and desorption processes are at equilibrium. 


(b 


Determine the magnitude of rate of the surface reaction (r3) at 373 K if 
the gas contains a 50:50 mixture of A and B at a pressure of 1.0 atm. 
What is the value of the rate if a 50:10:40 mixture of A:B:P is present 
instead? Cm = 0.0008 mol/g cat. 


(c) Examine the effect of changing the composition of the gas in contact 
with the catalyst on the rate. Plot rs for the case where the temperature 
is 400 K, the total pressure is 1.0 atm, the mole fraction of P is zero, the 
mole fraction of A is 0.1 and the mole fraction of B is varied between 0 
and 0.9. (An inert component that does not adsorb makes up the balance 
of the gas phase.) Discuss the shape of the curve. 


(d) Now repeat part (c) for the 5 and 10 atm total pressure. Why is there a 
maximum in the rate versus composition curve at higher pressures? 


Exercise 5.15: Competitive adsorption 


Consider two gas-phase components that adsorb associatively on a heteroge- 
neous catalyst 


ky 
AtK=A-~X 
ky 


ky 
B+X== B-X 


At 373 K the equilibrium constants for adsorption are 
Kı = 190,000 Kp = 580,000  cm?/mol 
The heats of adsorption are 
AH, = ~30,000 AH2=~20,000 cal/mol 


(a) Examine the effect of changing the temperature from 300 to 500 K on 
the fractional coverage of A and B. Plot O, and Os versus T when the 
pressure is 1.0 atm and the gas contains an equimolar mixture of A and 
B. Comment on the shape of the curves. Why do the curves for the two 
components have the shapes they do? 





RSet 








| 
l 
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(b) Examine the effect of pressure on the fractional coverage of A and B. Plot 
©, and Əz versus pressure between 0 and 3 atm when the temperature 
is 373 K and the gas contains an equimolar mixture of A and B. Comment 
on the shape of the curves. Why does one of the components appear to 
reach an asymptotic saturation level at a lower pressure than the other 
one? 


(c) Examine the effect of the gas-phase composition on the coverage of A 
and B. Plot ©4 and ©, versus the mole fraction of A as it¢s varied from 
0 to 1 when the temperature is 373 K and the pressure is 1.0 atm. Why 
are the y-axis intercepts different for ya = 0 and ya = 1? 


Exercise 5.16: Associative versus dissociative adsorption 


The active area of supported group-VIIl metals can be determined by adsorbing 
carbon monoxide. Problems arise with the use of CO because it can adsorb 
associatively or dissociatively. The type of adsorption is a function of the 
metal type and the adsorption temperature. The following data describe the 
adsorption of CO on 10% Ru on Al2O3 at 100°C. 








Peo {torr} | CO ads (umol/g cat) 
100 1,28 
150 1.63 
200 1.77 
250 1.94 
300 2.06 
400 2.21 














(a) Test the data to determine if the adsorption is associative or dissocia- 
tive. 


COg + Ru = CO -Ru 
COg + 2Ru = C-Ru+O~Ru 


(b) What is the concentration of total surface ruthenium atoms in terms of 
mol of sites/gm of catalyst? 


Exercise 5.17: Hougen-Watson kinetics 
The irreversible heterogeneous catalytic reaction 
A+B— C+D 


Was studied over a wide range of partial pressures of reactants A and B, and 
products C and D. In the experimental observations reported below the partial 
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pressure of one component was varied while holding the partial pressures of 
the other three components fixed. Use the observations to establish the reac- 
tion mechanism. Specifically, which candidate reaction mechanism is consis- 
tent with all of the data. Explain your reasoning and justify your answer. 
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Exercise 5.18: Power-law approximation of Hougen-Watson kinetics 
The following catalytic reaction is conducted in a 0.25 cm radius spherical 


pellet. 






































A+B — C 
Observations: F ` PAI r , 
The mechanism for this reaction is shown below. A, Bz and C are in adsorption- 
desorption equilibrium with the surface. The bimolecular surface reaction is 
Partial Partial irreversible and rate limiting. ae 
pressure | pressures | Characteristics of the plot of ki 
varied fixed log rate versus log P varied A+ S5 = Aads 
A B,C, D | 1. At low Py the curve has a slope of 1. ka, 
2. At intermediate P4 the curve has a positive slope B2+ 28 ae 2Bads 
less than 1. a 
Aads + Bads —>  Caas +S 
B A,C,D 1. At low Pg the curve has a positive slope ky 
slightly less than 1. C+ S$ a Cads 
2. At intermediate Pg the curve has a maximum. 
3. At high Pg the curve has a slope of -1. Additional data for this problem follow. 
c A,B, D 1. At low Pc the curve has zero slope. Item | _Value Units 
2. At high Pe the curve has slope —2. Kı 130,100 | cm*/mol 
K2 6,500 | cm3/mol 
Ky 6,440 | cm3/mol 
ca | 5.83x10-5 | mol/em3 
Mechanism 1: cg, | 1.40x10-4 | mol/cm3 
cc | 1.17x10-5 | mol/em$ 
A(g)+ X = A-X k3 | 7.41x108 | g cat?/(mol cm? s) 
Big)+ X = B-X Cm 1.8 x10°5 | mol/g cat 
C(g)+ X = CX (a) Determine the fractional surface coverages of A, B and C (i.e., 04, Og and 
D)+ X =D-X 8c) at the tabulated conditions. 
RBG aT akc Dkr iateslimitng step (b) Assume you can perform experiments that would enable you to deter- 
. mine the rate of the surface reaction as the concentrations of A, B and 
Mechanism 2: C are varied plus and minus 50% from the values in the table. You then 
Ag+ X = A-X fit the rate data to the following power-law rate expression 
B(g)+ X = B-X r= kegoh ch 
CSR EEX What do you expect the values of «æ, B and y to be and why? 
Dig)+ X = D-X 
Alg) +B-X— C-X+Dig) rate-limiting step 


Exercise 5.19: Ethylene hydrogenation 


The hydrogenation of ethylene to hydrogen is found experimentally to follow 
the reaction orders given in the following table [34]. 
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Catalyst | Order in Hz | Order in CoH, | 
Rh 0.85 ~0.74 
Ru 0.95 ~0.59 
Co 0.55 -0.19 








The following steps have been suggested for the catalytic reaction mecha- 
nism [39, p.53]. In this mechanism ethylene adsorbs associatively and Ho 
adsorbs dissociatively. There is a stepwise addition of adsorbed hydrogen to 
form an adsorbed ethyl group, C2Hs,aas, and then adsorbed ethane, C2He,ads- 


ki 
CoHy+ S T C2H4 ads 
ke 
Hz+ 2S = 2Hads 

kg 
k3 

CoHaads + Hads nae CoHsads +S 
3 
k, 

CaHsaas + Hads = CoHoads +S 
-4 


ks 
C2H6,ads z= C2H6 


5 


where S is a vacant surface site. The rate of the formation of ethane is that 
of the rate-limiting surface hydrogenation step. There are two choices. For 
Scheme I, the rate-limiting step is Reaction 3. For Scheme II, the rate-limiting 
step is Reaction 4. 


1. Develop a rate expression for the rate of ethane formation for Scheme 
L Let Reaction 3 be the rate-limiting step and assume all other reactions 
are at equilibrium. Assume that adsorption from the gas phase follows a 
Langmuir adsorption isotherm. Neglect the reverse of Reaction 3. When 
performing a site balance, assume the surface is either vacant or covered 
with adsorbed ethylene, i.e., the coverage of ethyl, atomic hydrogen and 
adsorbed ethane are negligibly small. 


2. Develop a rate expression for the rate of ethane formation for Scheme 
IL Let Reaction 4 be the rate-limiting step and assume all other reactions 
are at equilibrium. Assume that adsorption from the gas phase follows a 
Langmuir adsorption isotherm. Neglect the reverse of Reaction 4. When 
performing a site balance, assume the surface is either vacant or covered 
with adsorbed ethylene and ethyl, i.e., the coverage of atomic hydrogen 
and adsorbed ethane are negligibly small. 


3. Based on the experimental data listed in the table, is Scheme I or If the 
more probable mechanism and why? 
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The Energy Balance for Chemical 
Reactors 





6.1 General Energy Balance 


To specify the rates of reactions in a nonisothermal reactor, we require 
a model to determine the temperature of the reactor. The tempera- 
ture is determined by the energy balance for the reactor. We derive 
the energy balance by considering an arbitrary reactor volume element, 
shown in Figure 6.1, as we did in deriving the material balance in Chap- 
ter 4. The volume element has inlet and outlet streams with mass 
flowrates mo and mj, respectively. In this chapter, we are again ne- 
glecting flux of mass through the surface of the volume element except 
at stream locations 0 and 1. The molar concentrations of component 
J in the two streams are given by cjo and cji, and the total energies of 





Figure 6.1: Reactor volume element. 
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the streams are denoted by Eo and £i. The rate of heat added to the 
system is denoted by Q, and W is the rate of work being done on the 
system. Be aware that the opposite convention in which W points out 
of the system in Figure 6.1 is also in use. The statement of conservation 
of energy for this system takes the form, 


rate of energy rate of energy 
rate of energy ` , 
aGmimulation k= entering system }~—4 leaving system 
by inflow by outflow 


; rate of heat f rate of work 6.1) 
“7 added to system done on system . 


In terms of the defined variables, we can write Equation 6.1 as, 


a = mobo - mE, +Q+W (6.2) 


‘in which the hat indicates an energy per unit mass. 


6.1.1 Work Term 


It is convenient to split the work term into three parts: Wr, the work 
done by the flow streams while moving material into and out of the 
reactor, W;, the shaft work being done by stirrers, compressors, etc., 
‘and Wp, the work done when moving the system boundary. 
W = W + We + W; 6.3 
ee tae tO 
total work few streams shaft work boundary work 
To calculate the work done by the flow streams, we assume the 
entering fluid has pressure Pp and a uniform velocity vo normal to the 
bounding surface, and the exiting stream has pressure P; and velocity 
vy, and let Ag and A, be the areas on the bounding surface where the 
streams intersect the boundary as shown in Figure 6.2. In this case Wr 
is! 
Wy = VoAoPo ~ ViAIPi = QoPo ~ QiPi 
We also can express the volumetric flowrate as a mass flowrate divided 
by the density, Q = m/p 
i Po Pi 


Wp =mo— -m — 
f po pi 


'wWe are neglecting any normal viscous forces, which are usually much smaller than 
the pressure force. Consult Bird for a more detailed development from microscopic 
considerations [5, 6}. 
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Py 


( vi 


Po 


Figure 6.2: Flow streams entering and leaving the volume element. 


Note that the units in the product mP/p are (m/t)(m/It?)/(m/I), 
which gives (ml? /t*)/t, a unit of energy per time as we expect. The 
overall rate of work can then be expressed as 


W = We + We + Wy = mo Te — m2 +Ws + Wp (6.4) 
1 


6.1.2 Energy Terms 


The total energy may be regarded as composed of many forms. Obvious 
contributions to the total energy arise from the internal, kinetic and 
potential energies.* 
E=0+K+6+.--- 

For our purposes in this chapter, we consider only these forms of en- 
ergy. Recalling the definition of enthalpy, H = U + PV, or expressed on 
a per-unit mass basis, H = U + P/p, allows us to rewrite Equation 6.2 
as 


d ee ae 
Gr (U+K +) = mo (H+ K+) -m (A+R +8), 
+Q+4Ws+Wy (6.5) 


6.2 The Batch Reactor 


-> Since the batch reactor has no flow streams Equation 6.5 reduces to 


Š U+K +0) =O + We +W (6.6) 





in some cases one might need te consider also electrical and magnetic energies. For 
example, we might consider the motion of charged ionic species between the plates in 
a battery cell, 
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In chemical reactors, we normally assume the internal energy is the 
dominant contribution and neglect the kinetic and potential energies. 
Normally we neglect the work done by the stirrer, unless the mixture is 
highly viscous and the stirring operation draws significant power [13]. 
Neglecting kinetic and potential energies and shaft work yields 


aU påver 
dt dt 
in which Wp = ~PdVp/dt. It is convenient to use enthalpy rather than 


internal energy in the subsequent development. Taking the differential 
of the definition of enthalpy gives for V = Vg 


=O (6.7) 


aH = dU+ PdVr + VraP 


Forming the time derivatives and substitution into Equation 6.7 gives 


dH aP_ ; 
ar -Vere =Q (6.8) 


For single-phase systems, we consider the enthalpy as a function of tem- 
perature, pressure and number of moles, and express its differential as 


aH = Fax are Gels PAE (Fg (6.9) 


‘The first partial derivative is the definition of the heat capacity, Cp. 
Notice this heat capacity is the extensive heat capacity of the reactor 
contents. Normally we express this quantity as an intensive heat ca- 
pacity times the amount of material in the reactor. We can express the 
intensive heat capacity on either a molar or mass basis. We choose to 
use the heat capacity on a mass basis, so the total heat capacity can be 
expressed as 


Cp = VepCp 
The second partial derivative can be expressed as 
aH av j 
(asa? ealla Vaan) 


in which o = (1/V)(0V/0T)p.n, is the coefficient of expansion of the 
mixture. The partial derivatives appearing in the sum in Equation 6.9 
are the partial molar enthalpies, H; 


om 
"iS ren, 


ee ne 
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so Equation 6.9 can be written compactly as 
AH = VepCpaT + (1 - &T)VrdP + Ý Hjdnj (6.10) 
J 
Forming the time derivatives from this expression and substituting into 
Equation 6.8 gives 





, aT dP dn; . 
Vrp r -aTVR g + Hj = =Q .— (6.11) 
J 


We note that the material balance for the batch reactor is 


dnj 


a Set j=l, ns (6.12) 


i=l 
which upon substitution into Equation 6.11 yields 
vane IE - aan = - Y AHR: VR +O (6.13) 
i 


in which AH; is the heat of reaction 
AHpi = >. vigHj (6.14) 
j 


We now consider several special cases. If the reactor operates at 
constant pressure (dP/dt = 0) or the fluid is incompressible (« = 0), 
then Equation 6.13 reduces to 


Incompressible-fluid or constant-pressure reactor. 





vente T = >: AHpitiVe + Q (6.15) 
i 











To derive the constant-volume case, we consider the pressure as a 
function of T, V (V = Vg), nj, and express the pressure differential as 


òP ap oP 
ae (Syn, T+ (7) on VES Dn ee 


: For reactor operation at constant volume, dV = 0, and forming time 


derivatives and substituting into Equation 6.11 gives 


, faP aT ., [aP an 
[vant - arv aa | aoe Ez - aT Vg (*) m =a 
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We note that the first term in brackets is Cy = VepCy [15, p. 43] 


A A 2 oP 
VepCy = VapCp - «TVR (FF), 
Mj 


Substitution of Cy and the material balance ‘yields the energy balance 
for the constant-volume batch reactor 


Constant-volume reactor. 





ln AT 
VrpCv r = 


oP f 
-gamar Sy (2) [rsa 
i j TVn 


j 





(6.16) 








If we consider an ideal gas, it is straightforward to calculate aT = 1 and 
(OP /Onj)rv.n, = RT/V. Substitution into the constant-volume energy 
balance gives 


Constant-volume reactor, ideal gas. 





vapev an = ~ > (AHR: ~ RTV;) riVr +Å (6.17) 
i 











where ¥; = $j Vij- 

If we consider the constant-volume reactor with incompressible fluid 
(a = 0,Cy = Cp), Equation 6.16 reduces to Equation 6.15 as it should 
because Equation 6.15 is valid for any reactor operation with an incom- 
pressible fluid. We also notice that, in the constant-pressure case, the 
same energy balance applies for any fluid mixture (ideal gas, incom- 
pressible fluid, etc.), and that this balance is the same as the balance 
for an incompressible fluid in a constant-volume reactor. Although the 
same final balances are obtained for these two cases, the physical situ- 
ations they describe are completely different. 

Liquid-phase reactions often are carried out in batch reactors. Equa- 
tion 6.15 is therefore a common batch-reactor energy balance. Two 
cases where Equation 6.15 can be simplified include the case of adia- 
batic operation (Q = 0) and the case of heat transfer through a jacket 
or cooling coil 


Q = U°A(T, ~T) (6.18) 
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tion 6.15 must be solved simultaneously, and usually numerically, with 
the batch-reactor material balance, Equation 6.12. 





Example 6.1: Constant-pressure versus constant-volume reactors 





Consider the following two well-mixed, adiabatic, gas-phase batch re- 
actors for the elementary and irreversible decomposition of A to B, 
A~ 2B (6.19) 
Reactor 1: The reactor volume is held constant (reactor pressure there- 
fore changes). 


Reactor 2: The reactor pressure is held constant (reactor volume there- 
fore changes). 


Both reactors are charged with pure A at 1.0 atm and k has the usual 
Arrhenius activation energy dependence on temperature, 


k(T) = ko exp(-E/T) 


The heat of reaction, AHg, and heat capacity of the mixture, Cp, may 
be assumed constant over the composition and temperature range ex- 
pected. 

Write the material and energy balances for these two reactors. Which 
reactor converts the reactant more quickly? 


Solution 


Material balance. The material balance for component A in the batch 
reactor is 











a(caVr) 
dt 
Substituting in the reaction-rate expression, 7 = k(T)ca, and using the 
number of moles of A, na = c4Ve yields 


in which U° is the overall heat-transfer coefficient. Note that Equa- 
| 
f 
| = RAVR 


AMA = -kIT ja 

Notice the temperature dependence of k(T) prevents us from solv- 

ing this differential equation immediately like we did for the isothermal 

Teactor. We must solve it simultaneously with the energy balance, 

which provides the information for how the temperature changes. The 
Material balance, Equation 6.20, is the same for both reactors. 


(6.20) 
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Energy balance. The energy balances for the two reactors are not the 
same. We consider first the constant-volume reactor. For the A — 
2B stoichiometry, we substitute the rate expression and Ÿ = 1 into 
Equation 6.17 to obtain 


of = ~ (AHR - RT) kna 


in which Cy = VepCy is the total constant-volume heat capacity. 
The energy balance for the constant-pressure case follows from 


Equation 6.15 


aT 
Cea = ~AHrkna 


in which Cp = Vep€> is the total constant-pressure heat capacity. For 
an ideal gas, we know from thermodynamics that the two total heat 
capacities are simply related, 


Cy =Cp-nR (6.21) 
Comparing the production rates of A and B produces 
2na + Np = 240 + Neo 


Because there is no B in the reactor initially, subtracting na from both 
sides yields for the total number of moles 


N=N4g+Ng = 2N40 - NA 


Substitution of the above and Equation 6.21 into the constant-volume 
case yields 
aT __(AHg~RT)kng_ 


dt ~~ Cp. Ona -noR constant volume (6.22) 





and the temperature differential equation for the constant-pressure 
case is 
ar =o Anekna constant pressure (6.23) 
dt Cp 
We see by comparing Equations 6.22 and 6.23 that the numerator in the 
constant-volume case is larger because AHp is negative and the posi- 
tive RT is subtracted. We also see the denominator is smaller because 
Cp is positive and the positive nR is subtracted. Therefore the time 
derivative of the temperature is larger for the constant-volume case. 
The reaction proceeds more quickly in the constant-volume case. The 
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constant-pressure reactor is expending work to increase the reactor 
size, and this work results in a lower temperature and slower reaction 
rate compared to the constant-volume case. qa 


Example 6.2: Liquid-phase batch reactor 
The exothermic elementary liquid-phase reaction 


A+B C, r = KCACR 


is carried out in a batch reactor with a cooling coil to keep the reactor 
isothermal at 27°C. The reactor is initially charged with equal concen- 
trations of A and B and no C, Cao = cgo = 2.0 mol/L, cco = 0. 


1. How long does it take to reach 95% conversion? 


2. What is the total amount of heat (kcal) that must be removed by 
the cooling coil when this conversion is reached? 


3. What is the maximum rate at which heat must be removed by 
the cooling coil (kcal/min) and at what time does this maximum 
occur? 


4. What is the adiabatic temperature rise for this reactor and what 
is its significance? 


Additional data: 


Rate constant, k = 0.01725 L/mol-min, at 27°C 

Heat of reaction, AHr = ~10 kcal/mol A, at 27°C 

Partial molar heat capacities, Cpa = Cpg = 20 cal/mol-K, 
Cec = 40 cal/mol K 

Reactor volume, Vg = 1200 L 


Solution 


1. Assuming constant density, the material balance for component A 


is 
dca 


at 
The stoichiometry of the reaction, and the material balance for B 
gives 





= —kcacg 


Ca > Cp = Cag- CRo = O 
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or ca = Cz. Substitution inte the material balance for species A 
gives 
dc A 
at 
Separation of variables and integration gives 


p2 l->] 
klca cao 


Substituting ca = 0.05c40 and the values for k and cao gives 


N Pea 
= +key 


t = 551 min 


. We assume the incompressible-fluid energy balance is accurate 


for this liquid-phase reactor. If the heat removal is manipulated 
to maintain constant reactor temperature, the time derivative in 
Equation 6.15 vanishes leaving 


Q = AHRYVR (6.24) 
Substituting dca/dt = —r and multiplying through by dt gives 
dQ = —~AHRVrdca 
Integrating both sides gives 


Q = ~AHgVr(Ca ~ Cao) = -2.3 x 104 kcal 


. Substituting r = kc} into Equation 6.24 yields 


Q= AHrkciVr 


The right-hand side is a maximum in absolute value (note it is a 
negative quantity) when c4 is a maximum, which occurs for c4 = 
Cao, giving 


Qmax = AHgrkcŽoVr = -828 keal/min 


The adiabatic temperature rise is calculated from the energy bal- 
ance without the heat-transfer term 


vep ae = —AHRrVe 
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Substituting the material balance dn,4/dt = ~rVp gives 
VapCpaT = AHpdna (6.25) 


Because we are given the partial molar heat capacities (see Equa- 
tion 3.51 for the definition of partial molar heat capacity), it is 
convenient to evaluate the total heat capacity as 


Ns an” 
VepCr = >, Cpjny 
jel 


For a batch reactor, the number of moles can be related to the 


reaction extent by nj = njo + vjé, so we Can express the right- 
hand side of the previous equation as 


Ns 
5 Cpjnj= $ Cejnjo + EACp 
jel J 
in which ACp = 3, vj;Cp;. If we assume the partial molar heat 


capacities are independent of temperature and composition we 
have ACp = 0 and 


ns 
VepCp = >. Cpjnjo 
jal 


Integrating Equation 6.25 with constant heat capacity gives 


AHR 


AT = ao 
Dy Cpjnjo 


Ana 


The maximum temperature rise corresponds to complete conver- 
sion of the reactants and can be computed from the given data 


-10 x 103 cal/mol 
ZO mol/L) (20 cal/mol ky © ~ 2 MOL) 
AT max = 250 K 





ATmax = 


The adiabatic temperature rise indicates the potential danger of a 
coolant system failure. In this case the reactants contain enough 
internal energy to raise the reactor temperature by 250 K. 
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6.3 The CSTR 
Dynamic Operation 


For the continuous-stirred-tank reactor (CSTR), we again assume that 
the internal energy is the dominant contribution to the total energy 
and take the entire reactor contents as the volume element. Again we 
denote the feed stream with flowrate Q p, density p f, enthalpy Â f, and 
component j concentration cj. The outflow stream is flowing out of a 
well-mixed reactor and its intensive properties are therefore assumed 
the same as the reactor contents. Its flowrate is denoted Q. Writing 
Equation 6.5 for this reactor gives, 


= QpyeHy - Q0H +Ó +W; + Wp (6.26) 
‘And if we neglect the shaft work 


au AVR 
ut di È = Qype Hy - QpH+O 


or if we use the enthalpy rather than internal energy 


dH dP 
aE -Vei =QfpjĤs-QpĤ +Å (6.27) 


As in the batch reactor, for a single-phase system we consider the 
change in enthalpy due to changes in temperature, pressure and the 
inumber of moles of component j, 


dH = VapCpaT + (1 ~ &QT)VrdP + Ý Hjdnj 
i 
Substitution into Equation 6.27 gives 
vane - oT Va et oA + Ly A =QyprHy-QpH+Q (6.28) 
The material balance for the CSTR is 
oe = Qyejp -Qc + > vistiVe (6.29) 
i 
Substitution into Equation 6.28 and rearrangement yields 


Vep St -arv fE - SŽ AHVI cup Or Hjp-Hj)+Q (6.30) 
J 
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Again, a variety of important special cases may be considered. These 
are listed in Table 6.8 in the chapter summary. A common case is 
the liquid-phase reaction, which usually is well approximated by the 
incompressible-fluid equation, 


a aT 7 

Verê Se =~ > AHririVr + $ cypQp (Aj - Hy) +Q (6.31) 
i i 

In the next section we consider further simplifying assafnptions that 

require less thermodynamic data and yield useful approximations. 


Steady-State Operation 


If the CSTR is at steady state, the time derivatives in Equations 6.29 
and 6.30 can be set to zero yielding, 


Qyrejp — Qej + Ý vijriVe = 0 (6.32) 
i 


-$ AHRiTiVe + X cjpQp (Hyp ~ Hy) +Q = 0 (6.33) 
i if 

Equations 6.32 and 6.33 provide ns + 1 algebraic equations that can be 

solved simultaneously to obtain the steady-state concentrations and 

temperature in the CSTR. Note that the heats of reaction AHR; are eval- 

uated at the reactor temperature and composition. 

For a liquid-phase reaction, there is a final approximation that is 
often useful. If the heat capacity of the liquid phase does not change 
significantly with composition or temperature, possibly because of the 
presence of a large excess of a nonreacting solvent, and we neglect the 
pressure effect on enthalpy, which is normally small for a liquid, we 
obtain 

Hyp -Hj = Cpj(T¢ ~ T) 
Substitution into Equation 6.33 gives 


~ Sr AHRiVe + QpppCp(Tp ~T)+Q=0 (6.34) 


i 


Example 6.3: Temperature control in a CSTR 


An aqueous solution of species A undergoes the following elementary 
reaction in a 2000 L CSTR as depicted in Figure 6.3. 


k 
A = RAH, = -18 kcal/mol 
i 
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Qe 
Qı 
Figure 6.3: CSTR and heat exchangers. 


The feed concentration, Cap, is 4 mol/L and feed flowrate, Qg, is 
250 L/min. The reaction-rate constants have been determined experi- 
mentally 

ky = 3 x 107e79838/T min`! 
Ky = 1.9 x 107! ¢9059/T 


1. At what temperature must the reactor be operated to achieve 80% 
conversion? 


2. What are the heat duties of the two heat exchangers if the feed 
enters at 25°C and the product is to be withdrawn at this tem- 
perature? The heat capacity of feed and product streams can be 
approximated by the heat capacity of water, Cp = 1 cal/g K. 


Solution 


1. The steady-state material balances for components A and Rina 
constant-density CSTR are 


Q(Car -cA)-YVR=0 
Q (crf —CR)+7VR =0 


Adding these equations and noting Cgy = 0 gives 


CR = Cap = CA 
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Substituting this result into the rate expression gives 
1 
r=ki(ca- K (AF -= €a)) 
Substitution into the material balance for A gives 
1 
QlCag = Ca) = ki (Ca ~ gr (Cag ~ ca) Ve =0 (6.35) 


If we set C4 = 0.2c4p to achieve 80% conversion, we have one equa- 
tion and one unknown, T, because k; and K; are given functions 
of temperature. Solving this equation numerically gives 


T = 334K 


A word of caution is in order here. Because the reaction is re- 
versible, we do not know if 80% conversion is achievable for any 
temperature when we attempt to solve Equation 6.35. It may be 
valuable to first make a plot of the conversion as a function of 
reactor temperature. If we solve Equation 6.35 for c4, we have 


Ope Q/Vr + ki/Ky é 
A” QWR + kid +K) “F 
or for x4 = 1 ~ca/Caf 


2: kı . k18 
A ONr tk +1/K) 1+kiðl+i/Ki) 
Figure 6.4 displays x4 versus T and we see that the conversion 
80% is just reachable at 334 K, and that for any conversion lower 


than this value, there are two solutions. 





2. A simple calculation for the heat-removal rate required to bring 
the reactor outflow stream from 334 K to 298 K gives 


Q2 = QfpĈpAT 
= (250 L/min) (1000 g/L) (1 cal/g K)(298 — 334 K) 
= -9 x 10? keal/min 


Applying Equation 6.34 to this reactor gives 
x 1 A 
Qi =kiles - Ky oar ~ C4) )AHRVR - QypCre(Ty - T) 
= -5,33 x 10° keal/min 
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Figure 6.4: Conversion of A versus reactor temperature. 


6.3.1 Steady-State Multiplicity 


The coupling of the material and energy balances for the CSTR can give 
rise to some surprisingly complex and interesting behavior. Even the 
steady-state solution of the material and energy balances holds some 
surprises. In this section we explore the fact that the steady state of 
the CSTR is not necessarily unique. As many as three steady-state so- 
lutions to the material and energy balances may exist for even the sim- 
plest kinetic mechanisms. This phenomenon is known as steady-state 
multiplicity. 

We introduce this topic with a simple example [24]. Consider an adi- 
abatic, constant-volume CSTR with the following elementary reaction 
taking place in the liquid phase 


AEB 


We wish to compute the steady-state reactor conversion and tempera- 
ture. The data and parameters are listed in Table 6.1. 
The material balance for component A is 


d(caVr} 
eee = Qraf -Qca + RAVR 
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Parameter Value Units | 
Ty 298 K 
Tm 298 K 
Cp 4.0 kJ/kg K 
Caf 2.0 kmol/m? 
km 0.001 | min“! 
E 8.0x10 | K 
p 103 | kg/m? ae 
AHR -3.0 x 105 | kJ/kmol 
ue 0 

















Table 6.1: Parameter values for multiple steady states. 


The production rate is given by 
R AT k¢ T) CA 


For the steady-state reactor with constant-density, liquid-phase streams, 
the material balance simplifies to 


0=cCap—(1+kO)ca (6.36) 


Equation 6.36 is one nonlinear algebraic equation in two unknowns: cA 
and T, The temperature appears in the rate-constant function, 





k(T) = kme ET -1/Tm) 


A second equation is provided by the energy balance, and, in this 
example, we assume the heat capacity of the mixture is constant and in- 
dependent of composition and temperature. With these assumptions, 
the steady-state energy balance reduces to 


O = -kca AHRVR + QppyCp(Ty ~ T) +U°A(Ta ~ T) 


Dividing through by Vg and noting U° = 0 for the adiabatic reactor 
gives 





0 = ~kcaAHe + PS (Ty -T) (6.37) 








in which Cp; = p. fÊ p, a heat capacity per volume. The solution of Equa- 
tions 6.36 and 6.37 for c4 and T provide the steady-state CSTR solution. 
The parameters appearing in the problem are: caf, Ty, O, Crs, kms Tm, 
E, A, Hp. We wish to study this solution as a function of one of these 
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parameters, 0, the reactor residence time. We first examine the iso- 
thermal case. Assume the heat of reaction is zero. Equation 6.37 then 
implies T = Ty for all residence times. In this case, we already have 
shown that 
CA Caf x= ae 
1+ké’ 1+ké 





The x and T values for this case are plotted versus residence time as 
the AHp = 0 lines in Figures 6.5 and 6.6. This case is much as we ex- 
pect, the conversion of A increases monotonically with residence time 
because the reactant molecules have more time to react at longer resi- 
dence times. Consider the endothermic case, AHg = +5 x 104 kJ/kmol. 
Because the heat of reaction is positive, the steady-state temperature 
decreases with increasing conversion and residence time. The lower 
temperature decreases the rate constant and one has to operate the 
reactor at significantly longer residence times to achieve the same con- 
version as the isothermal case as shown in Figure 6.5. Now consider 
the solution for exothermic reaction, plotted in Figures 6.5 and 6.6, 
for AH = ~5,-10,~20,-—30 x 104 kJ/kmol. In these cases, tempera- 
ture increases with conversion and hence residence time. The rate con- 
istant increases significantly with temperature, and higher conversions 
iare achieved at smaller residence times as the exothermicity increases. 
Note that if the heat of reaction is more exothermic than —10 kJ/kmol, 
there is a range of residence times in which there is not one but several 
steady-state solutions, three solutions in this case. The reactor is said 
to exhibit steady-state multiplicity for these values of residence time. 
For intermediate values of the heat of reaction, one can see the forma- 
tion of the s-shaped steady-state temperature curves. We also should 
note that we have assumed the reaction mixture remains in the liquid 
phase at these temperatures and the reactor pressure. 

The points at which the steady-state curves turn are known as ig- 
nition and extinction points. Figures 6.7 and 6.8 show the AHR = 
-3 x 10° kJ/kmol case again, without a log scale on the residence-time 
axis. Consider a reactor at steady state for a small value of residence 
time, 10 min, at low conversion of A and low temperature. If the feed 
flowrate were decreased slightly (@ increased), there would be a small 
upset and the reactor would increase in conversion and temperature as 
it approached the new steady state at the new residence time. Consider 
the situation at the ignition point, however. Let the reactor be at steady 
state for @ = 30.9 min at x = 0.09 and T = 311 K. If there is a small 
decrease in feed flowrate so the residence time is 32 min, there is no 
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Figure 6.5: Steady-state conversion versus residence time for differ- 
ent values of the heat of reaction (AH x 10°4 kJ/kmol). 
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Figure 6.6: Steady-state temperature versus residence time for dif- 
ferent values of the heat of reaction (AHg x 10°4-kj/kmol). 
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Figure 6.7: Steady-state conversion versus residence time for AHg = 
~3 x 105 kj/kmol; ignition and extinction points. 
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Figure 6.8: Steady-state temperature versus residence time for 
AHpg = —3 x 10° kj/kmol; ignition and extinction points. 
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steady state near the temperature and concentration of the reactor. A 
large release of heat occurs and the reactor ignites and moves to the 
steady state near x = 1 and T = 448 K. We can compute this maximal 
temperature corresponding to complete conversion as follows. 


Tmax — Tp = ee = 150K 
s. 


À reactor operating near the extinction point can exhibit the opposite 
phenomenon. A small increase in feed flowrate causes the residence 
time to decrease enough so that no steady-state solution exists near the 
current temperature and concentration. A rapid drop in temperature 
and increase in concentration of A occurs as the reactor approaches 
the new steady state. The curves of low temperature and low conver- 
sion connecting to the ignition point are known as the lower branch of 
solutions. The curves connecting the extinction point to the high tem- 
perature and conversion at large residence time are known as the upper 
branch. The curves connecting the ignition and extinction points to- 
gether are called the middle branch. The points on the middle branch, 
while satisfying the steady-state equations, are unstable solutions. An 
unstable steady-state solution has the property that small perturba- 
tions to a reactor operating at this steady state causes the reactor to 
leave this solution and approach either the steady state on the upper or 
lower branch. The choice of which branch the reactor approaches de- 
pends on the exact nature of the perturbation the reactor experiences. 
This situation is much the same as a pencil initially balanced on end 
on a desk. Which direction the pencil falls is not easily predicted and 
depends in a sensitive way on the actual perturbation the pencil expe- 
riences. The upper and lower branches, on the other hand, are stable 
Steady states. The reactor returns to these steady states after small 
perturbations. 


6.3.2 Stability of the Steady State 


We next discuss why some steady states are stable and others are unsta- 
ble. This discussion comes in two parts. First we present a plausibility 
argument and develop some physical intuition by constructing and ex- 
amining van Heerden diagrams [25]. In the next section we present a 
rigorous mathematical argument, which has wide applicability in ana- 
lyzing the stability of any system described by differential equations. 


T(K) 
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Figure 6.9: Steady-state temperature versus residence time for 
AHp = ~3 x 10° kj/kmol. 





Point [A B C D E F G 
Əmin) 1.79 15 309 i5 L79 i5 309 
T(K) |298.2 300.5 311 338 421 446.5 447 














Table 6.2: Selected values of steady-state temperatures and resi- 
dence times. 


Reactor Stability — Plausibility Argument 


Consider again the steady-state temperature versus the residence-time 
curve shown in Figure 6.9. We have labeled seven points on this curve: 
A, B and C on the lower branch; D on the middle branch; and E, F and 
G on the upper branch. The numerical values at these points are listed 
in Table 6.2. If we first substitute the solution of the mass balance. 
Equation 6,36, for ca into the energy balance, Equation 6.37, we obtain 
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a single equation for the single unknown T 





d (es k "n CPs 4 
0= Ta eg CAPS + -y lT- T) (6.38) 
Qe Qr 


The first term, the reaction rate times the negative of the heat of re- 
action, we call the heat-generation rate, Q,. The second term is the 
enthalpy difference between the inflow and outflow streams, which we 
call the heat-removal rate, Q,, 


k(T) 


KD) = CPs 
Qa = 1+k(T)O i 


caphHe, Qr = R(T - Tp) 
in which we emphasize the temperature dependence of the rate con- 
stant, 

k(T) = kme ET -1/Tm) 


Obviously we have a steady-state solution when these two quantities 
are equal. Consider plotting these two functions as T varies. The 
heat-removal rate is simply a straight line with slope Cps/0. The heat- 
generation rate is a nonlinear function that is asymptotically constant 
at low temperatures (k(T) much less than one) and high temperatures 
(k(T) much greater than one). These two functions are plotted for 
6 = 1.79 min in Figure 6.10. Notice the two intersections of the heat- 
generation and heat-removal functions corresponding to steady states 
A and E. If we decrease the residence time slightly, the slope of the heat- 
removal line increases and the intersection corresponding to point A 
shifts slightly. Because the two curves are just tangent at point E, how- 
ever, the solution at point E disappears, another indicator that point E 
is an extinction point. 

We also can make a plausibility argument on the stability of steady- 
State A. If we were to increase the reactor temperature slightly, we 
would be to the right of point A in Figure 6.10. To the right of A we no- 
tice that the heat-removal rate is larger than the heat-generation rate. 
That causes the reactor to cool, which moves the temperature back to 
the left. In other words, the system responds by resisting our applied 
Perturbation. Similarly, consider a decrease to the reactor temperature. 
To the left of point A, the heat-generation rate is larger than the heat- 
removal rate causing the reactor to heat up and move back to the right. 
Point A is a stable steady state because small perturbations are rejected 
by the system. Using this argument we see the situation at point E is 
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Figure 6.10: Rates of heat generation and removal for 8 = 1.79 min. 


quite different from the stability perspective. Increasing the temper- 
ature causes the system to cool, but decreasing the temperature also 
causes the system to cool. The system tends to increase this initial per- 
turbation and does not return to the steady state. That is characteristic 
of an unstable solution. 

Consider next the points on the middle branch. Figure 6.11 displays 
the heat-generation and heat-removal rates for points B, D and F, 8 = 
15 min. Point B on the lower branch is stable as was point A. Point F on 
the upper branch also is stable because the slope of the heat-generation 
rate is smaller than the heat-removal rate at point F, just as at point A. 
At point D, however, the slope of the heat-generation rate is larger than 
the heat-removal rate. For point D, increasing temperature causes heat 
generation to be larger than heat removal, and decreasing temperature 
causes heat generation to be smaller than heat removal. Both of these 
perturbations are amplified by the system at point D, and this solution 
is unstable. All points on the middle branch are similar to point D. 

Figure 6.12 displays the heat-generation and heat-removal rates for 

= 30.9 min. Notice that point G on the upper branch is stable and 
point C, the ignition point, is similar to extinction point E, perturba- 
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Figure 6.12: Rates of heat generation and removal for 0 = 30.9 min. 
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tions in one direction are rejected, but in the other direction they are 
amplified. 


Reactor Stability — Rigorous Argument 


The stability discussion of the previous section accompanying the van 
Heerden diagrams is useful and provides insight, particularly in simple 
situations. In this section we develop proper arguments that determine 
stability rigorously in complex situations where physical intuition may 
not be as readily forthcoming. We also develop analysis tools that tell 
us more than just whether a steady state is stable or unstable; we also 
gain insight on the dynamic response of the system to perturbations. 
Consider again the dynamic model of the reactor 


dca Cag~Ca 








apo gr kca (6.39) 
dT _ U® Ty-T AHR 
Gee ea ee KA (6.40) 


For convenience we summarize these two equations as the following 
nonlinear differential equations 


aca = filca,T) 


ar = falca T) 


(6.41) 
Given some values of parameters, we define steady-state solutions to 
these equations, Cas, Ts, as satisfying 


0 = fi (Cas, Ts) 
0 = f2(Cas, Ts) 


Imagine the reactor is initially at this steady state and at t = 0 we per- 
turb the temperature and concentration by small amounts. We would 
like to know whether or not the system returns to the steady state af- 
ter this initial condition perturbation. If so, we call the steady-state 
solution (asymptotically) stable. If not, we call the steady state un- 
stable. Obviously we can solve numerically the nonlinear differential 
equations to answer this question, but then we answer the question on 
a case-by-case basis. By linearizing the nonlinear differential equations, 
we can gain further insight without resorting to full numerical solution. 
Consider the Taylor series expansion of the nonlinear functions f, f2 
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around the steady state 


filca,T) = fi Cas Ts) + oh + (ea = Cas) + ah (T- Ts) 


+ a terms 


df: 





PEAT) = falas To) + $2 (ca ~ cas) + SB (rT) 


+ higher-order terms i 
Define deviation variables, €}, €2, that measure how far the system is 
from the steady state 


€1 = CA ~ Cas 
€ = T — Ts 


We can differentiate these deviation variables to see that they also sat- 
isfy Equation 6.41. Substituting the Taylor series expansion for fi, fz 
and neglecting the higher-order terms, which are valid when the pertur- 
bations are small, produce the following approximate linear equations 
for the deviation variables 


der _ afi, , fie, 


dt ~ dca"! ‘OT 


dez -Pe ELEN 
dt dca EFTS 


If we define the Jacobian matrix of fı, fo with respect to ca, T 
a af, ~ 


aca OT 


J= (6.42) 


we can compactly summarize the linear deviation variable equations in 


the convenient notation ae 
€ 


=~ = JE (6.43) 
For our case, taking partial eas shows the Jacobian is 
~g-k  -keas# : 
{Oe e greah | ca 


If Equation 6.43 governed exactly, rather than approximately, the 
-evolution of the perturbations, we would be essentially finished. Linear 
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differential equations can be solved analytically. The important feature 
for us to note is that the solution contains linear combinations of the 
terms e^ in which A are the eigenvalues of J. In our case the 2 x 2 J 
matrix has two eigenvalues, which may be real or complex. If complex, 
they come as complex conjugate pairs. Stability of the linear equations 
is determined by the real parts of the eigenvalues. In fact, 


The solution to the linear model, Equation 6,43, is asymptot- 
ically stable if and only if the eigenvalues of J have strictly 
negative real parts. 


We also know that if the eigenvalues are complex, the solution to Equa- 
tion 6,43 contains oscillatory terms due to the relation 


elarbit .. eat (cos(bt) + isin(bt)) 
and the period of these oscillatory terms is 
T =2r/b (6.45) 


Finally, this linear problem is only important to us because it can be 
connected to the solution of the full nonlinear problem. Although pre- 
cise statements of this connection require more mathematics than we 
can assume, the general result may be summed up for “nice” systems 


‘by saying [11] 


For small initial perturbations from the steady state, the lo- 
cal behavior of the nonlinear model, Equation 6.41, is well 
described by the corresponding behavior of the linear model, 
Equation 6.43. 


The interested reader should see the first chapter in Guckenheimer and 
Holmes [11] for an introduction into the mathematical details and im- 
portant restrictions on this general statement. For the models analyzed 
in this text, this general statement is valid. This connection forms the 
basis for all linear stability analysis. 

We.next use this result to analyze the multiple steady states of the 
previous section. In Figure 6.13 we plot the eigenvalues of J versus the 
steady-state reactor temperature and label the points A-G as indicated 
in Table 6.2 and shown in Figure 6.9. Both eigenvalues are real for all 
values of residence time. Notice that the steady state loses stability 
at point C, the ignition point, as one of the eigenvalues changes sign 
from negative to positive. Stability is regained on the upper branch at 
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Figure 6.13: Eigenvalues of the Jacobian matrix versus reactor tem- 
perature. 
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Figure 6.14: Eigenvalues of the Jacobian matrix versus reactor con- 
version. 
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A 


Figure 6.15: Marble on a track 
in a gravitational field; point Ais 
the unique, stable steady state. 


je 


A B C 


Figure 6.16: Marble on a track 
with three steady states; points 
A and C are stable, and point B 
is unstable. 


A C 


Figure 6.17: Marble on a track 
with an ignition point (A) and a 
stable steady state (C). 


point E, the extinction point, as 
the eigenvalue changes sign back 
from positive to negative. This 
analysis validates the plausibility 
argument and shows the entire 
middie branch is unstable. Fig- 
ure 6.14 provides another view of 
the same phenomenon, in which 
the eigenvalues are plotted versus 
the conversion instead of temper- 
ature; the ignition and extinction 
points are labeled. 


Students may find it helpful 
to draw an analogy between the 
chemical reactor with multiple 
steady states and simple mechan- 
ical systems that exhibit the same 
behavior. Consider a marble on 
a track in a gravitational field as 
depicted in Figure 6.15. Based on 
our physical experience with such 
systems we conclude immediately 
that the system has a single steady 
state, position A, which is asymp- 
totically stable. If we expressed 
Newton’s laws of motion for this 
system, and linearized the model 
at point A, we would expect to see 
eigenvalues with negative real part 
and nonzero imaginary part be- 
cause the system exhibits a decay- 
ing oscillation back to the steady- 
state position after a perturbation. 
The oscillation decays because of 
the friction between the marble 
and the track. 


Now consider the track de- 
picted in Figure 6.16. Here we have 
three steady states, the three posi- 
tions where the tangent curve to 
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the track has zero slope. This situation is analogous to the chemical 
reactor with multiple steady states. The steady states A and C are ob- 
yiously stable and B is unstable. Perturbations from point B to the 
right are attracted to steady-state C and perturbations to the left are 
attracted to steady-state A. The significant difference between the reac- 
tor and marble systems is that the marble decays to steady state in an 
oscillatory fashion, and the reactor, with its zero imaginary eigenval- 
ues, returns to the steady state without overshoot or oscillation. Now 
consider the track depicted in Figure 6.17. We have flattened the track 
between points A and B in Figure 6.16 so there is just a single point of 
zero slope, now marked point A. Point A now corresponds to a reac- 
tor ignition point as shown in Figures 6.7 and 6.8. Small perturbations 
push the marble over to the only remaining steady state, point C, which 
remains stable. 





6.3.3 Sustained Oscillations, Limit Cycles 


We next explore the fact that 











the dynamic behavior of the Param. Value Units 
CSTR can be more complicated Ty 298 K 
than multiple steady states Tm 298 K 
with ignition, extinction and Ĉp 4.0 kJ/kg K 
hysteresis. In fact, at a given Caf 2.0 kmol/m? 
i operating condition, all steady alia) 0.004 | min`? 
| States may be unstable and E 1.5 x 104 | K 
| the reactor may exhibit sus- p 10° | kg/m? 
tained oscillations or limit cy- AHR -2.2 x 10° | kJ/kmol 











cles. Consider the same simple 
kinetic scheme as in the previ- 
ous section, 











Table 6.3: Parameter values for limit 
cycles, 
A~B 
but with the following parameter values. Notice that the activation 
energy in Table 6.3 is significantly larger than in Table 6.1. If we com- 
pute the solutions to the steady-state mass and energy balances, Equa- 
tions 6.36 and 6.37, with these new values of parameters, we obtain 
the results displayed in Figures 6.18 and 6.19. If we replot these results 
using a log scaling to stretch out the x-axis, we obtain the results in Fig- 
ures 6.20 and 6.21. Notice the steady-state solution curve has become 
a bit deformed and the simple s-shaped multiplicities in Figures 6.7 
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Figure 6.18: Steady-state conversion versus residence time. 
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Figure 6.19: Steady-state temperature versus residence time. 
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Figure 6.20: Steady-state conversion versus residence time — log 
scale. 
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Figure 6.21: Steady-state temperature versus residence time — log 
scale. 
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T(K) | Re(A)Qmin™!) | Im(A)(min~}) 400 
0.125 0 0 
0.893 | 396 0 0 
0.970 | 339 | -0.218 0 300 
0.962 | 336 ~0.373 0 
0.905 | 327 0 0.159 200 
71.2 | 0.519 | 306 0 0.0330 = 
i i : a 100 
Table 6.4: Steady state and eigenvalue with largest real part at se- Sa 
lected points in Figures 6.20 and 6.21. 3 z j 
Fd 
-100 
and 6.8 have taken on a mushroom shape with the new parameters. 
We have labeled points A-F on the steady-state curves in Figures 6.20 200 


and 6.21, Table 6.4 summarizes the locations of these points in terms 0 O01 02 03 04 05 06 07 08 09 1 
of the residence times, the steady-state conversions and temperatures, 
and the eigenvalue of the Jacobian with largest real part. Now we take 
a walk along the steady-state solution curve and examine the dynamic 
behavior of the system. 

From the beginning of the curve through points A and B, the two 
eigenvalues are real. Their values are plotted in Figure 6.22 versus the 
conversion. As in the s-shaped multiplicity of the previous section, 
we see that an eigenvalue becomes positive at point A, which is again 
an ignition point. Figure 6.23 shows a magnified view. The middle 
branch between A and B is unstable and the upper branch after point 
B is stable again as the positive eigenvalue passes through zero and 
becomes negative. 

As we continue along the upper branch, some surprising things hap- 
pen. The two eigenvalues remain real and negative as we pass through 
point C and then merge into the same value at point D. Figure 6.24 
shows the real and imaginary parts of the eigenvalues from points C- 
F. Notice the two eigenvalues approach each other along the real axis 
until they become identical at point D. After point D the imaginary 
parts of the eigenvalues are no longer zero, and we have a complex 
pair of eigenvalues. The two eigenvalues are complex conjugates; they 
have the same real part and opposite imaginary parts so the eigenvalue 
curves from D to F are mirror images. But the real parts of the eigenval- 
ues remain negative from point D to E and the steady states along this 
portion of the upper branch are stable. At point E, however, the pair 
of eigenvalues cross back into the right half of the complex plane and 


x 


Figure 6,22: Eigenvalues of the Jacobian matrix versus reactor con- 
version in the region of steady-state multiplicity. 























Figure 6.23: Eigenvalues of the Jacobian matrix versus reactor con- 
version in the region of steady-state multiplicity -- mag- 
nified y-axis. 
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‘Figure 6.24: Real and imaginary parts of the eigenvalues of the Jaco- 
bian matrix near points C-F. 


have positive real parts. From point E to F, the eigenvalue analysis indi- 
:cates the upper branch is unstable. Notice from Figures 6.18 and 6.19, 
however, that there is no lower-branch steady state for these values of 
residence time. It appears we have unique steady states and they are 
unstable. So a pressing issue now is what the reactor does after it is 
perturbed from these unique and unstable steady states. 

Let us see what simulations can show us. A residence time of 8 = 
35 min is between points E and F as shown in Table 6.4. Solving the 
dynamic mass and energy balances with this value of residence time 
produces Figure 6.25. We see that the solution does not approach the 
steady state but oscillates continuously. These oscillations are sus- 
tained; they do not damp out at large times. Notice also that the am- 
plitude of the oscillation is large, more than 80 K in temperature and 
50% in conversion. 

We can obtain another nice view of this result if we plot the conver- 
sion versus the temperature rather than both of them versus time. This 
kind of plot is known as a phase plot or phase portrait and is shown in 
Figure 6.26. Time increases as we walk along the phase plot; the reactor 
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Figure 6.25: Conversion and temperature vs. time for @ = 35 min. 





ignites, then slowly decays, ignites again, and eventually winds onto the 
steady limit cycle shown in Figure 6.26. Figure 6.27 explores the effect 
of initial conditions. The trajectory starting with the feed temperature 
and concentration as in Figure 6.26 is shown again. The trajectory start- 
ing in the upper left of the figure has the feed temperature and zero 
A concentration as its initial condition. Several other initial conditions 
inside the limit cycle are shown also, including starting the reactor at 
the unstable steady state. All of these initial conditions wind onto the 
same final limit cycle. We say that the limit cycle is a global attractor 
because all initial conditions wind onto this same solution. 

If we decrease the residence time to @ = 30 min, we are close to point 
E, where the stability of the upper steady state changes. A simulation 
at this residence time is shown in Figure 6.28. Notice the amplitude of 
these oscillations is much smaller, and the shape is more like a pure 
Sine wave. Near point E in Figure 6.24, where the transition to instabil- 
ity occurs, the amplitude of the emerging oscillation is small and the 
Period of the oscillation is well predicted by Equation 6.45 (T = 27r/b). 
Table 6.4 shows the imaginary part of the eigenvalue at point Eis 0.159 
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Figure 6.26: Phase portrait of conversion versus temperature for 


feed initial condition; @ = 35 min. Figure 6.28: Conversion and temperature vs. time for @ = 30 min. 
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Figure 6.29: Conversion and temperature vs. time for 0 = 72.3 min. 
Figure 6.27: Phase portrait of conversion versus temperature for sev- 
eral initial conditions; 8 =.35 min. 
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Figure 6.30: Phase portrait of conversion versus temperature at 0 = 
‘73,1 min showing stable and unstable limit cycles, and 
a Stable steady state. 


so the predicted period is 
T = 27 /0.159 min = 40 min 


which is in good agreement with the simulation shown in Figure 6.28. 

As we pass point F, the eigenvalues in Figure 6.24 cross back into 
the left-half plane and the steady state is again stable. A simulation 
near point F is shown in Figure 6.29. Notice, in contrast to point E, 
the amplitude of the oscillations is not small near point F. Indeed, even 
though Figure 6.24 indicates the steady state is stable for @ > 72.3 min, 
that does not mean that limit-cycle solutions are not possible in this 
part of the parameter space. To see how limit cycles can remain after 
the steady state regains its stability, consider Figure 6.30, constructed 
for @ = 73.1 min. The figure depicts the stable steady state, indicated 
by a solid circle, surrounded by an unstable limit cycle, indicated by 
the dashed line.? The unstable limit cycle is in turn surrounded by a 





3This curve was constructed by reversing time in the integration of the mass and 
energy balances, which stabilizes the unstable limit cycle. 
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stable limit cycle. Note that all initial 
conditions outside of the stable limit cy- 
cle would converge to the stable limit cy- 
cle from the outside. All initial condi- 
tions in the region between the unstable 
and stable limit cycles would converge to 
the stable limit cycle from the inside. Fi- 
nally, all initial conditions inside the un- 
stable limit cycle are attracted to the sta- A B Cc 
ble steady state. We see that the unstable 
limit cycle is the boundary between the 
regions of attraction of the stable steady 
state and stable limit cycle. We also have 
a quantitative measure of a perturbation 
capable of knocking the system from the 
steady state onto a periodic solution. Ex- 
ercise 6.12 explores the regions of attrac- 
tion of the steady state and the stable 
limit cycle in further detail. 





Figure 6.31: Marble on a 
track with three steady 
states; dashed line in- 
dicates frictionless track; 
point C is not asymptot- 
ically stable and is sur- 
rounded by limit cycles. 


s = We may modify our simple mechanical system to illustrate some- 
: what analogous limit-cycle behavior. Consider the marble and track 
system depicted in Figure 6.31. We have three steady states; steady- 
state A is again stable and steady-state B is unstable as in Figure 6.16. 
At this point we cheat thermodynamics a bit to achieve the desired be- 
havior. Imagine the track consists of a frictionless material to the right 
of point B. Although in violation of the second law, we can either use 
our imagination or consider extremely low friction material. Without 
friction in the vicinity of point C, the steady state is not asymptotically 
Stable. Perturbations from point C do not return to the steady state 
but continually oscillate. The analogy is not perfect because a single 
limit cycle does not surround the unstable point C as in the chemical 
reactor shown in Figures 6.27 and 6.30. The amplitude of the oscil- 
lation in the marble system depends on the initial perturbation and a 
continuous family of limit cycles surrounds the unstable steady-state 
€. But the analogy may prove helpful in demystifying these kinds of 
Teactor behaviors. The reader may also want to consider why we were 
compelled to violate the second law to achieve sustained oscillations 
in the simple mechanical system but the reactor can continually oscil- 
late without such violation, Consider what is the essential difference 
between these thermodynamic systems. 
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Further Reading on CSTR Dynamics and Stability 


Consideration of the coupled mass and energy balances for the CSTR 
have led to possible behaviors that may seem surprisingly complex for 
even the simplest kinetic mechanism, an irreversible first-order reac- 
tion. Just because these behaviors are possible does not mean that they 
are normally observed in reactor operation for something as simple as 
A goes to B. 

Complex kinetics, such as polymerization kinetics [19, 22], lead to 
complex types of behavior, even under isothermal operation, i.e., with- 
out the nonlinearity introduced by the rate constant’s exponential de- 
pendence on temperature. Bailey [4] summarizes some cases of ex- 
perimentally observed oscillations in CSTRs including chlorination of 
methyl chloride [7], hydrolysis of acetyl chloride [3], the reaction be- 
tween methanol and hydrogen chloride [12], and the reaction between 
sodium thiosulfate and hydrogen peroxide [8]. 

In addition to the multiple steady states and sustained oscillations, 
chemical reactors are a rich source of other types of behavior including 
deterministic chaos [18, 17, 23, 14]. The chemical engineer should be 
aware of the complex behavior that is possible with simple nonlinear 
CSTR models, especially if confronted with apparently complex oper- 
ating data. 


6.4 The Semi-Batch Reactor 


The development of the semi-batch reactor energy balance follows di- 
rectly from the CSTR energy balance derivation by setting Q = 0. The 
main results are summarized in Table 6.9 at the end of this chapter. 
Note in particular that Equations 6.81-6.83 in the semi-batch reactor 
Table 6.9 are identical to the corresponding Equations 6.72-6.74 in the 
CSTR Table 6.8. 

It is good practice to enumerate the unknowns and applicable equa- 
tions when setting up a model for the nonisothermal semi-batch reac- 
tor. As discussed in Chapter 4, for a single-phase system, the molar 
concentrations of the components, and the temperature and the pres- 
sure specify all intensive variables of the reactor. If we use the reactor 
volume as the single extensive variable, then we have n, +3 unknowns. 
As in Chapter 4, we have n, equations from the material balances and 
one equation of state. The energy balance of this chapter provides an 
additional equation. Finally, we must specify the reactor pressure or 
some other system constraint that determines the reactor pressure. 
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Figure 6.32: Plug-flow reactor volume element. 


As in Section 4.5 of Chapter 4, if the reactor outflow term is nonzero 
as well, then an additional statement of reactor operation, such as con- 
stant reactor volume or mass, is required to determine Q, which then 
appears in the material and energy balances. 


6.5 The Plug-Flow Reactor 


To derive an energy balance for the plug-flow reactor (PFR), consider 
the volume element in Figure 6.32. If we write Equation 6.5 for this 
element and neglect kinetic and potential energies and shaft work, we 
obtain 

J (pt AcAz) = mf, = milza + Ó 


in which A; is the cross-sectional area of the tube, R is the tube outer 
radius, and Q is the heat transferred through the wall, normally ex- 
pressed using an overall heat-transfer coefficient 


Q = U°2mrRAZ(T, - T) 
Dividing by A-Az and taking the limit Az — 0, gives 
ò A 4 
gz QP) +4 


a Y oni 
ge PUSER, 
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in which q = (2/R)U°(T, ~ T) and we express the mass flowrate as 
m = Qp. In the steady state, we have 


d : 
av (22.4) =å 


in which we use the volume instead of length of the reactor, V = Az 
and partial molar enthalpy to express the enthalpy per volume, 
pÅ =>) cH; 
R} 
The enthalpy term can be broken apart into two terms 


d dH; 
av QÈ cH) Š Zf i +H (ac | 


(6.46) 
We treat the 3), cjdH; term by deriving the Gibbs-Duhem equation for 
enthalpy as follows. We have H = 3\;nj;Hj; because Hj is a partial 
molar enthalpy (see also Exercise 3.6 in Chapter 3). Its differential is 
therefore 
dH = > Hjdnj + njdH; 
Jj 

Subtracting this expression from Equation 6.10, which is valid for single- 
phase systems, 


dH = VpCpaT + (1-aT)VdP + Ý Hjdnj 
j 


yields a Gibbs-Duhem equation for enthalpy 


0 = VpCpdT + (1 ~ aT)VdP - S njdHhj 
J 
We express an intensive version of this result by dividing by V and 
rearranging to obtain 


B JAH; = pCpdT + (1 - aT)aP Gibbs-Duhem equation (6.47) 
J 


We can form the derivative of Equation 6.47 with reactor volume to 
obtain 
Xray 








dH, di aP 


= = pe = +l- aT av (6.48) 
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The second term in Equation 6.46 is expressed using the material 
balance for the PFR 


d 
gy Qo) = Rj = È viri 





Substitution of this result and Equation 6.48 into Equation 6.46 then 
gives 





Oper st Ta Qu- an) $e =~ AHgiri + a| (6.49) 








In unpacked tubes, the pressure drop is usually negligible, and for an 
ideal gas, xT = 1. For both of these cases, we have 


Ideal gas, or neglect pressure drop. 





a aT 
QpCr a (6.50) 








=~ SAHRini + 4 
i 





If the fluid is incompressible, æ = 0, and Equation 6.49 reduces to 
Incompressible fluid. 








a aT dP ; 
QpCr Fy + QIV = -È AHrini +å (6.51) 











Equation 6.50 is the usual energy balance for PFRs in this chapter. 
The next chapter considers packed-bed reactors in which the pressure 
drop may be significant. Equation 6.49 is more appropriate in that 
situation unless one can safely make the ideal-gas assumption. 







Example 6.4: PFR and interstage cooling 
Consider the reversible, gas-phase reaction 


ky 
A=B 

ka 
The reaction is carried out in two long, adiabatic, plug-flow reactors 
with an interstage cooler between them as shown in Figure 6.33. (Refer 
to the discussion in Section 1.4.2 for more on interstage cooling.) The 
feed consists of component A diluted in an inert No stream, Nagi Nig = 
0.1,Ngy = 0, and Qf = 10,000 ft3/hr at Pp = 180 psia and Ty = 830°R. 
Since the inert stream is present in such excess, we assume that the heat 
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Q 
Figure 6.33: Tubular reactors with interstage cooling. 


capacity of the mixture is equal to the heat capacity of nitrogen and 
is independent of temperature for the temperature range we expect. 
The heat of reaction is AHg = -5850 BTU/Ibmol and can be assumed 
constant. The value of the equilibrium constant is K = k,/k_; = 1.5 at 
the feed temperature. 


1. Write down the mole and energy balances that would apply in the 
reactors. Make sure all variables in your equations are expressed 
in terms of T and N4. What other assumptions did you make? 


2.. If the reactors are long, we may assume that the mixture is close 
to equilibrium at the exit. Using the mole balance, express N4 at 
the exit of the first reactor in terms of the feed conditions and the 
equilibrium constant, K. 


3. Using the energy balance, express T at the exit of the first reactor 
in terms of the feed conditions and N4. 


4, Notice we have two equations and two unknowns because K is 
a strong function of T. Solve these two equations numerically 
and determine the temperature and conversion at the exit of the 
first reactor. Alternatively, you can substitute the material bal- 
ance into the energy balance to obtain one equation for T. Solve 
this equation to determine the temperature at the exit of the first 
reactor. What is the conversion at the exit of the first reactor? 


5. Assume that economics dictate that we must run this reaction 
to 70% conversion to make a profit. How much heat must be 
removed in the interstage cooler to be able to achieve this conver- 
sion at the exit of the second reactor? What are the temperatures 
at the inlet and outlet of the second reactor? 


6. How would you calculate the actual conversion achieved for two 
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PFRs of specified sizes (rather than “long” ones) with this value of 


à? 


Solution 
1. The steady-state molar flow of A is given by the PFR material bal- 


ance 


INA = Ra =r a= (6.52) 


and the rate expression for the reversible reaction is given by 
r = kica — k-icg = (kiNa ~ k-i Ng) /Q 
The molar flow of B is given by dNg/dV = r, so we conclude 
Ng = Na; + Nes ~ Na = Naf ~ Na 


If we assume the mixture behaves as an ideal gas at these condi- 
tions, c = P/RT or ` 
RTS 
=F LN 
jel 
The material balance for inert gives dN;/dV = 0, so we have the 
total molar flow is Eja Nj = Nag + Nrs and the volumetric flow- 
rate is 
RT 
Q= p Nas + Nip) 
and the reaction rate is 


_ _P (kiNa~ k-1(Nag ~ Na) 
"RT Nay + Nif 





which is in terms of T and N4. The adiabatic PFR energy balance 
for an ideal gas is given by 
dT AHpg 
E th ince (6.53) 
aV Qpr 


. For long reactors, r = 0 or 


kiNa ~ k-i(Naf - Na) = 0 
Dividing by k_; and solving for N4 gives 


Nag 


Nas 14+ K, 
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Nar 0.44N 4f 0.44Na 5 0.3N4f 
Tis T Toy Te 
830 °R 874 °R f 726 °R 738°R 


Q 
2 x 10° BTU/hr 


Figure 6.34: Temperatures and molar flows for tubular reactors with 
interstage cooling. 


3. Substituting r = -dN,/dV into the energy balance and multiply- 
ing through by AV gives 
AHr 


dT = -ANa 
QpCp 





The term Qp = m in the denominator is the mass flowrate, which 
is constant and equal to the feed mass flowrate. If we assume the 
heat of reaction and the heat capacity are weak functions of tem- 
perature and composition, we can perform the integral yielding 


AH; 
Ty -Tiy = mee (NA - Nap) 


1 
4, T-830+ 801 (ggz ~1) = 0 


Ti = 874R, x = 0.56 
5. Q = 200,000 BTU/hr, Tof = 726°R, Tz = 738°R 
6. Integrate Equations 6.52 and 6.53. 


The results are summarized in Figure 6.34. oO 


6.5.1 Plug-Flow Reactor Hot Spot and Runaway 


For exothermic, gas-phase reactions in a PFR, the heat release generally 
leads to the formation of a reactor hot spot, a point along the reactor 
length at which the temperature profile achieves a maximum. If the 
reaction is highly exothermic, the temperature profile can be very sen- 
sitive to parameters, and a small increase in the inlet temperature or 
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reactant feed concentration, for example, can lead to large changes in 
the temperature profile. A sudden, large increase in the reactor temper- 
ature due to a small change in feed conditions is known as reactor run- 
away. Reactor runaway is highly dangerous, and operating conditions 
are normally chosen to keep reactors far from the runaway condition. 
The following example, oxidation of o-xylene to phthalic anhydride, 
illustrates the PFR hotspot and reactor runaway. 


Example 6.5: Oxidation of o-xylene to phthalic anhydride 
The gas-phase oxidation of o-xylene to phthalic anhydride 


O 


e \ 
CH3 on 
+302 — Q O + 3H20 
a 


I 
(6) 


is highly exothermic. The reaction is carried out in PFR tube bundles 
with molten salt circulating as the heat transfer fluid [10]. The o-xylene 
is mixed with air before entering the PFR. The reaction rate is limited 
by maintaining a low concentration of hydrocarbon in the feed. The 
mole fraction of o-xylene is less than 2%. 

Under these conditions, the large excess of oxygen leads to a pseudo- 
first-order rate expression 


1 1 
r = km exp [-8 (7 ~- 7)| Cx 


in which cx is the o-xylene concentration. The operating pressure is at- 
mospheric. Calculate the temperature and o-xylene composition pro- 
files. The kinetic parameters are adapted from Van Welsenaere and 
Froment and given in Table 6.5 [26]. 


Solution 


if we assume constant thermochemical properties, an ideal gas mixture, 
and express the mole and energy balances in terms of reactor length, 
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Parameter Value Units 

km 1922.6 st 

Ta 625 K 

Tm 625 K 

Py 1.0 atm 

l 15 m 

R 0.0125 | m 

Cp 0.992 | ki/kgK 
ue 0.373 kJ/m? sK 
Yxf 0.019 
E/R 1.3636 x 104 K 
AHR -1.361 x10? | kJ/kmol 
Qp 2.6371 x10 | kg/s 














Table 6.5; PFR operating conditions and parameters for o-xylene ex- 
ample. 





we obtain 
dNx _ 
ae ~AcY 
aT 
as ~Br+y(Ta-T) 
= k2 Nx 
r=KRTN 
in which 
AHrAc = 2m RU? 








4 QpCp ' y QpCp 

and the total molar flow is constant and equal to the feed molar flow 
because of the stoichiometry. Figure 6.35 shows the molar flow of o- 
xylene versus reactor length for several values of the feed temperature. 
The corresponding temperature profile is shown in Figure 6.36. We see 
a hotspot in the reactor for each feed temperature. Notice the hotspot 
temperature increases and moves down the tube as we increase the 
feed temperature. Finally, notice if we increase the feed temperature 
above about 631 K, the temperature spikes quickly to a large value and 
all of the o-xylene is converted by z = 0.6 m, which is a classic example 
of reactor runaway. To avoid this reactor runaway, we must maintain 
the feed temperature below a safe value. This safe value obviously also 
depends on how well we can control the composition and temperature 
in the feed stream. Tighter control allows us to operate safely at higher 
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Figure 6.35: Molar flow of o-xylene versus reactor length for differ- 
ent feed temperatures. 





fi 
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Figure 6.36: Reactor temperature versus length for different feed 
temperatures. 
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Figure 6.37: Autothermal plug-flow reactor; the heat released by the 
exothermic reaction is used to preheat the feed. 


feed temperatures and feed o-xylene mole fractions, which increases 
the production rate. o 


6.5.2 The Autothermal Plug-Flow Reactor 


In many applications, it is necessary to heat a feed stream to achieve 
a reactor inlet temperature having a high reaction rate. If the reaction 
also is exothermic, we have the possibility to lower the reactor oper- 
ating cost by heat integration. The essential idea is to use the heat 
released by the reaction to heat the feed stream. As a simple exam- 
ple of this concept, consider the heat integration scheme depicted in 
Figure 6.37 [1]. This reactor configuration is known as an autothermal 
plug-flow reactor. The reactor system is an annular tube. The feed 
passes through the outer region and is heated through contact with 
the hot reactor wall. The feed then enters the inner reaction region, 
which is filled with the catalyst, and flows countercurrently to the feed 
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stream. The heat released due to reaction in the inner region is used 
to heat the feed in the outer region. When the reactor is operating at 
: steady state, no external heat is required to preheat the feed, Of course, 
3 during the reactor start up, external heat must be supplied to ignite the 
reactor. 

Although recycle of energy can offer greatly lower operating costs, 
the dynamics and control of these reactors may be complex. We next 
examine an ammonia synthesis example to show that multiple steady 
states are possible. Ammonia synthesis is also interesting because of 
its large impact on the early development of the chemical engineering 
discipline. Quoting Aftalion [2, p. 101] 








While physicists and chemists were linking up to understand 
the structure of matter and giving birth to physical chem- 
istry, another discipline was emerging, particularly in the 
United States, at the beginning of the twentieth century, that 
of chemical engineering ...it was undoubtedly the synthesis 
of ammonia by BASF, successfully achieved in 1913 in Op- 
pau, which forged the linking of chemistry with physics and 
engineering as it required knowledge in areas of analysis, 
equilibrium reactions, high pressures, catalysis, resistance 
of materials, and design of large-scale apparatus. 





Example 6.6: Ammonia synthesis 
Calculate the steady-state conversion for the synthesis of ammonia us- 
ing the autothermal process shown in Figure 6.37 [25]. A rate expres- 
sion for the reaction 
k 
No + 3H2 = 2NH3 


(6.54) 











over an iron catalyst at 300 atm pressure is suggested by Temkin [21] 


PNP? Pa | 





Pa pa? (6.55) 


vy =k4/RT [em 
in which Py, Py, Pa are the partial pressures of nitrogen, hydrogen, and 
ammonia, respectively, and K is the equilibrium constant for the reac- 
tion forming one mole of ammonia. For illustration, we assume the 
thermochemical properties are constant and the gases form an ideal- 
= gas mixture. More accurate thermochemical properties and a more ac- 
Curate equation of state do not affect the fundamental behavior pre- 
dicted by the reactor model. 
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The steady-state material balance for the ammonia is 


ANA p _ 
av = Ra = 2r 
Na(0) = Naf 


and the other molar flows are calculated from 


Nw = Nwg ~ 1/2(Na - Nag) 
Nu = Nyy ~ 3/2(Na ~ Naf) 


if we assume an ideal gas in this temperature and pressure range, the 
volumetric flowrate is given by 


Q = BEINA + Nw + Na) 


The energy balance for the reactor is the usual 


a aT ; 
QpČp jy =-AHrr +å (6.56) 


in which q is the heat transfer taking place between the reacting fluid 
and the cold feed 5 
j = pua -T) 


‘The material balances for the feed-heating section are simple be- 
cause reaction does not take place without the catalyst. Without reac- 
tion, the molar flow of all species are constant and equal to their feed 
values and the energy balance for the feed-heating section is 





xaf : 
QaPaCra av, =-q (6.57) 
Ta(0) = Taf 


in which the subscript a represents the fluid in the feed-heating section. 

Notice the heat terms are of opposite signs in Equations 6.57 and 6.56. 

If we assume the fluid properties do not change significantly over the 

temperature range of interest, and switch the direction of integration 
in Equation 6.57 using dV, = —dV, we obtain 

avert =q (6.58) 

Ta(Vr) = Taf (6.59) 
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Parameter Value Units 
P 300 atm 
Qo 0.16 m?/s 
Ac 1 mê 
L 12 m 
Taf 323 K 
27mRU® 
yoo 0.5 1/m 
QpCe 
AHrAc 9 
poe -2.342 | m's K/mol 
QpCp 
AG 4250 cal/mol 
AH” ~1.2«104 | cal/mol 
kaio 7.794 x 198 
E jR 2x10 |K 








mixture heat capacity assumed constant. 


sh 


ni 1 





300 400 500 600 
Ta (0) (K) 


700 800 
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Table 6.6: Parameter values for Example 6.6; heat of reaction and 





900 1000 


Figure 6.38: Coolant temperature at reactor outlet versus temper- 


ature at reactor inlet, T,{1) versus T,(0); intersec- 
tion with coolant feed temperature Tay indicates three 


steady-state solutions (A,B,C). 
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Figure 6.39: Reactor and coolant temperature profiles versus reac- 
tor length; lower (A), unstable middle (B), and upper (C) 
steady states. 


0.05 fF 
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Figure 6.40: Ammonia mole fraction versus reactor length; lower (A), 
unstable middle {B}, and upper (C) steady states. 
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Finally we require a boundary condition for the reactor energy balance, 
which we have from the fact that the heating fluid enters the reactor 
at z = 0,T(0) = T,(0). Combining these balances and boundary con- 
ditions and converting to reactor length in place of volume gives the 


model 

















N 
ana = 2Acr Na(0) = Naf 
aT Gama 
ap 78r +ylTa-T) T(0) = Ta (0) (6.60) 
dla S y(Ta -T) Tall) = Taf 
in which 
ga SHnac „7 2TRU? 
QpCp QpCp 


Equation 6.60 is a boundary-value problem, rather than.an initial-value 
problem, because T, is specified at the exit of the reactor. A simple 
solution strategy is to guess the reactor inlet temperature, solve the 
model to the exit of the reactor, and then compare the computed feed 
preheat temperature to the specified value Taf. This strategy is known 
as a shooting method. We guess the missing values required to pro- 
duce an initial-value problem. We solve the initial-value problem, and 
then iterate on the guessed values until we match the specified bound- 
ary conditions. We will see more about boundary-value problems and 
shooting methods when we treat diffusion in Chapter 7. 




















Solution 


Figure 6.38 shows the results for the parameter values listed in Ta- 
: ble 6.6, which are based on those used by van Heerden [25]. For given 
values of Ta (0), we solve the initial-value problem, Equation 6.60, and 
plot the resulting Ta(Ve) as the solid line in Figure 6.38. The inter- 
Section of that line with the feed temperature Taf = 323 K indicates a 
Steady-state solution. Notice three steady-state solutions are indicated 
in Figure 6.38 for these values of parameters. The profiles in the reac- 
tor for these three steady states are shown in Figures 6.39 and 6.40. It 
is important to operate at the upper steady state so that a reasonably 
large production of ammonia is achieved. a 
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Neglect kinetic and potential energies Neglect kinetic and potential energies 

















PETIA (6.61) aU QppsHy - Qpf +Ò +Ws + Wp (6.69) 
Neglect shaft work Neglect shaft work 
a +p =Å (6.62) a av, 
+ PSE = QypsHy - QPH+Q (6.70) 
i ee x t po 
ir — VR Ji =Q (6.63) PT Sp 
Se Veg = Qrer tty - Qp +0 (6.71) 
Single phase 
aT ans =0 F 
VrpĈp at ~ oT Vet ue + LG = (6.64) Single phase 





a aT 
aP Y AHririVR + 0 (6.65) VapCr r ~ ore se SHG at. =QsprHp -QpH+Q — (6.72) 


a aT 
Vee Cr Gp ~ ATV Ge = ~ 
i 





aT d 


a. Incompressible-fluid or constant-pressure reactor Va pCp => at -aT Ve or = 2 AHeir:Ve + Zos fp Q 7 (Hip ~ Hj) + Q (6.73) 


GE =~ Y AHV + Q (6.66) 
i 





Vrp la Po j $ 
a. Incompressible-fluid or constant-pressure reactor 








b. Constant-volume reactor vane TE = = È AHniriVe + Deis Oy (Hy - Hy) +Å (6.74) 








asic a y x y | ate eee ae ( n; ) | VeRO TES b. Constant-volume reactor 
Ting 3 ~ 


P 
vro IE mpe: > : ate ~ AVR Zw (i ge -) | riVR 
TViny 


+ SicypQy(Hjp- Hj) +O (6.75) 
J 





b.1 Constant-volume reactor, ideal gas 


Veoê E = ~ F (AHei - RTV) Va +Ò (6.68) 














Table 6.7: Energy balances for the batch reactor. b.1 Constant-volume reactor, ideal gas 


Vepô St = -S (AHR: - RTV) riVe + F cjpQs Hip- H) +O (6.76) 


6.6 Summary j 





Tables 6.7-6.10 summarize the important energy balances for the batch, 
continuous-stirred-tank, semi-batch, and plug-flow reactors. In con- 
trast to the material balance, which is reasonably straightforward, choos- 
ing the proper energy balance requires some care. It is unwise to se- 
lect an energy balance from a book without carefully considering the 
assumptions that have been made in the derivation of that particular 


€. Steady state, constant Cp, P = Py 


-J AngiriVe + QpppCr(Ty - T)+Q=0 (6.77) 


i 








Table 6.8: Energy balances for the CSTR. 
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Neglect kinetic and potential energies 











T = OppsHly +Q +Ws + We (6.78) 
Neglect shaft work 
I spi = Qyoyhiy + Q (6.79) 
dH |, ap 
ae — Vg = dt = Qjp +0 (6.80) 
Single phase[t] 
VapCr $l - at Vat pt HS = Q;p/Hy +O (6.81) 
Re at dt J = PERS i 
aT aP 


Vrp Cp =~ ai ~ ATVR -> at SD AHririVr + Sys Qp (Hip ~ Hj) + Q (6.82) 
i i 





a. Incompressible-fluid or constant-pressure reactor 


Veo $T = -Y AHRirVn + cp QpHig ~ H) +0 (6.83) 
i ad 





a.t Constant Cp 


vant St =~) AHpririVr + Q¢ppCr (Ty ~T)+Q (6.84) 
i 











Table 6.9: Energy balances for the semi-batch reactor. 


energy balance. Adding to the confusion, many books do not state 
clearly what assumptions have been made in deriving various energy 
balances, and some books list energy balances that are simply incor- 
rect. See Denn [9] for a thorough discussion of common errors in energy 
balances and a list of books containing incorrect energy balances. 
Nonisothermal reactor design requires the simultaneous solution 
of the appropriate energy balance and the species material balances. 
For the batch, semi-batch, and steady-state plug-flow reactors, these 
balances are sets of initial-value ODEs that must be solved numerically. 
In very limited situations (constant thermodynamic properties, single 
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Zo 0) = -12o +4 (6.85) 





Heat transfer with an overall heat-transfer coefficient 





Neglect kinetic and potential energies and shaft work 
| 





d= EU%(Ta -T) (6.86) 
Steady state 
d fs 
gy (QVeH) =å (6.87) 
Single phase 
aê se a +Q- on se =- È Aher: +å (6.88) 





a. Neglect pressure drop, or ideal gas 


aver at =- SAHRiN: + 4 (6.89) 
i 





b. Incompressible fluid 


aT 


Qp» y + o3- ~ LaMar: +å (6.90) 








Table 6.10: Energy balances for the plug-flow reactor. 


reaction, adiabatic), one can solve the energy balance to get an algebraic 
relation between temperature and concentration or molar flowrate. 
The nonlinear nature of the energy and material balances can lead 


to multiple steady-state solutions. Steady-state solutions may be un- 


Stable, and the reactor can exhibit sustained oscillations. These reac- 


_-tor behaviors were illustrated with exothermic CSTRs and autothermal 


tubular reactors. 
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Notation 
A heat transfer area 
Ac reactor tube cross-sectional area 
AG preexponential factor for rate constant i 
cj concentration of species j 
cjyy feed concentration of species j 
Cjs steady-state concentration of species j 
Cjo initial concentration of species j 
Cp constant-pressure heat capacity 
Cp; partial molar heat capacity 
Cp; heat capacity per volume 
Cp constant-pressure heat capacity per mass 
ty constant-volume heat capacity per mass 
ACp heat capacity change on reaction, ACp = $j vjCp; 
E: activation energy for rate constant i 
Ek total energy of stream k 
Ey total energy per mass of stream k 
AG’ Gibbs energy change on reaction at standard conditions 
Hy partial molar enthalpy 
a enthalpy per unit mass 
AHR, enthalpy change on reaction, AHRi = $ j Vij Hj 
AH’ enthalpy change on reaction at standard conditions 
ki reaction rate constant for reaction í 
Km reaction rate constant evaluated at mean temperature Tm 
Ki equilibrium constant for reaction i 
K kinetic energy per unit mass 
t tubular reactor length 
mMk total mass flow of stream k 
n reaction order 
nj moles of species j, Vac; 
Nr number of reactions in the reaction network 
Ns number of species in the reaction network 
Nj molar flow of species j, Qc; 
Nj feed molar flow of species j, Qc; 
P pressure 
P; partial pressure of component j 
q heat transfer rate per volume for tubular reactor, q = ZUCT a -T} 
Q volumetric flowrate 


feed volumetric flowrate 








6.6 Summary ana Notation Saf 
å heat transfer rate to reactor, usually modeled as Q = U° A(T, - T) 
Ti reaction rate for ith reaction 
Yor total reaction rate, 5; r; 

R gas constant 

Rj production rate for jth species 

t time 

X temperature 

Ta temperature of heat transfer medium S 
Ti mean temperature at which k is evaluated 
ue overall heat transfer coefficient 

Ù internal energy per mass 

Vk velocity of stream k. 

Vv reactor volume variable 

Vj partial molar volume of species j 





specific molar volume of species j 

reactor volume 

change in volume upon reaction i, $; vij Vj 

rate work is done on the system 

number of molecules of species j in a stochastic simulation 
molar conversion of species j 

mole fraction of gas-phase species j 
reactor length variable 

coefficient of expansion of the mixture, « 
extent of reaction i 

reactor residence time, @ = Ve/Qy 
stoichiometric coefficient for species j in reaction i 
Li Mi 

mass density 

mass density of stream k 

potential energy per mass 


= (A/V) QV/8T) Pin, 
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6.7 Exercises 


Exercise 6.1: Batch energy balance with heat transfer 
Consider Example 6.2 with the following additional data: 
km = 0.01725 L/mol-min 


Tm = 300K 
E,/R = 2660 K 


so the temperature dependence of the rate constant is given by 


& Ea (F a 7)) 
k= km exp ( RAT Tm 
(a) What is the adiabatic temperature rise for the reactor? 


(b) How long does it take to reach 95% conversion if the reactor operates 
isothermally at 27°C? 


(c) How long does it take to reach 95% conversion if the reactor operates 
adiabatically? Plot cą and T versus time for this case. Put in enough 
points so we can see a smooth curve. 


(d) Plot c4 and T versus time for the nonadiabatic case with heat exchange: 
U°A/Ve = 0.01 keal/(min L K) 
and the temperature of the heat transfer fluid is Ta = 27°C. 


(e) Assume the batch is ruined if the temperature exceeds 350 K during the 
run. What value of heat-transfer coefficient (U°A/Vr) should your de- 
sign achieve so that this temperature is not exceeded. How long does it 
take to reach 95% conversion with your design? How should you operate 
the reactor if you want to speed things up but cannot violate the 350 K 
limit? 


Exercise 6.2: Batch energy balance with constrained heat-transfer 
Consider Example 6.2 with the following additional data: 


km = 0.01725 L/mol-min 
Tm = 300K 
Ea/R = 2660K 
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so the temperature dependence of the rate constant is given by 


Fath: A. 
botoo(-$ (Fah) 
km xP -R (FF 

The heat-transfer equipment accidentally has been under-designed by us- 
ing the average rather than the maximum required rate of heat transfer 
-2.3 x 104 

551 
which is much less in absolute value than the required ~828Keal/min calcu- 


lated in Example 6.2. Assume the control system can only remove heat at this 
constant rate. 


Å = = ~41.7 kcal/min (6.91) 


(a) What is the maximum temperature achieved in this reactor and when 
does this maximum occur? 


(b) How long does it take for the control system to return the temperature 
to 27°C? 


(c) When does the reactor achieve 95% conversion? 


Exercise 6.3: CSTR energy balance with multiple reactions 
Allyl chloride is to be produced in a 0.83 ft? CSTR [20] 


Ch +C3He © C3HsCl + HCI (6.92) 
Cl + C3Hg “2 C3H6Clz (6.93) 


The feed is a 4:1 molar ratio of propylene to chlorine and.it enters at a feed 
rate of 0.85 Ibmol/hr, 2.0 atm of pressure, and 392°F, The reactor pressure 
may be assumed constant. 

The rate constants have units of Ibmol/(hr ft3.0 atm?) and are 


-27200 
RT 
ky = 11.7 x exp 79600 
where T is in degrees Rankine and R is in Btu/(Ibmol’R). The rate expressions 
are 





kı = 206000 x exp 


1 = ky Peng Pen 

ra = kePcyng Per, 
The thermodynamic data for this reaction are listed in Table 6.11[16]. The 
partial molar heat capacities can be calculated using 


Cpj = Aj +ByT4+-CjT? + DjT? — -cal/mol K 
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Component HK A B € D 
kcal/mol {x10?) {x10} | (x109) 
Ch 0.00 6.432 0.8082 | -0.9241 3.695 
C3He 4.88 0.866 5.602 ~2.771 5.266 
C3Hs5Cl -0.15 0.604 Teri -5.442 17.42 
HCI -22.06 7.235 | -0.172 0.2976 | -0.931 
1, 2-C3H6Cl ~39.60 2.496 8.729 -6.219 18.49 























Table 6.11: Thermodynamic data for allyl chloride example. 


(a 


Compute the molar flowrates of Clz, C3HsCl and C3H¢Cly, and the reac- 
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Exercise 6.5: CSTR energy balance 
The liquid-phase reactions 


A— B 
å — C 


(6.95) 
(6.96) 


are each first order in the concentration of A. The feed to a nonisothermal 
CSTR contains pure A at 45 °C and 5 mol/L. Additional information for the 
reactions and the reactor are provided below. We want to operate this reactor 
such that the selectivity to B is greater than the selectivity to C, i.e., the rate at 
which B forms is greater than the rate at which C forms. 








tor temperature for adiabatic operation. You need to use an algebraic 
equation solver for this problem, a reasonable first guess on the tem- 


‘perature is 1200°R. 


Now consider an approximate solution along the lines presented by 
Smith [20] in which the heat of reaction is computed at the inlet temper- 
‘ature and assumed constant. Compare the heat of reaction in Part 6.3a 
with the value at the inlet temperature, and comment on the differences 


‘in the molar flowrates and the temperatures in Parts 6.3a and 6.3b. 


‘Exercise 6.4: CSTR stability 


An adiabatic CSTR with a first-order, liquid-phase reaction 








A~ B, r= key (6.94) 
operates at the conditions shown below 
Parameter | Value Units 

T; 298 K 

Caf 3 | kmol/m? 
Qr 60x10- | m3/s 

AHR ~2.09 x 108 J/kmol 

Cp 4.19x 105 | J/kg K 
P 10 | kg/m 
Vr 18x10 | m 
k 4.48 x 108 exp(—7550/T) | s-'; TinK 








Find the steady-state temperatures and conversions. 
can you find? Which steady states are stable and which are unstable? 





dow many steady states 








Parameter Value E Units 
Mi 93,200 g/min 
AHrı ~12,000 cal/mol 
AHy2 -15,000 cal/mol 
V 1000 liter 
| Qf 100 liter/min 
Cor 0.22 | cal/gK 
ky 3.16 x 10!4exp(-12,500/T) | mint; Tink 
k2 2.52 x 10° exp(~8, 500/T) i 























(a) Defining the selectivity as § = Rg/Rc, determine the rate at which heat 
is transferred to the surroundings to achieve a selectivity of five. 


(b) Determine the rate at which heat is transferred to the surroundings to 
achieve a selectivity of four. 


(c) Explain why the answer to Part A or Part B is greater. 


Exercise 6.6: Finding the CSTR steady state 


The first-order reaction 


has reaction-rate expression 
r = koe ca 
in which the units for the rate are kmol/m? s, ca is in kmol/m?, and T is in 


K. Determine the effluent temperature and concentration of A for a reactor 
Operating at the conditions listed in the following table. 
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| Parameter Value Units 

ay 7550 K 

An 3600 cm? 
Ta 312 K 
Ty 298 K 

Caf 3 kmol/m3 
ue 0.225 J/cm? sec K 

AHR -8.09x 108 | J/kmol 
ko 448x108 | l/s 
p 10 | kg/m? 
Cp 4.19x10 | J/kgK 
Ve 18x 10-3 | m3 

Qr 60x10- | m3/s 








Exercise 6.7: Testing a CSTR operating condition for stability 
Consider the reaction of Exercise 6.6. 


Xa) Determine if a CSTR operating at 347.6 K is stable or unstable for the 
following conditions. 











Parameter | Value Units 
E 7550 | K 
Ty 298 | K 
Cag 3 | kmol/m3 
AHR ~2.09 x 108 J/kmol 
ko 448x108 | 1/s 
Cp 419x103 | J/kg-K 
p 103 | kg/m? 
Vr 18x 10-3 | m3 
Qf 60x10- | m3/s 











Exercise 6.8: CSTR ignition 


Consider the CSTR parameter values listed in Table 6.1 and the steady-state 
X, T versus residence time plots in Figures 6.7 and 6.8. 


(a) Write down the dynamic CSTR equations for the adiabatic reactor. How 


many parameters are there and what are their values? Choose consistent 
units. 


(b) Choose a residence time of @ = 10 min. According to Figures 6.7 and 6.8, 
how many steady-state solutions are there at this residence time? What 
are the stable (c4, T} steady-state values and what are the unstable ones? 
You can just read these off the plots. 
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Next simulate the dynamic reactor. Choose as initial conditions for c, 
and T, values near the lower-branch and upper-branch steady states. 
Simulate the reactor for a time long enough for it to reach steady state. 
Check that the dynamic simulation converges to a steady state consis- 
tent with Figures 6.7 and 6.8 (this is your program debugging check). 
Once you are sure the program is working correctly simulate the reactor 
starting from C4 = Caf, T = Ty. Increase only the initial temperature and 
simulate again. How warm can the reactor be started before it ignites 
and reaches the upper branch steady state instead of the lower branch. 
Hand in plots of c4(t) and T(t) starting one degree below and above 
this critical temperature. 


(c) If it were advantageous to operate at an unstable steady state, how might 
you modify the reactor design to stabilize the steady state? Sketch your 
control scheme. Be sure to show and label clearly your sensor and actu- 
ator (if you are interested you can simulate the controlled reactor and 
see what controller gain is required to achieve stability). 


(d) Change the residence time to 0 = 32 min. How many steady-state solu- 
tions are there for this residence time. Start the reactor from the feed 
conditions and simulate for 1000 min. Does anything unusual happen? 
Describe what the reactor is doing. Does your simulation point out any 
safety issues? Can you think of a less violent method to start up the 
reactor? What values of (c4, T) are you trying to avoid during start up? 


Exercise 6.9: Removing heat in a CSTR 
The liquid-phase reaction 


A— B 


Y = kca 


is to be carried out in a nonisothermal, nonadiabatic CSTR operating at 95 °C. 
The feed contains pure A at 45 °C and 5 mol/L. Using the additional informa- 
tion provided below determine the temperature of the cooling fluid medium. 


Parameter Value Units | 














E 12,500 K 
AHe ~3700 cal/mol 

Ve 1000 L 

PF | 932 g/L 

Qr | 100 L/min 

ue 0.54 cal/ min cm? K 
Cp 0.22 cal/g K 

ko 3.1610" | mint 

A 


L8x 10% | cm? 
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Exercise 6.10: CSTR and energy balance 
Consider the reaction 


A“%B (6.97) 


in a liquid-phase, constant-volume CSTR with heating/cooling system. The 
heat capacity and density of the mixture can be assumed independent of tem- 
perature and composition. The following data and parameters are known. 




















Parameter Value Units 

E 7554 K 

Ty 298 K 

Crs 4.19 | kJ/kgK 
Caf 3.0 kmol/m3 
Ve 0.018 | m3 

ko 448x108 | st 

AHr ~2.09 x 105 kJ/kmol 
p 103 | kg/m? 
Qf 6.0 x 10-5 | m?/s 





(a) At what temperature must the reactor be operated to achieve 80% con- 
version? 


(b) What is the heat duty on the heating/cooling system when operating at 
this steady state and are you heating or cooling the reactor, i.e., what is 
the sign of the heat duty? 


Exercise 6.11: CSTR stability 


(a) For the reaction of A to. products, sketch the conversion of A versus 
mean reactor residence time for an isothermal CSTR. 


(b) Draw a separate sketch of conversion of A and reactor temperature ver- 
sus residence time for an exothermic reaction in an adiabatic CSTR that 
exhibits steady-state multiplicity. 


(c) Describe an ignition and extinction point and locate them on the sketch 
of the CSTR with steady-state multiplicity. What is special about these 
points? What does hysteresis mean? What are the practical operational 
problems associated with trying to operate a CSTR near one of these 
points. Is it possible to operate near one of these points? If not, why 
not? If so, how do you overcome the operational problems described 
above? 


“sna natant sinner aa a aa aAa aa a: 
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Exercise 6.12: Attractors in the CSTR 


Show which initial conditions are attracted to which solutions in Figure 6.30. 


Exercise 6.13: Semi-batch reactor balance 


Derive the CSTR energy balance given by Equation 6.72 in Table 6.8 by mak- 
ing the assumptions listed in the table. Now derive the semi-batch reactor 
Equation 6.81 in Table 6.9. Why are these two energy balances identical even 
though they apply to different reactor types? at 
Exercise 6.14: Adiabatic plug-flow reactor 


Consider the elementary, gas-phase isomerization reaction shown below: 


ky 
A(g) = B(g) 
kay 
This isomerization is to be carried out in an adiabatic PFR. Only A and B are 
present in the reactor feed stream. The feed rate, Qy, concentrations, Caf 
and cg, temperature, Ty, and pressure, Pr, are known at the inlet to the PFR. 
Pressure drop in the reactor can be neglected. 


(a) What does the stoichiometry tell you about the relationship between 
the molar flux of B, Ng, and the molar flux of A, Na, at any point in the 
reactor? 


(b) Write down the mole balance for component A, Remove any reference 
to cz in this equation with the result from 6.14a. Also write down an 
expression to evaluate the volumetric flowrate, Q, because it is not con- 
stant. 


(c) Starting from the general energy balance equation for a PFR given below, 
determine the appropriate energy balance equation for the PFR in this 
problem. Be sure that all variables in both the mole and energy balances 
can be evaluated in terms of your dependent variables, T and Na 


a AT _ Ct ae 
QpCr ae = ~AHprr + RU (Ta ~ T) 


(d) Compute the equilibriam concentration and conversion of component 
A that could be achieved if the reactor operated isothermally at the inlet 
temperature given below. The molar ratio of A to B in the feed is 4:1. 
Assume ideal gas behavior. 


Ty = 830°R; Pp = 180psia; K = ky /k.1 = L5; R = 10.731 psi ft? /bmol’R 


{e) If the equilibrium conversion of component A determined in 6.14d is 
achieved in the adiabatic reactor, calculate the outlet temperature using 
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the inlet conditions specified in 6.14d. Assume the heat capacities of 
A and B are the same and the heat capacity and heat of reaction are 
constant at the values below. 


AHg = 5850 BTU/Ibmol ; Cp = 20.0 BTU/Ibmol®R ; Qy = 10,000 ft /br 


Exercise 6.15: PFR energy balance with a single reaction 
‘The gas-phase reaction 


A+B— D+E 


is.carried out in a PFR. The reaction-rate expression is 
r = KPaPp 


in which 

k = 2.06 x 10° exp(-13, 700/T) 
The units for r are Ibmol/hr ft3, P is in atm, and T is in °R. The feed is a 4:1 
molar ratio of A and B and enters at 500 °F, at a feed rate of 0.85 Ibmol/hr and 
2 atm pressure. 

Assuming constant thermodynamic properties, determine the length of a 
2-in inner-diameter (ID) tubular reactor that operates adiabatically and pro- 
vides 93% conversion of B. The heat of reaction is AH, = —48,000 Btu/Ibmol 
and the mixture heat capacity is Cp = 110 Btu/lbmol’R. 


Exercise 6.16: Temperature and the equilibrium limit 


The following exothermic, reversible, gas-phase reaction is to be conducted in 
a PFR 


A— B 


r=k(ca- 2) 


You may assume the heat of reaction (AH, = ~20,000 cal/mol) and the compo- 
nent heat capacities (Cpa = Cpg = 50 cal/mol K) are constant. The equilibrium 
constant at 298 Kis K = 10°. 

Determine the maximum possible conversion of A if the feed contains pure 
A at a temperature of 300 K. 


Exercise 6.17: PFR energy balance with multiple reactions 


Allyl chloride is to be produced in a 25-ft long 2-in ID tube operating as a 
PFR [20]. The feed is a 4:1 molar ratio of propylene to chlorine and it enters 
at a feed rate of 0.85 Ibmol/hr, 2 atm of pressure, and 392 °F . The reactor 
pressure may be assumed constant. 
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Ciz + CaHe © C3HsCl + HCI (6.98) 
Cle + C3He “2. CsHeCls (6.99) 


The rate constants have units of Ibmol/(hr ft? atm?) and are 


ky = 2.06 x 10° exp (~27200/(RT)) 


-6860 acl 
RT 
in which T is in °R and R is in Btu/(@bmol’R). The rate expressions are 





kz = 11.7 x exp 


rı = ki Posug Per, 


Ya = k2Poxtig Pch 


The thermodynamic data for this reaction are listed in Table 6.11 [16].The 
partial molar heat capacities are expressed in units of cal/mol K and can be 
calculated using 

Cpj = Aj + ByT + CT? + DJT? 

Two modes of operation have been considered for this PFR, adiabatic and 
constant wall temperature. A constant wall temperature of 392 °F can be 
realized by boiling ethylene glycol on the outer surface of the reactor wall. The 
inside heat-transfer coefficient is 5 Btu/hr ft? °F for a feed rate of 0.85 Ibmol/hr 
and 2 atm total pressure. 


(a) Compute the molar flowrates of Cl, C3HsCl and C3HeClz, and the reactor 
temperature as a function of reactor length for adiabatic operation. Plot 
these dependent variables versus reactor length. 


(b) Compute the molar flowrates of Clz, C3HsCl and C3H¢Ch, and the reactor 
temperature as a function of reactor length for constant wall tempera- 
ture operation. Plot these dependent variables versus reactor length. 
What do you notice when you compare the extent of product formation 
and reactor temperature for both cases? Why do you think this happens? 


{c} Now compare the exact solutions developed above to the approximate 
solution presented in Smith [20] where the component heat capacities 
and the heat of reaction are evaluated at the inlet temperature and as- 
sumed constant. Plot the molar flowrates of C;HsCl and C3HeCi for the 
exact and and approximate solutions on different graphs, one for adia- 
batic and one for nonadiabatic operation. Prepare similar plots for the 
temperature. Comment on the errors this approximation. introduces. Is 
it sensible that the error is greater for adiabatic operation? Why? 
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Exercise 6.18: The adiabatic limit in a PFR 


We wish to convert the CO in a waste stream to CO2 by reaction in an adiabatic 
bundle of empty tubes. 


CO +502 = CO? 
The waste stream is a mixture of CO and air, and is mixed with a pure air 
stream to achieve 100% excess air to CO. This stream enters the reactor tube 
bundle at 100 °C. You want to calculate the maximum temperature that might 
be reached in the tube to select appropriate material of construction for the 
tube bundle. 


{a) What is the maximum outlet temperature that could be achieved? What 
assumptions do you make to compute this temperature? 


(b) If this temperature is too high for the materials on hand, what simple 
process design changes can lower the outlet temperature? 


{c) What would you do next if you wanted a more accurate estimate of the 
temperature of the effluent from the reactor? 


Additional information. 
‘The mean heat capacities and heats of formation at 25 °C are as follows. 








| Component Cpi ~AH;, 
cal/mol °C | kcal/mol 
co 6.98 26.42 
CO2 12.9 94.05 
02 8.35 0 
N2 7.92 0 














Exercise 6.19: Using a simplified PFR energy balance 


Consider the following reaction in an adiabatic, constant-pressure PER 
Ch +C3Hg “! C3HsCl+ HCI 
The rate constant has units of Ibmol/(hr ft} atm?) and is given by 
kı = 2.06 x 10° exp (-27200/RT) 
where Tis in °R and Ris in Btu/(Ibmol’R). The rate expression is 


Ty = ki Poy Poy 
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‘The feed is a 4:1 molar ratio of propylene to chlorine and it enters at a feed 
rate of 0.85 Ibmol/hr, 2.0 atm pressure, and 392 °F (852°R). The reactor tem- 
perature must be maintained below 880°R. The heat of reaction is 


AHp = -48,000 Btu/lbmol 


and the heat capacity of the reactor feed mixture is 


Cp =110  Btu/lbmol’R 


If you assume AHp and C, are constant and do not change as an inert is 
added to the feed, determine the minimum inert flowrate (in Ibmol/hr) that 
must be added to the feed to keep the reactor temperature below 880°R when 


the conversion of chlorine is 95%. 


Exercise 6.20: The effect of heat transfer in an autothermal reactor 


Consider what happens in the ammonia synthesis system described in Exam- 
ple 6.6 if we decrease the heat-transfer parameter, y. We wish to find the value 
of y such that the middle and upper steady states coalesce. 


(a) For arange of Ta (0) values, solve the initial-value problem, Equation 6.60, 
and plot the resulting T, (1) as in Figure 6.38. Use the parameter values 
given in Table 6.6. 


(b) Decrease the heat-transfer rate by 20% and repeat this calculation. Con- 
tinue to decrease y until you produce Figure 6.41. What is the critical 
value of y that corresponds to Figure 6.41? 


(c) What happens if you operate the autothermal reactor with a value of y 
less than the critical value found in part 6.20b? 


Exercise 6.21: Moving volume element in PFR 


In Section 6.5 we derived the energy balance for the PFR by considering a fixed 
volume element. Consider an adiabatic PFR Q = 0, for which we showed 
Ê (ptiA-Az) = mÊ - mÅzaz + Wp (6.100) 
ôt Seed 


zero 


For the fixed volume element we have convection terms because material 
streams through the boundary, but no work term for moving the boundary 
because the element is fixed in space. Dividing by Az and taking the limit 


leads to the energy balance 
ipl) _ a(vpH) 7 


Tort ap 9 (6.101) 


T(K) 
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Figure 6,41: Coolant temperature at reactor outlet versus temper- 
ature at reactor inlet, 7, (1) versus T,(0), at the criti- 
cal value of heat-transfer coefficient; upper and middle 
steady-state solutions have coalesced, 
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Figure 6.42: Volume element moving with the PFR fluid velocity. 
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in which v is the PFR fluid velocity. 

Consider a volume element that moves with the fluid velocity as depicted 
in Figure 6.42. The location of the moving element traces out one of the lines 
shown in the (z,f) plane. These lines are known as the characteristic lines for 
Equation 6.101. Notice also the two circular ends of the element move with 
different velocities if the fluid density is not constant, so this volume element 
may expand or contract as it moves down the reactor. Applying Equation 6.100 
to this moving element produces 





2 (piA-Az) = mH\,~mAlz.a2 +W, (6.102) 
ot ee ees 
zero zero 


in which the underline represents the quantities in the moving element. Notice 
for this choice of volume element the convection terms are zero, but the work 
term for moving the boundary is nonzero. Show that we still arrive at the 
same energy balance, Equation 6.101, starting with Equation 6.102 for the 
moving element. It is not difficult to add the heat term to this development 
as well. The moral of the story is that the choice of volume element is based 
on convenience; that choice does not affect the final energy balance. 

Hints: 

1. First show 


by considering the work done while moving the two ends of the element. 
2. Differentiate the left-hand side of Equation 6.102 to obtain 


Pare x 
ap PUAcAz) = Ac ka 


3. Compute the change in the volume element size due to the change in the fluid 
velocity with position, and show 
ðAz av 


“St T az 


Use the chain rule to show for pU = pU(z,t) 


a(pU) _ a(pUl)  ƏlpÜ) az 


(6.103) 








ot ~~ at + az at 


in which 0z/ét = v is the fluid velocity because we consider the moving element. 
The left-hand side of Equation 6.103 is the rate of change of internal energy as 
we move with the fluid along a characteristic line in Figure 6.42. In the transport 
literature this derivative also is called the material or substantial derivative, The 
right-hand side contains the usual partial derivatives in which we hold either z 
or t constant. 

4. Combine these results to obtain Equation 6.101. 
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Fixed-Bed Catalytic Reactors 





7.1 Introduction 


The analysis and rational design of reactors requires the simultaneous 
solution of material and energy balances. For a steady-state, tubular, 
plug-flow reactor, we showed in Chapter 6 that the molar flows and 
temperature are governed by the following differential equations 





ei) -5 Vifo J =1,2,...,M5 oN 
aT Ny 
QeCe FG =~ > AHRiti + % 5 U°(Ta — T) gia 


A rate expression, Y; as a function of concentration and temperature, 
for each of the 1, reactions is required to complete the problem de- 
scription. Equations 7.1 and 7.2 can be used for any reaction within the 
_ Teactor as long as the plug-flow conditions are satisfied. These balances 
are applicable to reactions that are homogeneous or heterogeneous; the 
heterogeneous case is referred to as a fixed-bed reactor. 

Ina fixed-bed reactor the catalyst pellets are held in place and do not 
move with respect to a fixed reference frame. Material and energy bal- 
ances are required for both the fluid, which occupies the interstitial re- 
gion between catalyst particles, and the catalyst particles, in which the 
reactions occur. For heterogeneously catalyzed reactions, the effects 
of intraparticle transport on the rate of reaction must be considered. 
Catalytic systems operate somewhere between two extremes: kinetic 
control, in which mass and energy transfer are very rapid; and intra- 
Particle transport control, in which the reaction is very rapid. Separate 
Material and energy balances are needed to describe the concentration 
and temperature profile inside the catalyst pellet. The concentrations 
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of each component and the temperature in the pellet are related to the 
concentrations and temperature in the bulk fluid through the boundary 
conditions that complete the problem description. Numerical methods 
are used to solve the resulting coupled differential equations, except 
in some special cases. 

This chapter's goal is to describe the reaction at any location within 
the reactor. In certain cases, analytical solutions to the transport of 
mass and energy within the catalyst pellet can be used to develop al- 
gebraic relationships that couple the rate of reaction within the pellet 
to the temperature and concentration that exist in the bulk fluid. Even 
though the applicability of these relationships is limited, deriving ana- 
lytical solutions develops intuition and clearly illustrates the coupling 
between the pellet and the fluid. 

Figure 7.1 presents several views of the fixed-bed reactor. Equa- 
tion 7.1 applies to the bulk fluid in the interstitial volume. The species 
production rates in the bulk fluid are essentially zero. That is the reason 
we are using a catalyst. Essentially all reaction occurs within the cata- 
lyst particles. The fluid in contact with the external surface of the cat- 
alyst pellet is denoted with subscript s. When we need to discuss both 
fluid and pellet concentrations and temperatures (see Section 7.7.1), we 
use a tilde on the variables within the catalyst pellet. 

During any catalytic reaction the following steps occur: 


1. transport of reactants and energy from the bulk fluid up to the 
catalyst pellet exterior surface, 


2. transport of reactants and energy from the external surface into 
the porous pellet, 


3. adsorption, chemical reaction, and desorption of products at the 
catalytic sites, 


4. transport of products from the catalyst interior to the external 
surface of the pellet, and 


5. transport of products into the bulk fluid. 


The coupling of transport processes with chemical reaction can lead 
to concentration and temperature gradients within the pellet, between 
the surface and the bulk, or both. For the remainder of this section, 
the pellet, surface and bulk temperatures are assumed to be equal. 
The five steps just listed describe the simultaneous processes that 
occur in the fixed-bed reactor. Usually one or at most two of these 
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Figure 7.1: Expanded views of a fixed-bed reactor. 


steps are rate limiting and act to influence the overall rate of reaction 
in the pellet. The other steps are inherently faster than the slow step(s) 
and can accommodate any change in the rate of the slow step. The 
system is intraparticle transport controlled if step 2 is the slow process 
(sometimes referred to as diffusion limited). For kinetic or reaction 
control, step 3 is the slowest process. Finally, if step 1 is the slowest 
process, the reaction is said to be externally transport controlled. 

In this chapter, we model the system on the scale of Figure 7.1C. The 
problem is solved for one pellet by averaging the microscopic processes 
that occur on the scale of Figure 7.1D over the volume of the pellet or 
over a solid surface volume element. This procedure requires an effec- 
tive diffusion coefficient, Dj, to be identified that contains information 
about the physical diffusion process and pore structure. 


7.2 Catalyst Properties 


The chemical steps for catalytic reactions: adsorption, desorption and 
Surface reaction, are covered in Chapter 5. These processes occur at a 
fluid-solid interface and the rates scale directly with the total number 
of surface sites, Cm. Table 7.1 lists some of the important commercial 


358 Fixed-Bed Catalytic Reactors 


catalysts and their uses [12]. References [12, 13, 14, 15] provide an 
excellent introduction to catalysis and catalytic processes. To make a 
catalytic process commercially viable, the number of sites per unit re- 
actor volume should be such that the rate of product formation is on 
the order of 1 mol/L-hour [21]. In the case of metal catalysts, the metal 
is generally dispersed onto a high-area oxide such as alumina. Metal 
oxides also can be dispersed on a second carrier oxide such as vanadia 
supported on titania, or it can be made into a high-area oxide. These 
carrier oxides can have surface areas ranging from 0.05 m?/g to greater 
than 100 m?/g. The carrier oxides generally are pressed into shapes 
or extruded into pellets. The following shapes are frequently used in 
applications: 20-100 um diameter spheres for fluidized-bed reactors, 
0.3-0.7 cm diameter spheres for fixed-bed reactors, 0.3-1.3 cm diame- 
ter cylinders with a length-to-diameter ratio of 3-4, and up to 2.5 cm 
diameter hollow cylinders or rings. 

Figure 7.1D shows a schematic representation of the cross section 
of a single pellet. The solid density is denoted p;. The pellet volume 
consists of both void and solid. The pellet void fraction (or porosity) is 
denoted by € and 

€ = PpVg 

in which pp is the effective particle or pellet density and Vg is the pore 
volume, The pore structure is a strong function of the preparation 
‘method, and catalysts can have pore volumes (Vg) ranging from 0.1- 
1 cm3/g pellet. The pores can be the same size or there can be a bimodal 
distribution with pores of two different sizes, a large size to facilitate 
transport and a small size to contain the active catalyst sites. Pore 
sizes can be as small as molecular dimensions (several Angstroms) or 
as large as several millimeters. 

Total catalyst area is generally determined using a physically ad- 
sorbed species, such as Nz. The procedure was developed in the 1930s 
by Brunauer, Emmett and and Teller [7], and the isotherm they devel- 
oped is referred to as the BET isotherm. In the physisorption process 
multi-layers are allowed to form. The BET isotherm model treats the 
first layer differently from all subsequent layers and leads to the fol- 
lowing expression 


UmcP 


Y= OTP + (ce DPF) ee 


in which c is a parameter related to the heats of adsorption in the 
first layer and subsequent layers, Po is the normal saturation vapor 
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Reaction 











Metals (e.g., Ni, Pd, Pt, as powders 
or on supports) or metal oxides 
(e.g., Cr203) 


Metals (e.g., Cu, Ni, Pt) 
Metal (e.g., Pd, Pt) 


Fe (supported and promoted with 
alkali metals) 


Ni 


Fe or Co (supported and promoted 
with alkali metals) 


Cu (supported on ZnO, with other 
components, ¢.g., AloO3) 


Re + Pt (supported on 7-Alz03 or 
y-Al2O3 promoted with chloride) 


Solid acids (e.g., SiO2-Al203, zeolites) 
y-Al03 
Pd supported on acidic zeolite 


Metal-oxide-supported complexes of 
Cr, Ti or Zr 


Metal-oxide-supported oxides of 
W or Re 


Ag(on inert support, promoted by 
alkali metals) 


V20; or Pt 
V20; (on metal oxide support) 


Bismuth molybdate 
Mixed oxides of Fe and Mo 


Fe304 or metal sulfides 








C=C bond hydrogenation, e.g., 
olefin + Hp — paraffin 


C=0 bond hydrogenation, ¢.g., 
acetone + Hy — isopropanol 


Complete oxidation of hydrocarbons, 
oxidation of CO 


3Hp + No — 2NH3 


CO + 3H? — CH4 + H20 (methanation) 


CO + Hz — paraffins + olefins + H20 
+ CO: (+ other oxygen-containing organic 
compounds) (Fischer-Tropsch reaction) 


CO + 2Hz — CH30H 


Paraffin dehydrogenation, isomerization 
and dehydrocyclization 


Paraffin cracking and isomerization 
Alcohol — olefin + HzO 
Paraffin hydrocracking 


Olefin polymerization, 
e.g., ethylene — polyethylene 


Olefin metathesis, 
e.g., 2 propylene — ethylene + butene 


Ethylene + 1/2 Oz — ethylene oxide 
(with COz + H20) 


2 $02 + O2 — 2 S03 

Naphthalene + 9/202 — phthalic anhydride 
+ 2COz +2H20 

Propylene + 1/202 — acrolein 


CH30H + Oz ~ formaldehyde 
(with COz + H20} 


H2O + CO — Ha + COo 


Table 7.1: Industrial reactions over heterogeneous catalysts. This 
material is used by permission of John Wiley & Sons, Inc., 
Copyright ©1992 [12]. 
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pressure of the adsorbate at the adsorption temperature, and v is the 
volume of gas adsorbed at a particular pressure P. Uptake data are 
fit to Equation 7.3 to determine c and vm, in which vm is the volume 
of gas that corresponds to a monolayer of the entire solid. One then 
assumes each adsorbed molecule in the volume Vm covers a particular 
area, i.e., the footprint of the molecule at the adsorption temperature. 
For Nz at 77 K the area of each molecule is 0.162 nm*. The total area 
per gram of catalyst is denoted by Sg. 


7.2.1 Effective Diffusivity 


We define a diffusion coefficient that takes into account the random 
distribution of solid and void as one moves from the exterior to the 
interior of the pellet, so that the balance can be written over the en- 
tire pellet. This idea leads to the concept of an effective diffusivity. 
Starting at any pore opening in Figure 7.1D and moving inward along 
a straight line to the center, one quickly encounters solid. Inside, any 
void space transport can be described by the diffusion of a substance 
under a concentration gradient. The diffusion rate is controlled by the 
microscopic details of the transport in the voids. 

Section 7.2 discussed pore sizes and pore size distributions. As- 
sume here that all pores are straight cylinders and that the pellet has 
a single pore size distribution. The average radius, Ya, of the pores is 
then 

Ya = -57 (7.4) 


The type of diffusion in the pore, bulk or Knudsen, depends on whether 
the diffusing species collide more often with each other or with the 
pore wall surface. Liquid-phase diffusion is described by liquid-liquid 
intermolecular collisions. For a gas-phase molecule the mean free path, 
A, is 
Ne kpT 
J2ro2P 

and it has a value of approximately 10-5 cm at 1.0 atm and room tem- 
perature for simple gases. When A < r, by an order of magnitude, bulk 
flow dominates and diffusion is described by collisions in the gas phase. 
When A > ra by an order of magnitude, Knudsen flow dominates and 
diffusion is described by collisions with the pore walls. Finally, when 
Ya is approximately equal to the dimensions of the diffusing reactants, 
transport is described by surface or configurational diffusion. We only 
consider the first two in this text. 
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A number of correlations have been developed for bulk flow that 
describe binary interactions, One such correlation is the Chapman- 
Enskog relation, 

IRI L)\ 

yT (ag + we) 

Dag = 0.0018583 -——-5 

Po ‘A BÊD,AB 

which predicts the diffusivity in cm?/s for T in K, P inatm and ag in 
Ångström units. In multicomponent systems (1, species), all the binary 
interactions must be considered, as well as the contributions relative 
molar fluxes make to the transport of each component. The correct 
and complete treatment requires the use of Stefan-Maxwell relations. 
For example, when only one reaction is present for a multicomponent 
system, the diffusivity of species j in the mixture, Djm, can be found 





using 
1 Re od VE 1 
= Ve + 5 5 
Dim bee ( ey) 1+ 6j¥j 
in which i 
ôj= 2&1 Yk 
[v] 


in which vp and yx represent the stoichiometric coefficient and mole 
fraction of component k, respectively. This one limiting case illustrates 
that the diffusion coefficient can change with temperature, pressure 
and composition. 

For Knudsen flow the diffusivity of species j is 


re 8ra | RT 75 
Dix i 3 27M; (Zea) 
Substitution of the gas constant gives 


: [Tv 

Djx = 9.7 x lora] M, 

which predicts the diffusivity in cm?/s for T in K and M} in g/mol. 
Bulk or Knudsen flow dominate when ra and A vary by at least an 

order of magnitude. A combined diffusivity is needed when ra and A 

are of the same order of magnitude. Again for the single reaction 


eA Ney 1 as 
i > Dix (7 7 A ” Dix YGS) 
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in which Ny is the molar flux of component k in the pore. For binary 

systems (components A and B) with equimolar counter diffusion, Equa- 

tion 7.6 reduces to i ; 
Dac ` Das * Dax n 

Equations 7.6 and 7.7 can be used to describe diffusion down a 
straight cylindrical pore. A porous solid does not consist of straight 
cylindrical pores, each having the same length and radius. Models for 
pore structure have been proposed that describe the pore size distri- 
bution and orientation as a function of location within the pellet [2]. 
These microscopic descriptions can be used to predict the porosity, 
pore size distribution, pore volume and pore area, all of which can be 
measured experimentally. 

We also can use these microscopic models to describe diffusion ra- 
dially inward, accounting for the changing pore shape and the presence 
of void or solid as a function of any position (r, 8, p) within the pellet. 
The texts by Aris [2] and Petersen [18] illustrate the approach. In short, 
the rate of mass transfer is solved rigorously in a pellet at the level 
depicted in Figure 7.1D to give an equation of the form 





d A 
Ij = -Djarrr? T E (7.8) 


in which Dy refers to either Djm or Djx and € is an integral over the 
bounding surface of a dimensionless concentration gradient for j that 
depends on the microscopic description of the pore surfaces. As the mi- 
croscopic description changes, € changes; however, this same € would 
apply to other diffusing species as well. Now if one considers the solid 
to be an equivalent homogeneous medium, which is the level depicted 
in Figure 7.1C, then the same rate can described in terms of an effective 
diffusion coefficient, De. 


„dcj 
lj = -Dajan (7.9) 


Comparison of Equations 7.8 and 7.9 leads to 
Dej = D;§ 
The integral € is generally represented as 


== 


7 
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Catalyst 
100-1 104m powder packed into a tube 
pelletized Cr20; supported on AlpO3 
pelletized boehmite alumina 
Girdler G-58 Pd on alumina 
Haldor-Topsee MeOH synthesis catalyst 
0.5% Pd on alumina 
1.0% Pd on alumina 
pelletized Ag/8.5% Ca alloy 0.3 6.0 | 
pelletized Ag 0.3 10.0 | 




















Table 7.2: Porosity and tortuosity factors for diffusion in catalysts. 


in which r is the tortuosity factor. The use of the ratio e/t has no 
real physical significance. It is done to remind us that as a diffusing 
molecule travels radially inward it encounters solid and void but it dif- 
fuses mainly in the void regions. Similarly, the molecule cannot travel 
in a straight line from the exterior to the center point, rather it must 
follow a tortuous path that effectively adds to the distance of travel. 
Rigorous models such as the parallel, cross-linked, pore model can 
be used to predict the value of r. If the pores are modeled as straight 
cylindrical tubes of various lengths, one finds r = 3. Table 7.2 lists 
experimental values for t [8]. The values of r generally range from 
about 2 to 7. As more anisotropy in the pore distribution is introduced 
by the manufacturing process, r increases. Because of this variability 
in T, it should be determined experimentally for the catalyst of interest. 


7.3 The General Balances in the Catalyst Particle 


In this section we consider the mass and energy balances that arise with 
diffusion in the solid catalyst particle when considered at the scale 
of Figure 7.1C. Consider the volume element depicted in Figure 7.2. 
Assume a fixed laboratory coordinate system in which the velocities 
are defined and let vj be the velocity of species j giving rise to molar 
flux N; 
Nj =Cj¥j, J=1,2,...,1s 

Let E be the total energy within the volume element and e be the flux 


of total energy through the bounding surface due to all mechanisms of 
transport. The conservation of mass and energy for the volume element 
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Figure 7.2: Volume element in a stationary solid containing energy 
density E and molar concentrations cj, with energy flux e 
and mass fluxes Nj. 


implies 
OC; F 
Bp TOV N+ Rj j=1,2,... ns (7.10) 
OE 
Si =-V-e (7.11) 


in which R; accounts for the production of species j due to chemical 
reaction. As in Chapter 6, we consider the internal energy to be the 
dominant contribution to total energy, and neglect kinetic, potential 
and other forms of energy, so E = U. 

Next we consider the fluxes. Since we are considering the diffusion 
of mass in a stationary, solid particle, we assume the mass flux is well 
approximated by 


Nj = -DjVecj, J=1,2,...,ns 


in which D; is an effective diffusivity for species j. Notice we are ne- 
glecting a variety of other possible mechanisms of mass transport, in- 
cluding the flux of species j due to gradients in the other species con- 
centrations, and the flux of species j due to temperature gradients 
(thermal diffusion), pressure gradients, and gravitational or other ex- 
ternal fields (forced diffusion). Bird, Stewart and Lightfoot [5, pp. 767- 
768] provide further discussion of these contributions to the mass flux. 
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We approximate the total energy flux by 


e=-kV¥T+ 3 NjH; 
i 


This expression accounts for the transfer of heat by conduction, in 
which È is the effective thermal conductivity of the solid, and transport 
of energy due to the mass diffusion. We have neglected any viscous 
heating effects, and the flux of energy due to concentration gradients 
(Dufour energy) and radiation. So the energy balance becomes 


2(o0) 


= =V-kVT~ > [(V NH; +Nj- VHj| (7.12) 


J 


In this chapter, we are concerned mostly with the steady state. Set- 
ting the time derivative to zero in Equation 7.10 produces 


=-V.Nj+Rj (7.13) 


Substituting Equation 7.13 into Equation 7.12, using the definition of 
the heat of reaction, and setting the time derivative to zero, yields 


0=V-kVYT -Y AHriri ~ Nj: VH} 
í j 
Finally, we often assume that the diffusivity, thermal conductivity and 
partial molar enthalpies are independent of temperature and compo- 


sition to produce the following coupled mass and energy balances for 
the steady-state problem 


0=D;V cG +R; Ff =1,2,...,Ms (7.14) 
0 = kV?T - F Apri (7.15) 
i 
In multiple-reaction, noniosthermal problems, we must solve these 
equations numerically, so the assumption of constant transport and 
thermodynamic properties is driven by the lack of data, and not ana- 
lytical convenience. 


7.4 Single Reaction in an Isothermal Particle 


We start with the simplest cases and steadily remove restrictions and 
increase the generality, In this section, therefore, we consider a single 
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reaction taking place in an isothermal particle. We start with the spher- 
ical particle, first-order reaction, and neglect the external mass-transfer 
resistance. Next we consider other catalyst shapes, then other reaction 
orders, and then other kinetic expressions such as the Hougen-Watson 
kinetics of Chapter 5. We end this section by considering the effects of 
finite external mass transfer. 


7.4.1 First-Order Reaction in a Spherical Particle 


In this section we consider a single, irreversible, first-order reaction 
occurring in an isothermal spherical pellet 


AŽ B, r=key (7.16) 


Substituting the production rate into Equation 7.14, expressing the 
equation in spherical coordinates, and assuming pellet symmetry in 
8 and # coordinates gives 


ra 2dca 
r? dr dr 


in which D4 is the effective diffusivity in the pellet for species A. As 
written. here, the first-order rate constant k has units of inverse time. 
Be aware that the units for a heterogeneous reaction rate constant are 
sometimes expressed per mass or per area of catalyst. In these cases, 
the reaction rate expression includes the conversion factors, catalyst 
density or catalyst area, as illustrated in Example 7.1. We require two 
boundary conditions for Equation 7.17. In this section we assume the 
concentration at the outer boundary of the pellet, cas, is known, and the 
symmetry of the spherical pellet implies the vanishing of the derivative 
at the center of the pellet.! Therefore the two boundary conditions for 
Equation 7.17 are 


Da ) — kca = 0 (7.17) 


LA = CAs, r=R 
dca _ ms 
dr =0 r=0 


At this point we can obtain better insight by converting the problem 
into dimensionless form. Equation 7.17 has two dimensional quanti- 
ties, length and concentration. We might naturally choose the sphere 

‘Some may prefer to use other boundary conditions at r = 0, such as boundedness 


of c4 or dca/dr, or a zero source/sink condition. These boundary conditions are 
eguivalent for the problems considered here. 
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radius R as the length scale, but we will find that a better choice is to use 
the pellet’s volume-to-surface ratio. For the sphere, this characteristic 
Jength is 

Vp STR? R 


T Sp 4nR? 3 ae 





The only concentration appearing in the problem is the surface con- 
centration in the boundary condition, so we use that quantity to nondi- 
mensionalize the concentration = 


mt 2) = C, 
F=, Sa 54 
a CAs 


Dividing through by the various dimensional quantities produces 








ida rE) _ ee = 
=F (PE) - 22-0 (7.19) 
Fx3 
F=O 
in which 4 is given by 
@= reaction rate: Thiele modulus (7.20) 
diffusion rate 











The single dimensionless group appearing in the model is referred. to 
as the Thiele number or Thiele modulus in recognition of Thiele’s pio- 
neering contribution in this area {20].? The Thiele modulus quantifies 
the ratio of the reaction rate to the diffusion rate in the pellet. 
Equation 7.20 can be considered as a special case of a more general 


definition . z 
b= [Ris |a? [keasa? _ pe (7.21) 
i CjsDj casDa y Da 


We now wish to solve Equation 7.19 with the given boundary con- 
ditions. Because the reaction is first order, the model is linear and we 











ĉin his original paper, Thiele used the term modulus to emphasize that this then 
unnamed dimensionless group was positive. Later when Thiele's name was assigned to 
this dimensionless group, the term modulus was retained. Thiele number would seem 
a better choice, but the term Thiele modulus has become entrenched. 
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can derive an analytical solution. It is often convenient in spherical 
coordinates to consider the variable transformation 


ag . uM 


EF) 7 (7.22) 


Substituting this relation into Equation 7.19 provides a simpler differ- 
ential equation for u(¥), 


du 

5 -pu = 0 (7.23 

aF? ) 
with the transformed boundary conditions 

u=3 F=3 

u=0 F=0 
The boundary condition u = 0 at F = 0 ensures that ¢ is finite at the 
center of the pellet. The student may recall from the differential equa- 
tions course that the solution to Equation 7.23 is 


ul?) = Cy COSh®F + cz sinh $F (7.24) 


This solution is analogous to the sine and cosine solutions if one re- 
places the negative sign with a positive sign in Equation 7.23. These 
functions are shown in Figure 7.3. Some of the properties of the hyper- 
bolic functions are 


er +e” dcoshr 








coshr = Sogn | gee sinhr 
Y por aj 
sinhr = 55 dsinhr z coshr 
2 dr 
tanhr = smh? 
coshr 


The constants cı and cz are determined by the boundary conditions. 
Substituting Equation 7.24 into the boundary condition at F = 0 gives 
¢, = 0, and applying the boundary condition at F = 3 gives c2 = 
3/ sinh 34. Substituting these results into Equations 7.24 and 7.22 gives 
the solution to the model 

_ 3sinhey 
~ ¥ sinh3@ 
Figure 7.4 displays this solution for various values of the Thiele modu- 
jus. Note for small values of Thiele modulus, the reaction rate is small 


(7.25) 


e 





(F) 
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Figure 7.4: Dimensionless concentration versus dimensionless ra- 
dial position for different values of the Thiele modulus, 
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compared to the diffusion rate, and the pellet concentration becomes 
nearly uniform. For large values of Thiele modulus, the reaction rate is 
large compared to the diffusion rate, and the reactant is converted to 
product before it can penetrate very far into the pellet. 

We now calculate the pellet’s overall production rate given this con- 
centration profile. We can perform this calculation in two ways. The 
first and more direct method is to integrate the local production rate 
over the pellet volume. The second method is to use the fact that, at 
steady state, the rate of consumption of reactant within the pellet is 
equal to the rate at which material fluxes through the pellet’s exterior 
surface, The two expressions are 





1 R 
Rap = A Í, Ra(r)árnr?dr volume integral (7.26) 
Rire 2p, aca surface flux 5 
Po Vp ^ dr |rer (assumes steady state) (7.27) 


in which the local production rate is given by Ra(r) = —kca(r). We 
use the direct method here and leave the other method as an exercise. 
‘Substituting the local production rate into Equation 7.26 and converting 
‘the integral to dimensionless radius gives 





keas (3 ye 
Rap =~ s f Tr dF (7.28) 
Substituting the concentration profile, Equation 7.25, and changing the 
variable of integration to x = @r gives 


k 3 
EAS x sinhxdx (7.29) 


Rap = ~ 387 sinh 3® Jo 


The integral can be found in a table or derived by integration by parts 
to yield finally 


1 l 1 
R E TS E O 
ap = -keas g tan 36 36 | (7-30) 


It is instructive to compare this actual pellet production rate to the rate 
in the absence of diffusional resistance. If the diffusion were arbitrarily 
fast, the concentration everywhere in the pellet would be equal to the 
surface concentration, corresponding to the limit @ = 0. The pellet rate 
for this limiting case is simply 


Ras = —KCas (7.31) 
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We define the effectiveness factor, n, to be the ratio of these two rates 





n= fee effectiveness factor (7.32) 





The effectiveness factor is a dimensionless pellet production rate that 
measures how effectively the catalyst is being used. For n near unity, 
the entire volume of the pellet is reacting at the same high rate be- 
cause the reactant is able to diffuse quickly through the-pellet. For 7 
near zero, the pellet reacts at a low rate. The reactant is unable to pen- 
etrate significantly into the interior of the pellet and the reaction rate 
is small in a large portion of the pellet volume. The pellet’s diffusional 
resistance is large and this resistance lowers the overall reaction rate. 
We can substitute Equations 7.30 and 7.31 into the definition of effec- 
tiveness factor to obtain for the first-order reaction in the spherical 
pellet i : i 
n= 5 ange ~ 36! (733) 
Figures 7.5 and 7.6 display the effectiveness factor versus Thiele 
modulus relationship given in Equation 7.33. The log-log scale in Fig- 
ure 7.6 is particularly useful, and we see the two asymptotic limits of 
Equation 7.33. At small ®, n = 1, and at large 6, n ~ 1/%. Figure 7.6 
shows that the asymptote 7 = 1/# is an excellent approximation for 
the spherical pellet for @ = 10. For large values of the Thiele modu- 
lus, the rate of reaction is much greater than the rate of diffusion, the 
effectiveness factor is much less than unity, and we say the pellet is 
diffusion limited. Conversely, when the diffusion rate is much larger 
than the reaction rate, the effectiveness factor is near unity, and we 
say the pellet is reaction limited. 


Example 7.1: Using the Thiele modulus and effectiveness factor 


The first-order, irreversible reaction (A — B) takes place in a 0.3 cm 
radius spherical catalyst pellet at T = 450K. At 0.7 atm partial pressure 
of A, the pellet’s production rate is ~2.5x 10-5 mol/(g s). Determine the 
production rate at the same temperature in a 0.15 cm radius spherical 
pellet. The pellet density is pp = 0.85 g/cm. The effective diffusivity 
of A in the pellet is Da = 0.007 cm?/s. 


Solution 


We can use the production rate and pellet parameters for the 0.3 cm pel- 
let to find the value for the rate constant k, and then compute the Thiele 
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Figure 7.5: Effectiveness factor versus Thiele modulus for a first- 
order reaction in a sphere. 
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Figure 7.6: Effectiveness factor versus Thiele modulus for a first- 
order reaction in a sphere (log-log scale). 


100 


7.4 Single Reaction in an Isothermal Particle 373 


modulus, effectiveness factor and production rate for the smaller pel- 


let. 
We have three unknowns, k,®, n, and the following three equations 





Rap = ~NkCas (7,34) 
ka? 
b=, D (7.35) 
1 1 1 ay Sas 
n= plann ar] 736) 


The production rate is given in the problem statement. Solving Equa- 
tion 7.35 for k, and substituting that result and Equation 7.36 into 7.34, 
give one equation in the unknown ® 


ef ee J- -pee 
tanh3@  3¢]  DACas 
The surface concentration and pellet production rates are given by 

0.7 atm 


(7.37) 





= 1.90 x 10>mol/em? 





Cas = aeee 
~ (82.0658) (450 K) 
es sma) ( <5) =- mol 
: Rap ( 25x105 TE) (08573) = 225 RS 
Substituting these values into Equation 7.37 gives 
1 1 
a ganas 30] 19 
This equation can be solved numerically yielding the Thiele modulus 
$ = 1.93 











Using this result, Equation 7.35 gives the rate constant 
k=2.61 s7? 


The smaller pellet is half the radius of the larger pellet, so the Thiele 
modulus is half as large or ® = 0.964, which gives 7 = 0.685. The 
production rate is therefore 
Rap = -0.685 (2.6s~) (1.90 x 10-5mol/cm?) = ~3.38 x 10-5 oL 
p 5 4 i : em} s 
We see that decreasing the pellet size increases the production rate by 
almost 60%. Notice that this type of increase is possible only when the 
pellet is in the diffusion-limited regime. g 
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Figure 7.7: Characteristic length a for sphere, semi-infinite cylinder 
and semi-infinite slab. 


7.4.2 Other Catalyst Shapes: Cylinders and Slabs 


Here we consider the cylinder and slab geometries in addition to the 
sphere covered in the previous section. To have a simple analytical 
solution, we must neglect the end effects; we therefore consider in 
addition to the sphere of radius Rs, the semi-infinite cylinder of radius 
Re, and the semi-infinite slab of thickness 2L, depicted in Figure 7.7. 
We can summarize the reaction-diffusion mass balance for these three 
geometries by 


l d ( adea (7.38) 


äradr\ dr 


) i; kca =0 
in which 
q=2 sphere 
q=1 cylinder 
q=0 slab 


The associated boundary conditions are 


y=R; sphere 
CA = CAs | y= R; cylinder 
r=L slab 
dea 6 r=0 all geometries 
ay = geometries. 
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The characteristic length a is again best defined as the volume-to- 
surface ratio, which gives for these geometries 





a= R sphere 
a= y cylinder 
a=L slab 
The dimensionless form of Equation 7.38 is 
q dE 
FIE: Z g 
zy ae < (rg F) 0 (7.39) 

€=1 F=Hqr+l 
dé aa 
ar =O rep 


in which the boundary conditions for all three geometries can be com- 
pactly expressed in terms of g. 

The effectiveness factor for the different geometries can be evalu- 
ated using the integral and flux approaches, Equations 7.26-7.27, which 
lead to the two expressions 





1 aD TA 
n= (q+ ija i CY dF (7.40) 
1 dé 
We p? dF ř=q+1 uSp 




















We have already solved Equations 7.39 and 7.41 for the sphere, q = 2. 
Analytical solutions for the slab and cylinder geometries also can be 
derived. See Exercise 7.1 for the slab geometry. The results are sum- 
marized in Table 7.3. Note that Jy and I; are modified Bessel functions 
of the first kind of orders zero and one, respectively. 

The effectiveness factors versus Thiele modulus for the three ge- 
ometries are plotted in Figure 7.8. Although the functional forms listed 
in Table 7.3 appear quite different, we see in Figure 7.8 that these solu- 
tions are quite similar. The effectiveness factor for the slab is largest, 
the cylinder is intermediate, and the sphere is the smallest at all values 
of Thiele modulus. The three curves have identical small © and large 
# asymptotes. The maximum difference between the effectiveness fac- 
tors of the sphere and the slab n is about 16%, and occurs at 6 = 1.6. 
For @ < 0.5 and ẹ > 7, the difference between all three effectiveness 
factors is less than 5%. 
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i J 1 
Sphere n= 3 laa - z3] {7.42} 
= _ Lhe) 
Cylinder | n = IAEI (7.43) 
Slab n= ‘anh? (7.44) 











Table 7.3: Closed-form solution for the effectiveness factor versus 
Thiele modulus for the sphere, semi-infinite cylinder, and 
semi-infinite slab. 





1 sphere(7.42) —— 
: ~ cylinder(7.43) 
slab(7.44) 
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Figure 7.8: Effectiveness factor versus Thiele modulus for the 
sphere, cylinder and slab. 
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7.4.3 Other Reaction Orders 


For reactions other than first order, the reaction-diffusion equation is 
nonlinear and numerical solution is required. We will see, however, 
that many of the conclusions from the analysis of the first-order reac- 
tion case still apply for other reaction orders. We consider nth-order, 
irreversible reaction kinetics 


A‘%B, r=kc? v=" (7.45) 


The reaction-diffusion equation and boundary conditions for this case 
are es A 

Ld (padca) pen = 

Aa (r = ) kc? =0 (7.46) 

We might naturally define the Thiele modulus as in Equation 7.21, but 

the results for various reaction orders have a common asymptote if we 


instead define 


n + keh a? Thiele modulus 
Pa 2 Da nth-order reaction (7.47) 





i ath eg a 
a o oe 
n+1 1 dé 


S2 $ dF 





F=gel 


Figure 7.9 shows the effect of reaction order for n = 1 in a spheri- 
cal pellet. As the reaction order increases, the effectiveness factor de- 
creases. Notice that the definition of Thiele modulus in Equation 7.47 
has achieved the desired goal of giving all reaction orders a common 
asymptote at high values of 6. Figure 7.10 shows the effectiveness 
factor versus Thiele modulus for reaction orders less than unity. No- 
tice the discontinuity in slope of the effectiveness factor versus Thiele 
modulus that occurs when the order is less than unity, Recall from 
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Figure 7.9: Effectiveness factor versus Thiele modulus in a spherical 


7 Figure 7.11: Dimensionless concentration versus radius for zero- 
pellet; reaction orders greater than unity. 


order reaction (n. = 0) in a spherical pellet (q = 2); for 
large @ the inner region of the pellet has zero A con- 
centration. 





the discussion in Chapter 4 that if the reaction order is less than unity 
in a batch reactor, the concentration of A reaches zero in finite time. 
Equation 4.28 shows the discontinuity that is introduced into the mass 
balance when the concentration reaches zero, and Figure 4.8 displays 
the discontinuity in the slope of concentration versus time. In the 
reaction-diffusion problem in the pellet, the same kinetic effect causes 
the discontinuity in n versus ®. For large values of Thiele modulus, 
the diffusion is slow compared to reaction, and the A concentration 
reaches zero at some nonzero radius inside the pellet. For orders less 
than unity, an inner region of the pellet has identically zero A concen- 
tration. Figure 7.11 shows the reactant concentration versus radius 
for the zero-order reaction case in a sphere at various values of Thiele 
modulus. For & = 0.577, the A concentration reaches zero just at the 
center of the pellet. Notice that the discontinuity in slope of n versus 
in Figure 7.10 occurs at this same ẹ value. For larger values of 4, 
the A concentration reaches zero at finite radius. This radius increases 


Izza 
Hina 





Figure 7.10: Effectiveness factor versus Thiele modulus in a spheri- 
cal pellet; reaction orders less than unity. 
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with increase in Thiele modulus so that for @ = 10, only a small outer 
shell of the pellet has nonzero A concentration. The same qualitative 
picture holds for all values of reaction order less than one. 


7.4.4 Hougen-Watson Kinetics 


Given the discussion in Section 5.6 of adsorption and reactions on cat- 
alyst surfaces, it is reasonable to expect our best catalyst rate expres- 
sions may be of the Hougen-Watson form. In this section we study 
an example reaction mechanism of this form. Consider the following 
reaction and rate expression 


Kaca 


A — products r= Kem FEA 


(7.48) 
This expression arises when gas-phase A adsorbs onto the catalyst sur- 
face and the reaction is first order in the adsorbed A concentration. If 
we consider the slab catalyst geometry, the mass balance is 


aca 
dr? 


Kaca 


Da ™14+KACA z 


kĒ 
and the boundary conditions are 


CA = CAs r=L 
dca 
= = r=0 
ar 
We would like to study the effectiveness factor for these kinetics. First 
we define dimensionless concentration and length as before to arrive 
at the dimensionless reaction-diffusion model 





dE z, T 
m Pte (7.49) 
@=1 F=1 
dé A 
g0 F=0 (7.50) 


in which we now have rwo dimensionless groups 


m T. 2 
b= [KemKaa? p = Kacas 75) 
Da 
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We use the tilde to indicate Ë is a good first guess for a Thiele modu- 
lus for this problem, but we will find a better candidate subsequently. 
The new dimensionless group ¢ represents a dimensionless adsorption 
constant. The effectiveness factor is calculated from 

_ Rap ~(Sp/Vp)Da dealdr|,.4 


Ras —kémKacas/(1 + Kaas) 





which becomes upon definition of the dimensionless quantities 


14o dē 
= So” AF lpr 





(7.52) 


Now we wish to define a Thiele modulus so that n has a common 
asymptote at large ¢ for all values of p. This goal was accomplished for 
the nth-order reaction as shown in Figures 7.9 and 7.10 by including the 
factor (n + 1)/2 in the definition of @ given in Equation 7.47. We now 
turn our attention to finding the right Thiele modulus for the Hougen- 
Watson kinetics problem. First we calculate n for large 6. 


Asymptotic behavior for large Ë. As a first step we change the inde- 
pendent variable from 7 to 


z=6(1-7) (7.53) 


in order to remove from the differential equation [18]. Then we take 
the limit 6 -- œ to obtain the model describing the asymptotic case. 
Changing variables in the reaction-diffusion model, Equations 7.49- 
7.50, and taking the limit produces 





ae c k 

EET Saa 
c=) z=0 

dt 

a7? Z=m 


The effectiveness factor is obtained by changing variables in Equa- 
tion 7.52, producing 
_l+@ de 

$ dziz-0 
We need to perform one integral of Equation 7.54, without resorting to 
numerical integration, to evaluate the effectiveness factor. 





(7.55) 
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Figure 7.12: Dimensionless concentration @ versus z for large ; 
consider the function z(@) in place of @(z). 


Define p(z) = dé/dz to be the desired first derivative. The only 
nonobvious step in this section is the next one. We make the follow- 
ing variable transformation; instead of considering p as a function of 
z, define a transformation that makes it a function of Z. Figure 7.12 
illustrates what we have in mind. The variable transformation is 


piz) = p(z(€)) = pc) 
We now use the familiar chain rule of differentiation 
dp _dpdct_ dp dp . 
dz ` dédz~ dc?) = Ge? 
and substitute the mass balance, Equation 7.54, to obtain 








This equation can be separated to yield 


ETENE eek ee 
Í á p= isg” 
Performing the integral on the left-hand side and solving for p gives 
ae oe pe 
one [ef L+ | 


in which we choose the correct sign to correspond to Figure 7.12. Per- 
forming the integral on the right-hand side yields 


p--[s (e- gina +90] (7.56) 
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Evaluating Equation 7.56 at č = 1, which corresponds to z = 0 (see 
Figure 7.12), and substituting the result into Equation 7.55 produces 


1/146) oo ee 
n= 3 (5$) \2(@-InG +9) (7.57) 


Equation 7.57 tells us what we need to know. We wish to redefine the 
Thiele modulus so that this equation reads simply 
ai) ~ 

= 6 
We can accomplish this with a simple rescaling of the Thiele modulus 
via $ i 

b= ( ) b 
1+) j2(p-In( + $)) 

So, in summary, we have the following two dimensionless groups for 
this problem 


7 $ kémKaa? _ 
anli shae irp Po Kata Gesa) 


Obviously it does not pay to try to guess an appropriate Thiele modu- 
lus for these more complex rate expressions. An asymptotic analysis 
as presented here is required to find the appropriate scaling. This idea 
appears to have been discovered independently by three chemical en- 
gineers in 1965. To quote from Aris [2, p. 113] 








This is the essential idea in three papers published inde- 
pendently in March, May and June of 1965; see Bischoff [6], 
Aris [1] and Petersen [19]. A more limited form was given as 
early as 1958 by Stewart in Bird, Stewart and Lightfoot [4, p. 
338]. 


The payoff for this analysis is shown in Figures 7.13 and 7.14. If 
we use our first guess for the Thiele modulus, Equation 7.51, we obtain 
Figure 7.13 in which the various values of œ have different asymptotes. 
Using the Thiele modulus defined in Equation 7.58, we obtain the re- 
sults in Figure 7.14. Figure 7.14 displays things more clearly. First, 
notice from the mass balance, Equation 7.54, that the dimensionless 
reaction rate is 


é dimensionless reaction rate 
l+ ọọ? Hougen-Watson kinetics 
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‘Figure 7.13: Effectiveness factor versus an inappropriate Thiele 
modulus in a slab; Hougen-Watson kinetics. 
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Figure 7.14: Effectiveness factor versus appropriate Thiele modulus 
in a slab; Hougen-Watson kinetics. 
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Figure 7.15: Effect of external mass transfer on pellet surface con- 
centration. 


and, as we have seen in Chapter 5, the apparent order of the reaction 
changes depending on the size of the dimensionless adsorption, con- 
stant $. For small p, we expect first-order reaction behavior, and for 
large p, we expect zero-order reaction behavior. Comparing Figure 7.14 
to Figure 7.10 we see this trend. Recall that Figure 7.10 corresponds to 
spherical geometry, and we are using the slab geometry in this section, 
which causes the small differences in the effectiveness factor plots. No- 
tice that we approximate the zero-order reaction discontinuity in the 
slope of n versus & for large œ. Again we see that as long as we choose 
an appropriate Thiele modulus, we can approximate the effectiveness 
factor for all values of with the first-order reaction. The largest ap- 
proximation error occurs near @ = 1, and if @ > 2 or $ < 0.2, the 
approximation error is negligible. 


7.4.5 External Mass Transfer 


If the mass-transfer rate from the bulk fluid to the exterior of the pellet 
is not high, then the boundary condition 


calr =R) =Car 


is not satisfied. Figure 7.15 provides a depiction of the concentration 
profile under low and high external mass-transfer rates. If the exter- 
nal mass-transfer rate is low, the concentrations in the bulk fluid and 
external catalyst surface are significantly different. To obtain a simple 
model of the external mass transfer, we replace the boundary condition 
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above with a flux boundary condition 


dea m 
Daze = km (cap -ca), r=R (7.59) 
in which km is the external mass-transfer coefficient. If we multiply 
Equation 7.59 by a/caf Da, we obtain the dimensionless boundary con- 
dition 


dé z ES 
gp 780-5), T=3 {7.60) 
in which k 
= Sma 
B= Di (7.61) 


is the Biot number or dimensionless mass-transfer coefficient. 
Summarizing, for finite external mass transfer, the dimensionless 
model and boundary conditions are 


1d [.2al\ 25 

3p (r T) - #7 =0 (7.62) 
= B-a F=3 

To 7=0 


The solution to the differential equation satisfying the center boundary 
condition can be derived as in Section 7.4 to produce 


EF) = $ sinh or (7.63) 
in which c2 is the remaining unknown constant. Evaluating this con- 
stant using the external boundary condition gives 


3 sinh tF 


CO) = = ginko + ($ cosh 36 — (sinh 36) /3) /B 





(7.64) 


The effectiveness factor can again be derived by integrating the local 
reaction rate or computing the surface flux, and the result is 





I [ 1/ tanh 3@ ~ 1/(36) | 


n= 6 114 @(/tanh30— 1/(38)) 78 


$ (7.65) 


in which 
_ Rap 
Rap 





obese 


onsoaanesiinimnsnaniyauninisinitinunt 
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Figure 7.16: Dimensionless concentration versus radius for differ- 
ent values of the Biot number; first-order reaction in 
a spherical pellet with @ = 1. 


Notice we are comparing the 'pellet’s reaction rate to the rate that would 
be achieved if the pellet reacted at the bulk fluid concentration rather 
than the pellet exterior concentration as before. 

Figure 7.16 plots Equation 7.64 for different values of B. When 
B = œ, Equation 7.64 reduces to Equation 7.25, and the curve for 
® = 1.0 in Figure 7.4 is the same as the curve for B = © in Figure 7.16. 
With decreasing B, corresponding to slower external mass transfer, the 
concentration profile in the pellet becomes more uniform and the di- 
mensionless surface concentration decreases. The lower concentration 
leads to lower reaction rates. Therefore one normally designs the re- 
actor and chooses operating conditions, such as large gas velocities, to 
enhance external mass transfer and make the Biot number large. 

Figure 7.17 shows the effect of the Biot number on the effectiveness 
factor or total pellet reaction rate. Notice that the slope of the log-log 
plot of ņ versus © has a slope of negative two rather than negative 
one as in the case without external mass-transfer limitations (B = o). 
Figure 7.18 shows this effect in more detail. If B is small, the log-log 
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‘Figure 7.17: Effectiveness factor versus Thiele modulus for differ- 
‘ent values of the Biot number; first-order reaction in 
a spherical pellet. 


plot corners with a slope of negative two at ® = VB. If B is large, the 
log-log plot first corners with a slope of negative one at © = 1, then it 
comers again and decreases the slope to negative two at & = vB. Both 
mechanisms of diffusional resistance, the diffusion within the pellet 
and the mass transfer from the fluid to the pellet, show their effect on 
pellet reaction rate by changing the slope of the effectiveness factor 
by negative one.? Given the value of the Biot number, one can easily 
sketch the straight line asymptotes shown in Figure 7.18. Then, given 
the value of the Thiele modulus, one can determine the approximate 
concentration profile, and whether internal diffusion or external mass 
transfer or both limit the pellet reaction rate. The possible cases are 
summarized in Table 7.4. 





?Students who are taking or already have taken the process control course might 
want to think about what happens to the amplitude of a signal as it passes through a 
series of first-order processes. 
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Figure 7.18: Asymptotic behavior of the effectiveness factor versus 
Thiele modulus; first-order reaction in a spherical pellet. 




















Biot number | Thiele modulus | Mechanism controlling 
pellet reaction rate | 
B<l ®<B reaction 
B<@<] external mass transfer 
1<@ both external mass transfer 
and internal diffusion 
1<B <i reaction 
1<ğ<B internal diffusion 
B<¢ both internal diffusion and 
external mass transfer 








Table 7.4: The controlling mechanisms for pellet reaction rate given 
finite rates of internal diffusion and external mass trans- 
fer. 
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7.4.46 Observed versus Intrinsic Kinetic Parameters 


We often need to determine a reaction order and rate constant for some 
catalytic reaction of interest. Assume the following nth-order reaction 
takes place in a catalyst particle 


A— B, rı = ke} 


We call the values of k and n the intrinsic rate constant and reaction 
order to distinguish them from what we may estimate from data. The 
typical experiment is to change the value of c4 in the bulk fluid, mea- 
sure the rate r; as a function of c4, and then find the values of the 
parameters k and n that best fit the measurements. We explain this 
procedure in much more detail in Chapter 9. Here we show only that 
one should exercise caution with this estimation if we are measuring 
‘the rates with a solid catalyst. The effects of reaction, diffusion and 
external mass transfer may all manifest themselves in the measured 
rate, We express the reaction rate as 


rı = nkch, (7.66) 


We also know that at steady state, the rate is equal to the flux of A into 
the catalyst particle 


Da dca 

rı = Kma(Cap — CAs) = — =A 7.67 

1 = kma(Cab ~ Cas) a aF ae (7.67) 

We now study what happens to our experiment under different rate- 
limiting steps. 

Reaction limited. First assume that both the external mass transfer 

and internal pellet diffusion are fast compared to the reaction. Then 

n = 1, and we would estimate the intrinsic parameters correctly in 
Equation 7.66 


Kop =k 
Nop =n 
Everything goes according to plan when we are reaction limited. 


Diffusion limited. Next assume that the external mass transfer and 
reaction are fast, but the internal diffusion is slow. In this case we have 
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n = 1/®, and using the definition of Thiele modulus and Equation 7.66 








n= koci (7.68) 
1 2 

ko = ay Da vk (7.69) 

Nob = (n + 1)/2 (7.70) 


So we see two problems. The rate constant we estimate, Kop, varies 
as the square root of the intrinsic rate constant, k. The diffusion has 
affected the measured rate of the reaction and disguised the rate con- 
stant. We even get an incorrect reaction order: a first-order reaction 
appears half-order, a second-order reaction appears first-order, and so 
on. 

Also consider what happens if we vary the temperature and try to 
determine the reaction’s activation energy. Let the temperature depen- 
dence of the diffusivity, D4, be represented also in Arrhenius form, 
with Eais the activation energy of the diffusion coefficient. Let En be 
the intrinsic activation energy of the reaction. The observed activation 
energy from Equation 7.69 is 

Ee Eaitt + Erm 
2 
so both activation energies show up in our estimated activation en- 
ergy. Normally the temperature dependence of the diffusivity is much 
smaller than the temperature dependence of the reaction, Earp < Era, 
so we would estimate an activation energy that is one-half the intrinsic 
value. 


Mass transfer limited. Finally, assume the reaction and diffusion are 
fast compared to the external mass transfer. Then we have.cap > Cas 
and Equation 7.67 gives 

Yı = KmaCap (7.71) 
If we vary cap and measure r1, we would find the mass transfer coeffi- 


cient instead of the rate constant, and a first-order reaction instead of 
the true reaction order 


Kop = kma 

Nob = 1 
Normally, mass-transfer coefficients also have fairly small temperature 
dependence compared to reaction rates, so the observed activation en- 


ergy would be almost zero, independent of the true reaction’s activation 
energy. 
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The moral to this story is that mass transfer and diffusion resis- 
tances disguise the reaction kinetics. We can solve this problem in two 
ways. First, we can arrange the experiment so that mass transfer and 
diffusion are fast and do not affect the estimates of the kinetic param- 
eters. We can accomplish this by making the catalyst particles small 
(t small) and using a flow reactor with high fluid flowrates to ensure a 
high mass-transfer coefficient. If this experimental design is impracti- 
cal or too expensive, we can alternatively model the effects of the mass 
transfer and diffusion, and estimate the parameters D4 and kma simul- 
taneously with k and n. We develop techniques in Chapter 9 to handle 
this more complex estimation problem. 


7.5 Nonisothermal Particle Considerations 


We now consider situations in which the catalyst particle is not iso- 
thermal. Given an exothermic reaction, for example, if the particle’s 
thermal conductivity is not large compared to the rate of heat release 
due to chemical reaction, the temperature rises inside the particle. We 
wish to explore the effects of this. temperature rise on the catalyst 
performance. We have already written the general mass and energy 
balances for the catalyst particle in Section 7.3. Consider the single- 
reaction case, in which we have R4 = -r and Equations 7.14 and 7.15 
reduce to 


DaV?ca =r 
kv?T = AHrr 


We can eliminate the reaction term between the mass and energy bal- 
ances to produce 


Vr Vc, 


a AHRDa, 

k 
which relates the conversion of the reactant to the rise (or fall) in tem- 
perature. Because we have assumed constant properties, we can inte- 
grate this equation twice to give the relationship between temperature 
and A concentration 


~AHRDa, 


T-Ts= (Cas ~ Ca) (7.72) 


We now consider a first-order reaction and assume the rate constant 
has an Arrhenius form, 


K(T) = ks exp [-£ (F n al 
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in which T; is the pellet exterior temperature, and we assume fast ex- 
ternal mass transfer. Substituting Equation 7.72 into the rate constant 
expression gives 


K(T) -kož (.- Ts .)| 
Ts Ts + AHRDa(Ca ~ Cas) /k 


It now simplifies matters to define three dimensionless variables 


k(Ts) 2 
Da. 





E _ ~AHRDacas 


y=) » a 
Ts B kT; 


in which y is a dimensionless activation energy, $ is a dimensionless 
heat of reaction, and @ is the usual Thiele modulus. Again we use the 
tilde to indicate we will find a better Thiele modulus subsequently. With 
these variables, we can express the rate constant as 


K(T) = ks exp [PAS] (7.73) 


We then substitute the rate constant into the mass balance, and assume 
a spherical particle to obtain the final dimensionless model 


ld (PE) = 8cexp ( yB ~) ) 


Fe dr \ dF 1+B0 ~@) 
dé zs 
ag = F=3 
@=1 F=0 (7.74) 


Equation 7.74 is sometimes called the Weisz-Hicks problem in honor 
of Weisz and Hicks’s outstanding paper in which they computed ac- 
curate numerical solutions to this problem [22]. Given the solution to 
Equation 7.74, we can compute the effectiveness factor for the non- 
isothermal pellet using the usual relationship 

1 dé 


"p dF les ats 


n 
If we perform the same asymptotic analysis of Section 7.4.4 on the 
Weisz-Hicks problem, we find, however, that the appropriate Thiele 
modulus for this problem is 


k 1 a 1/2 
=YP), IB) = lef cexp (ah) ac] (7.76) 
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Figure 7.19: Effectiveness factor versus normalized Thiele modulus 
for a first-order reaction in a nonisothermal spherical 
pellet. 


The normalizing integral I(y, 8) can be expressed as a sum of expo- 
nential integrals [2] or evaluated by quadrature. 

Figure 7.19 shows the effectiveness factor versus Thiele modulus 
for activation energy y = 30 and a variety of heats of reaction, £. Note 
that is well chosen in Equation 7.76 because the large @ asymptotes 
are the same for all values of y and £. The first interesting feature of 
Figure 7.19 is that the effectiveness factor is greater than unity for some 
values of the parameters. Notice that feature is more pronounced as 
we increase the exothermic heat of reaction. If we consider what is hap- 
pening within the pellet, this effect may not be too surprising. For the 
highly exothermic case, the pellet’s interior temperature is significantly 
higher than the exterior temperature T,. The rate constant inside the 
pellet is therefore much larger than the value at the exterior, ks. Even 
though the concentration is lower inside the pellet because A is con- 
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sumed, the increase in the rate constant is more significant and the 
product r = kc, is larger inside the pellet. Because the effectiveness 
factor compares the actual rate in the pellet to the rate at the surface 
conditions, it is possible for the effectiveness factor to exceed unity in 
a nonisothermal pellet, which we see in Figure 7.19. 

A second striking feature of the nonisothermal pellet is that multi- 
ple steady states are possible. Consider the case $ = 0.01, B = 0.4 and 
y = 30 shown in Figure 7.19. The effectiveness factor has three possi- 
ble values for this case. We show in Figures 7.20 and 7.21 the solution. 
to Equation 7.74 for this case. The three temperature and concentra- 
tion profiles correspond to an ignited steady state (C), an extinguished 
steady state (A), and an unstable intermediate steady state (B). As we 
showed in Chapter 6, whether we achieve the ignited or extinguished 
steady state in the pellet depends on how the reactor is started. Aris 
provides further discussion of these cases and shows that many steady- 
state solutions are possible in some cases [3, p. 51]. For realistic values 
of the catalyst thermal conductivity, however, the pellet can often be 
considered isothermal and the energy balance can be neglected [17]. 
Multiple steady-state solutions in the particle may still occur in prac- 
tice, however, if there is a large external heat transfer resistance. 


7.6 Multiple Reactions 


As the next step up in complexity, we consider the case of multiple 
reactions. Some analytical solutions are available for simple cases with 
multiple reactions, and Aris provides a comprehensive list [2], but the 
scope of these is limited. We focus on numerical computation as a 
general method for these problems. Indeed, we find that even numeri- 
cal solution of some of these problems is challenging for two reasons. 
First, steep concentration profiles often occur for realistic parameter 
values, and we wish to compute these profiles accurately. It is not un- 
usual for species concentrations to change by 10 orders of magnitude 
within the pellet for realistic reaction and diffusion rates. Second, we 
are solving boundary-value problems because the boundary conditions 
are provided at the center and exterior surface of the pellet.. Boundary- 
value problems (BVPs) are generally much more difficult to solve than 
initial-value problems (IVPs). 

A detailed description of numerical methods for this problem is 
out of place here. We use the collocation method, which is described 
in more detail in Appendix A. The next example involves five species, 
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Figure 7.20; Dimensionless concentration versus radius for the non- 
isothermal spherical pellet: lower (A), unstable middle 
(B), and upper (C) steady states. 
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Figure 7.21: Dimensionless temperature versus radius for the non- 
isothermal spherical pellet: lower (A), unstable middle 
(B), and upper (C) steady states. 
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two reactions with Hougen-Watson kinetics, and both diffusion and 
external mass-transfer limitations. 


Example 7.2: Catalytic converter 


Consider the oxidation of CO and a representative volatile organic such 
as propylene in a automobile catalytic converter containing spheri- 
cal catalyst pellets with particle radius 0.175 cm. The particle is sur- 
rounded by a fluid at 1.0 atm pressure and 550 K containing 2% CO, 3% 
Oz and 0.05% (500 ppm) C3Hg. The reactions of interest are 


CO+F02— CO? (7.77) 
C3H6 + 302 — 3CO2 + 33H20 (7.78) 


with rate expressions given by Oh et al. [16] 





kiccolo, 
HG 7.79 
"(1+ Keocco + Ke3HeCC3He)* 
ee k2CC3HCOz (7.80) 





© (1+ KcoCco + KesH¢CCsHg )? 


The rate constants and the adsorption constants are assumed to have 
Arrhenius form. The parameter values are given in Table 7.5 [16]. The 
mass-transfer coefficients are taken from DeAcetis and Thodos [9]. The 
pellet may be assumed to be isothermal. Calculate the steady-state 
pellet concentration profiles of all reactants and products. 


Solution 
We solve the steady-state mass balances for the three reactant species, 


d dft), 7 
Dinar ( är |7 Ri men 
with the boundary conditions 
dcj 
=O r=0 (7.82) 
dc; 
Dyas =kmi(cig-es) Y=R (7.83) 


J = {CO,O2,C3Hg}. The model is solved using the collocation method. 
The reactant concentration profiles are shown in Figures 7.22 and 7.23. 
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‘Figure 7.22: Concentration profiles of reactants; fluid concentration 
of O2 (x), CO (+), C3He (+). 
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Figure 7.23: Concentration profiles of reactants (log scale); fluid con- 
centration of Oz (3, COG), C3H6 (+). 
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Parameter Value Units | Parameter Value Units 
P 1.013 x 105 | N/m? kio 7.07 x 10! | mol/em?- s | 
T 550 K kz 1.47102! | mol/cm?- s 
R 0.175 | cm Kcoo 8.099 x 108 | em?/mol 
Ej 13,108 K Kemo | 2.579108 | cm3/mol 
Ez 15,109 K Deo 0.0487 | cm?/s 
Eco -409 K Do, 0.0469, | cm?/s 
Eats 191 K Deyts 0.0487 | cm?/s 
Ccof 2.0% kmco 3.90 cm/s 
Coof 3.0 % kmo, 4.07 cm/s | 
Coste f 0.05 % kmcy¥g 3.90 | cm/s | 

















Table 7.5: Kinetic and mass-transfer parameters for the catalytic con- 
verter example. 


Notice that O2 is in excess and both CO and C3Hg reach very low values 
within the pellet. The log scale in Figure 7.23 shows that the concen- 
trations of these reactants change by seven orders of magnitude. Obvi- 
ously the consumption rate is large compared to the diffusion rate for 
these species. The external mass-transfer effect is noticeable, but not 
dramatic. 


The product concentrations could simply be calculated by solving 


their mass balances along with those of the reactants. Because we have 
only two reactions, however, the concentrations of the products are 
computable from the stoichiometry and the mass balances. If we take 
the following mass balances 


DeoVeco = = -Ro =r 

Desig V2Cc3H = —~Reytg = 12 

Deo, V*cco, = -Reco = -r ~ 342 
DmoV°cmo = -Rmo = ~3r2 


and form linear combinations to eliminate the reaction-rate terms for 
the two products, we obtain 


Deo, V cco, = —DeoV* eco ~ 3Deyttg V CC He 
Duo V? Cmo = ~3De yg V? CCH 


Because the diffusivities are assumed constant, we can integrate these 
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once on (0,7) to obtain for the products 











Deo; deco, = -Dco $62 — 3DcH6 Tei 
dc acc3Hs 
Duo ge? = -3Doe qe 


The exterior boundary condition can be rearranged to give 
D j dc j 
6g ite A at 
ITIS T ny dr 
Substituting in the relationships for the products gives 


a 1 dcco dcc3Hs 
Ceo = ECOnF > ECO, [Deo ar + 3DoxHe “J | 








1 
CH0 = COS ~ Ero [3Desn ir 


The right-hand sides are available from the solution of the material bal- 
-ances of the reactants. Plotting these results for the products gives Fig- 
ure 7.24. We see that CO2 is the main product. Note the products flow 
out of the pellet, unlike the reactants shown in Figures 7.22 and 7.23, 
which are flowing into the pellet. o 


7.7 Fixed-Bed Reactor Design 


Given our detailed understanding of the behavior of a single catalyst 
particle, we now are prepared to pack a tube with a bed of these par- 
ticles and solve the fixed-bed reactor design problem. In the fixed-bed 
reactor, we keep track of two phases. The fluid-phase streams through 
the bed and transports the reactants and products through the reactor. 
The reaction-diffusion processes take place in the solid-phase catalyst 
particles. The two phases communicate to each other by exchanging 
mass and energy at the catalyst particle exterior surfaces. We have 
constructed a detailed understanding of all these events, and now we 
assemble them together. 


7.7.1 Coupling the Catalyst and Fluid 


We make the following assumptions: 


1. Uniform catalyst pellet exterior. Particles are small compared to 
the length of the reactor. 


c (mol/em?) 
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Figure 7.24: Concentration profiles of the products; fluid concentra- 
tion of CO? (x), H20 (+). 


2. Plug flow in the bed, no radial profiles. 
3. Neglect axial diffusion in the bed. 
4. Steady state. 


Fluid. In the fluid phase, we track the molar flows of all species, the 
temperature and the pressure. We can no longer neglect the pressure 
drop in the tube because of the catalyst bed. We use.an empirical cor- 
relation to describe the pressure drop in a packed tube, the well-known 
Ergun equation [10]. Therefore, we have the following differential equa- 
tions for the fluid phase 


aN; 
wN (7.84) 
V . 
a aT EN 
QpĈp gy =~ DL AHRIN + RUT T) (7.85) 
t 





dV ~~" Dye} AB 


(7,86) 


dP (l-€z) Q iso EH , 7eQ 
Ds i A, 
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‘The fluid-phase boundary conditions are provided by the known feed 
conditions at the tube entrance 


Nj=Nyp, 2 =0 (7.87) 
T=T;, z=0 (7.88) 
P=Pp, z=0 (7.89) 


Catalyst particle. Inside the catalyst particle, we track the concen- 
trations of all species and the temperature. We neglect any pressure 
effect inside the catalyst particle. We have the following differential 
equations for the catalyst particle 


1 d (,24j\ R, 

Dye (r i) = -Ry (7.90) 
cl d (aT) _ PA 
kyz A (r ar) = > AHRęifi (7.91) 


The boundary conditions are provided by the mass-transfer and heat- 
transfer rates at the pellet exterior surface, and the zero slope condi- 
tions at the pellet center 


a; 


To r=0 (7.92) 
dé; R 
DT = KjmlCj=) r=R (7.93) 
a 26 r=0 (7.94) 
at 7 pa 
kE = krt -D r=R (7.95) 


Coupling equations. Finally, we equate the production rate Rj expe- 
rienced by the fluid phase to the production rate inside the particles, 
which is where the reaction takes place. Analogously, we equate the 
enthalpy change on reaction experienced by the fluid phase to the en- 
thalpy change on reaction taking place inside the particles. These ex- 
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pressions are given below 








S dé; 
Ry =~ (i-e3) 7 Dy Ge (7.96) 
= w Vp dr | R 
rate j / vol vol cat / vol 
rate j / vol cat 
Sp -aT 
SAHgiri = (1- €g) = pat (7.97) 
i Ha Vp dr | ; 
id reR vat 
a vol cat / vol 
rate heat / vol rate heat / vol cat 


Notice we require the bed porosity to convert from the rate per volume 
of particle to the rate per volume of reactor. The bed porosity or void 
fraction, €g, is defined as the volume of voids per volume of reactor. 
The volume of catalyst per volume of reactor is therefore 1 ~ €g. This 
information can be presented in a number of equivalent ways. We can 
easily measure the density of the pellet, pp, and the density of the bed, 
px. From the definition of bed porosity, we have the relation 


Pp = (1-€2)pp 


or if we solve for the volume fraction of catalyst 
1 -€g = PB} Pp 


Figure 7.25 shows the particles and fluid, and summarizes the coupling 
relations between the two phases. 

Equations 7.84-7.97 provide the full packed-bed reactor model given 
our assumptions. We next examine several packed-bed reactor prob- 
lems that can be solved without solving this full set of equations. Fi- 
nally, we present Example 7.7, which requires numerical solution of the 
full set of equations. 


Example 7.3: First-order, isothermal fixed-bed reactor 


Use the rate data presented in Example 7.1 to find the fixed-bed reactor 
volume and the catalyst mass needed to convert 97% of A. The feed to 
the reactor is pure A at 1.5 atm at a rate of 12 mol/s. The 0.3 cm 
pellets are to be used, which leads to a bed density pg = 0.6 g/cm}. 
Assume the reactor operates isothermally at 450 K and that external 
mass-transfer limitations are negligible. 
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Mass 


( Ry = (1 ~es)Rjp 
A z,- %p 4: 
E Rip = ~ yi dr 


Energy 





rsR 


S Ahriri = (1 - €g) X AHRiP ip 
i i 


vy _ Spz at 
AUR ip = we T 


i 





r=R 


Figure 7.25: Fixed-bed reactor volume element containing fluid and 
catalyst particles; the equations show the coupling be- 
tween the catalyst particle balances and the overall re- 
actor balances. 


Solution 
We solve the fixed-bed design equation 
ANAS ia doe dg. 
gy = Ra= (1 ~e€g)nkca 


between the limits Nay and 0.03N4 p, in which c4 is the A concentration 
in the fluid. For the first-order, isothermal reaction, the Thiele modulus 
is independent of A concentration, and is therefore independent of 
axial position in the bed 


1.93 





_R [k _ 03cm [ 26s i 
b= 3p, 7 3 V007? ~ 


The effectiveness factor is also therefore a constant 


i 1 ip oi [ a | 2 
n= (a E A sagal sa] OR 
In Chapter 4, Equation 4.75, we express the concentration of Ain terms 
of molar flows for an ideal-gas mixture 








TIL 
CA = RT ANa + Ng 
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The total molar flow is constant due to the reaction stoichiometry so 
Na + Ng = Nap and we have 


Substituting these values into the material balance, rearranging and 
integrating over the volume gives 


RTNag\ (°3%at AN, das 
R ( B) nkP ies Na 


__ (0.6. \ (82.06)(450)(12) wo BAG 
Va = (ass) (0.429) (2.6)(1.5) "(003 = 1-32 x 10 can 








and 


We = peVR = an (1.32 x 10°) = 789 kg 


We see from this example that if the Thiele modulus and effectiveness 
factors are constant, finding the size of a fixed-bed reactor is no more 
difficult than finding the size of a plug-flow reactor. Qo 


Example 7.4: Mass-transfer limitations in a fixed-bed reactor 
Reconsider Example 7.3 given the following two values of the mass- 
transfer coefficient 

km = 0.07 cm/s 

km2 = 1.4 cm/s 


Solution 
First we calculate the Biot numbers from Equation 7.61 and obtain 


_ (0.07)(0.1) _ 
Bi = 0.607) = 
By = 020D _ 

2 = (0.007) 


Inspection of Figure 7.17 indicates that we expect a significant reduc- 
tion in the effectiveness factor due to mass-transfer resistance in the 
first case, and little effect in the second case. Evaluating the effective- 
ness factors with Equation 7.65 indeed shows 


mi = 0.165 
nz = 0.397 
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which we can compare to n = 0.429 from the previous example with 
no mass-transfer resistance. We can then easily calculate the required 
catalyst mass from the solution of the previous example without mass- 
transfer limitations, and the new values of the effectiveness factors 


0.429 
Py peas =2051k 
Vri (S322) (789) 051 kg 


0.429 
2 = | === | (789) = 852 k 
Ke (reer) e89) E 
As we can see, the first mass-transfer coefficient is so small that more 
than twice as much catalyst is required to achieve the desired con- 
version compared to the case without mass-transfer limitations. The 
second mass-transfer coefficient is large enough that only 8% more cat- 


alyst is required. a 


Example 7.5: Second-order, isothermal fixed-bed reactor 


Estimate the mass of catalyst required in an isothermal fixed-bed reac- 
tor for the second-order, heterogeneous reaction. 


A~ B 


rekc§ k= 2.25x10°cm3/mol s 


The gas feed consists of A and an inert, each with molar flowrate of 
10 mol/s, the total pressure is 4.0 atm and the temperature is 550 K. 
The desired conversion of A is 75%. The catalyst is a spherical pellet 
with a radius of 0.45 cm. The pellet density is pp = 0.68 g/cm? and 
the bed density is pg = 0.60 g/cm}. The effective diffusivity of A is 
0.008 cm?/s and may be assumed constant. You may assume the fluid 
and pellet surface concentrations are equal. 


Solution 
We solve the fixed-bed design equation 
AN 5 
ae = Ra = -(1 ~ eg)nkcå 
Na (0) = Naf (7.98) 


between the limits Nay and 0.25N4f- We again express the concentra- 
tion of A in terms of the molar flows 


CA = RT (Na t Ng + Ny 
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As in the previous example, the total molar flow is constant and we 
know its value at the entrance to the reactor 


Nr = Naf + Nag + Nip = 2Naf 


Therefore, 
P Na 


SAT RTINA 


Next we use the definition of ẹ for nth-order reactions given in 
Equation 7.47 


= 1/2 
pa Rf me Deeg 2 ë R[(m+Dk(P Na \" EE 
=3 2De =3| 2D, (RT 22Na; ' 


(7.99) 





Substituting in the parameter values gives 


N 1/2 
E A 
s-o17 (4) (7.101) 





For the second-order reaction, Equation 7.101 shows that # varies with 
the molar flow, which means # and n vary along the length of the re- 
actor as N4 decreases. We are asked to estimate the catalyst mass 
needed to achieve a conversion of A equal to 75%. So for this particular 
example, ¢ decreases from 6.49 to 3.24. As shown in Figure 7.9, we 
can approximate the effectiveness factor for the second-order reaction 
using the analytical result for the first-order reaction, Equation 7.42, 


1 1 1 
16 ane rt oe 
Summarizing so far, to compute Na versus Vr, we solve one differ- 
ential equation, Equation 7.98, in which we use Equation 7.99 for CA, 
and Equations 7.101 and 7.102 for and n. We march in Vr until 
Na = 0.25Nay. The solution to the differential equation is shown in 
Figure 7.26, The required reactor volume and mass of catalyst are: 


Ve=361L, We =paVe = 216 kg 


As a final exercise, given that ẹ ranges from 6.49 to 3.24, we can 
make the large ® approximation 


f 5 
n= (7,103) 


Na (mol/s) 
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‘Figure 7.26: Molar flow of A versus reactor volume for second-order, 
isothermal reaction in a fixed-bed reactor. 


to obtain a closed-form solution. If we substitute this approximation 
for n, and Equation 7.100 into Equation 7.98 and rearrange we obtain 


ANa _ -U = eB) VR (PIRT)? 372 


AV ~ RBI DANa p ^ 
Separating and integrating this differential equation gives 
4 [0 = xa) 1? = 1] Nag(R/3)V3/Da 
Vr = a 7.104 
i (1 eg) VR (PIRT) yo 
Large ® approximation 








The results for the large ® approximation also are shown in Figure 7.26. 
Notice from Figure 7.9 that we are slightly overestimating the value 
of n using Equation 7.103, so we underestimate the required reactor 
volume, The reactor size and the percent change in reactor size are 


Va = 3331, A= -7.7% 


Given that we have a result valid for all @ that requires solving only a 
single differential equation, one might question the value of this closed- 
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form solution. One advantage is purely practical. We may not have 
a computer available. Instructors are usually thinking about in-class 
examination problems at this juncture. The other important advantage 
is insight. It is not readily apparent from the differential equation what 
would happen to the reactor size if we double the pellet size, or halve 
the rate constant, for example. Equation 7.104, on the other hand, 
provides the solution's dependence on all parameters. As shown in 
Figure 7.26 the approximation error is small. Remember.to check that 
the Thiele modulus is large for the entire tube length, however, before 
using Equation 7.104. Qa 


Example 7.6: Hougen-Watson kinetics in a fixed-bed reactor 


The following reaction converting CO to CO? takes place ina catalytic, 
fixed-bed reactor operating isothermally at 838 K and 1.0 atm 


CO+ 502 = CO: (7.105) 


The following rate expression and parameters are adapted from a dif- 
ferent model given by Oh et al. [16]. The rate expression is assumed to 
be of the Hougen-Watson form 


_ kecoco, 


S 3 
1i Kes mol/s cm? pellet 


The constants are provided below 


k = 8.73 x 10!2 exp(—13,500/T) cm3/mol s 
K = 8.099 x 10° exp(409/T) cm3/mol 
Dco = 0.0487 cm?/s 


in which T is in Kelvin. The catalyst pellet radius is 0.1 cm. The feed 
to the reactor consists of 2 mol% CO, 10 mol% O2, zero CO2 and the 
remainder inerts. Find the reactor volume required to achieve 95% con- 
version of the CO. 


Solution 


Given the reaction stoichiometry and the excess of Oz, we can neglect 
the change in co, and approximate the reaction as pseudo-first order 
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in CO 
-o keco 3 
VET Pres Keco mol/s cm? pellet 
k = kco,f 


which is of the form analyzed in Section 7.4.4. We can write the mass 
balance for the molar flow of CO, 


aNco _ _ 
AV 


in which cco is the fluid CO concentration. From the reaction stoichi- 
ometry, we can express the remaining molar flows in terms of Nco 


(1 — €g) nr (cco) 





No, = No, + 1/2 (Nco ~ Neos) 
Nco; = Neos ~ Neo 
N = Nof + 1/2(Nco + Neos) 


The concentrations follow from the molar flows assuming an ideal-gas 
mixture a PN 

J RTN 
To decide how to approximate the effectiveness factor shown in Fig- 
ure 7.14, we evaluate = KcoCco, at the entrance and exit of the fixed- 
bed reactor. With œ evaluated, we compute the Thiele modulus given 
in Equation 7.58 and obtain 


p = 32.0 b= 79.8, entrance 
p= 1.74 = 326, exit 


It is clear from these values and Figure 7.14 that n = 1/@ is an excellent 
approximation for this reactor. Substituting this equation for 7 into the 
mass balance and solving the differential equation produces the results 
shown in Figure 7.27. The concentration of O2 is nearly constant, which 
justifies the pseudo-first-order rate expression. Reactor volume 


Vp = 233 L 


is required to achieve 95% conversion of the CO. Recall that the volu- 
metric flowrate varies in this reactor so conversion is based on molar 
flow, not molar concentration. Figure 7.28 shows how $ and ¢ vary 


n 


with position in the reactor. o 
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Figure 7.27: Molar concentrations versus reactor volume. 
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Figure 7.28: Dimensionless equilibrium constant and Thiele modu- 
lus versus reactor volume. Values indicate n =.1/@ is a 
good approximation for entire reactor. 
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Parameter Value Units 

Py 202x10 | N/m? 

Tr 550 K 

Ri 5.0 cm 

uf 7S cm/s 

Ta 325 K 

ue 5.5 x 10-3 | cal/(cm? Ks) 
AHri -~67.63 x103 | cal/(mol CO K) 
AHR? -460.4 x 103 cal/(mol C3H¢ K) 

Ĉp 0.25 | cal/(g K) 

by 0.028 x 107? | g/(cm s) 

Pb 0.51 | g/cm? 

Pp 0.68 | g/cm? 








Table 7.6: Feed flowrate and heat-transfer parameters for the fixed- 
bed catalytic converter. 


In the previous examples, we have exploited the idea of an effec- 
tiveness factor to reduce fixed-bed reactor models to the same form as 
plug-flow reactor models. This approach is useful and solves several 
important cases, but this approach is also limited and can take us only 
so far. In the general case, we must contend with multiple reactions 
that are not first order, nonconstant thermochemical properties, and 
nonisothermal behavior in the pellet and the fluid. For these cases, we 
have no alternative but to solve numerically for the temperature and 
species concentrations profiles in both the pellet and the bed. Asa final 
example, we compute the numerical solution to a problem of this type. 

We use the collocation method to solve the next example, which 
involves five species, two reactions with Hougen-Watson kinetics, both 
diffusion and external mass-transfer limitations, and nonconstant fluid 
temperature, pressure and volumetric flowrate. 


Example 7.7: Multiple-reaction, nonisothermal fixed-bed reactor 


Evaluate the performance of the catalytic converter in converting co 
and propylene. Determine the amount of catalyst required to convert 
99.6% of the CO and propylene. The reaction chemistry and pellet mass- 
transfer parameters are given in Table 7.5. The feed conditions and 
heat-transfer parameters are given in Table 7.6. 


| 
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Solution 


The fluid balances govern the change in the fluid concentrations, tem- 
perature and pressure. The pellet concentration profiles are solved 
with the collocation approach. The pellet and fluid concentrations are 
coupled through the mass-transfer boundary condition. The fluid con- 
centrations are shown in Figure 7.29. A bed volume of 1098 cm? is 
required to convert the CO and C3Hg. Figure 7.29 also shows that oxy- 
gen is in slight excess. 


The reactor temperature and pressure are shown in Figure 7.30. The 
feed enters at 550 K, and the reactor experiences about a 130 K temper- 
ature rise while the reaction essentially completes; the heat losses then 
reduce the temperature to less than 500 K by the exit. The pressure 
drops from the feed value of 2.0 atm to 1.55 atm at the exit. Notice the 
catalytic converter exit pressure of 1.55 atm must be large enough to 
account for the remaining pressure drops in the tail pipe and muffler. 


In Figures 7.31 and 7.32, the pellet CO concentration profile at sev- 
eral reactor positions is displayed. The feed profile, marked by © in 
Figure 7.32, is similar to the one shown in Figure 7.23 of Example 7.2 
(the differences are caused by the different feed pressures). We see 
that as the reactor heats up, the reaction rates become large and the 
CO is rapidly converted inside the pellet. By 490 cm? in the reactor, the 
pellet exterior CO concentration has dropped by two orders of magni- 
tude, and the profile inside the pellet has become very steep. As the 
reactions go to completion.and the heat losses cool the reactor, the 
reaction rates drop. At 890 cm, the CO begins to diffuse back into 
the pellet. Finally, the profiles become much flatter near the exit of the 
reactor. 


It can be numerically challenging to calculate rapid changes and 
steep profiles inside the pellet. The good news, however, is that accu- 
rate pellet profiles are generally not required for an accurate calculation 
of the overall pellet reaction rate. The reason is that when steep pro- 
files are present, essentially all of the reaction occurs in a thin shell 
near the pellet exterior. We can calculate accurately down to concen- 
trations on the order of 10°!5 as shown in Figure 7.32, and by that 
point, essentially zero reaction is occurring, and we can calculate an 
accurate overall pellet reaction rate. It is always a good idea to vary the 
numerical approximation in the pellet profile, by changing the number 
of collocation points, to ensure convergence in the fluid profiles. o 
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Figure 7.29: Fluid molar concentrations versus reactor volume. 
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Figure 7.30: Fluid temperature and pressure versus reactor volume. 
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Figure 7.31: Reactor positions for pellet profiles. 
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Figure 7.32: Pellet CO profiles at several reactor positions. 
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7.8 Summary 


This chapter treated the fixed-bed reactor, a tubular reactor packed 
with catalyst pellets. We started with a general overview of the trans- 
port and reaction events that take place in the fixed-bed reactor: trans- 
port by convection in the fluid; diffusion inside the catalyst pores; 
and adsorption, reaction and desorption on the catalyst surface. We 
summarized the transport properties of the catalyst particles, and de- 
scribed bulk and Knudsen diffusion phenomena. 

In order to simplify the model, we assumed an effective diffusivity 
could be used to describe diffusion in the catalyst particles. We next 
presented the general mass and energy balances for the catalyst parti- 
cle, Next we solved a series of reaction-diffusion problems in a single 
catalyst particle. These included: 


», Single reaction in an isothermal pellet. This case was further di- 
vided into a number of special cases. 


x First-order, irreversible reaction in a spherical particle. 
* Reaction in a semi-infinite slab and cylindrical particle. 
xx nth order, irreversible reaction. 

x Hougen-Watson rate expressions. 


x Particle with significant external mass-transfer resistance. 
» Single reaction in a nonisothermal pellet. 
» Multiple reactions. 


For the single-reaction cases, we performed dimensional analysis and 
found a dimensionless number, the Thiele modulus, which measures 
the rate of production divided by the rate of diffusion of some compo- 
nent. A complete analysis of the first-order reaction in a sphere sug- 
gested a general approach to calculate the production rate in a pellet 
in terms of the rate evaluated at the pellet exterior surface conditions. 
This motivated the definition of the pellet effectiveness factor, which 
is a function of the Thiele modulus. 

For the single-reaction, nonisothermal problem, we solved the so- 
called Weisz-Hicks problem, and determined the temperature and con- 
centration profiles within the pellet. We showed the effectiveness fac- 
tor can be greater than unity for this case. Multiple steady-state solu- 
tions also are possible for this problem, but for realistic values of the 
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catalyst thermal conductivity, the pellet often can be considered iso- 
thermal and the energy balance can be neglected. Multiple steady-state 
solutions in the particle may occur in practice, however, if there is a 
Jarge external heat-transfer resistance. 

For complex reactions involving many species, we cannot use the 
simple Thiele modulus and effectiveness factor approach, and must 
solve numerically the complete reaction-diffusion problem. These prob- 
lems are challenging because of the steep pellet profiles that are pos- 
sible. 

Finally, we showed several ways to couple the mass and energy bal- 
ances over the fluid flowing through a fixed-bed reactor to the balances 
within the pellet. For simple reaction mechanisms, we were still able 
to use the effectiveness factor approach to solve the fixed-bed reac- 
tor problem. For complex mechanisms, we solved numerically the full 
problem given in Equations 7.84-7.97. We solved the reaction-diffusion 
problem in the pellet coupled to the mass and energy balances for the 
fluid, and we used the Ergun equation to calculate the pressure in the 
fluid. 


Notation 
a characteristic pellet length, Vp/Sp 
Ae reactor cross-sectional area 
Biot number for external mass transfer 
c constant for the BET isotherm 
cj concentration of species j 
Cis concentration of species j at the catalyst surface 
Ẹ dimensionless pellet concentration 
Cm total number of active surface sites 
Dap binary diffusion coefficient 
D; effective diffusion coefficient for species j 
Dix Knudsen diffusion coefficient for species j 
Dim diffusion coefficient for species j in the mixture 
Dp pellet diameter 
Eate activation energy for diffusion 
Eobs experimental activation energy 
Ern intrinsic activation energy for the reaction 
AHgi heat of reaction i 
dl; rate of transport of species j into a pellet 
do modified Bessel function of the first kind, zero order 
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modified Bessel function of the first kind, first order 
effective thermal conductivity of the pellet 
mass-transfer coefficient for species j 

nth-order reaction rate constant 

pore length 

molecular weight of species j 

number of reactions in the reaction network 

total molar flow, $j Nj 

molar flow of species j 

pressure 

volumetric flowrate 

radial coordinate in catalyst particle 

average pore radius 

rate of reaction i per unit reactor volume 

observed (or experimental) rate of reaction in the pellet 
total rate of reaction i per unit catalyst volume 
dimensionless radial coordinate 

spherical pellet radius 

gas constant 

production rate of species j 

production rate of species j at bulk fluid conditions 
total production rate of species j per unit catalyst volume 
production rate of species j at the pellet surface conditions 
BET area per gram of catalyst 

external surface area of the catalyst pellet 

temperature 

bulk fluid temperature 

pellet surface temperature 

overall heat-transfer coefficient 

volume of gas adsorbed in the BET isotherm 

volume of gas corresponding to an adsorbed monolayer 
reactor volume coordinate 

pellet void volume per gram of catalyst 

volume of the catalyst pellet 

reactor volume 

total mass of catalyst in the reactor 

mole fraction of species j 

position coordinate ina slab 

porosity of the catalyst pellet 
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EB fixed-bed porosity or void fraction 
n effectiveness factor 
A mean free path 
uy bulk fluid density 
Vij stoichiometric number for the jth species in the ith reaction 
£ integral of a diffusing species over a bounding surface 
p bulk fluid density 
pz reactor bed density aia 
Pp overall catalyst pellet density 
Ps catalyst solid-phase density 
o hard sphere collision radius 
T tortuosity factor 
® Thiele modulus 


Opan dimensionless function of temperature and the intermolecular po- 
tential field for one molecule of A and one molecule of B 
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Exercise 7.1: Isothermal slab with first-order kinetics 
A first-order, irreversible reaction 


A~ 2B 


takes place in a catalyst pellet with the slab geometry depicted in Figure 7.33. 
Assume that the pellet height, h, and length, }, are much greater than the 
width, w. The catalyst exterior is assumed to be at constant species A con- 
centration, cas. Species A has an effective diffusivity, Da, in the pellet and the 
catalyst is isothermal. 





CAs 


a w L 


Figure 7.33: Catalyst pellet with slab geometry. 
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(a) 


(b) 
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The steady-state material balance for component A is 
DaV?c4+Ra = 0 (7.106) 
In rectangular coordinates, this becomes 


dca i Bca 7 dca 
AV Gxt "Gy? az? 


What happens to the terms 3?c4/y? and 02c,4/dz? if h and l are much 
greater than w? Why? Make this simplification and substitute in the 
production rate for A for the final dimensional model. What are the 
boundary conditions for the model? 


Now consider writing the model in dimensionless form. What is the 
appropriate characteristic length, a? What is the characteristic concen- 
tration? Nondimensionalize the model and boundary conditions, and 
show the final dimensionless model is 

da 


TE a 
T fa =0 


and the boundary conditions are 


What is the definition of the Thiele modulus for this problem? 


(c) What is the solution of this model? 


(d) Perform the integration to compute the effectiveness factor and show 


(e) 


_ tanh® 
vere 


Plot ča(¥), 0 < ¥ < 1, for ® = 1/2,1,2,5, 10. Plot €,4(”) for the sphere 
for the same $ values. Comment on the differences and similarities. 


(f) Plot n(®),0.1 < ® < 10 on a log-log scale for the sphere and slab in the 


same figure. Comment on the differences and similarities. What is the 
largest error that you would commit by using the sphere in place of the 
slab geometry and for what. value does it occur? 
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Exercise 7.2: Pellet profile of product and reactant 
Consider the same reaction and slab geometry of Exercise 7.1, 


A-~ 2B 


Now let's compute the product concentration profile in the pellet, cg. The 
catalyst exterior is assumed to be at constant species B concentration, Cas, 
and species B has an effective diffusivity, Dz, which may be different from 
Da- eal 


(a) The steady-state material balance for component B is 
DpV*ce + Rp =O 


For the given stoichiometry, Rg = ~2Ra. Using Equation 7.106, show 
that 
2(DaV?ca) + (DaV%ex) =0 


(b) Solve this equation by performing two integrals and show 


ca = cps + 224 cas(1 ~Za) 
B 


(c) Let's compare the A and B concentrations. Assume the diffusivities are 
equal and that cas = 1 and cgs = 0. Plot ca(x) and cp(x) for & = 10. 
Comment on the differences between ca and cp. 


(d) Now assume Dg = 10D, and replot ca and cg. Explain what happens to 
the product B concentration with this larger value of Ds. 


Exercise 7.3: Slab with finite external mass transfer 
Consider the same reaction and slab geometry of Exercise 7.1 


A 2B 


but include the mass-transfer resistance. 


(a) Write the dimensionless material balance and define the Thiele modulus 
and Biot number for this situation. 


{b} Solve the model and find T4 (X). Plot this result for the same values of 
Biot number as in Figure 7.16 and compare the results. 


(c) Compute the effectiveness factor versus Thiele modulus, plot this result 
and compare to Figure 7.17. Comment on the effect of pellet geometry 
on the overall reaction rate. 
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Exercise 7.4: Thiele modulus and a second-order reaction 


The following second-order catalytic reaction is currently carried out in a fixed- 
bed reactor operating isothermally at 650 K. 


6 
ARB k=454x 107 
s g mol 


Pure A is fed to the reactor and a conversion of 93% is achieved at a pressure 
of 2.0 atm. The catalyst vendor has changed fabrication procedures and has 
verified that the intrinsic rate constant listed above is unchanged. Using the 
following data, determine if the mass of catalyst needs to be changed for the 
new catalyst to maintain the same production rate of B. 








Property Old catalyst New catalyst 

effective diffusivity | 0.0095 cm*/s 0.0072 em*/s 

particle density 1.75 g/cm? 1.79 g/cm? 

bed density 0.84 g/cm? 0.96 g/cm? 

shape sphere (0.635 cm diam) | cylinder (0.48 cm diam, 
0.79 cm length) 

















Exercise 7.5: Thiele modulus and Hougen-Watson kinetics 
The following catalytic reaction is conducted in a 0.25-cm radius spherical 
pellet. 


A+B: — C 


The mechanism for this reaction is shown below. A, Bz and C are in adsorption- 
desorption equilibrium with the surface. The bimolecular surface reaction is 
irreversible and rate limiting. 


A+ S= Aads 
ky 
k2 

B+ 285 = 2Bads 
kz 


Eak 
Aads + Baas — Cads +S 


k4 
C+ 5 = Cads 
kaa 


Additional data needed for this problem are provided in the following table. 
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Parameter Value Units 

Ky 90,100 em? /mol 

Ko 6,500 cm?/mol 

Ky 64,400 cm3/mol 

T 523 K 
Dea 0.045 | cm?/s 

CA 5.83 x 105 | mol/em? 

CBy 1.40 x 10-4 | mol/cm? 

cc 1.17% 10°75 | mol/em? —_ 
k3 7.41 «108 | g cat?/mol-cm}-s 
Cm 1.8 x 10-5 | mol/g cat 

















(a) Determine if the concentration of A changes appreciably within the pel- 
let from the value it has at the pellet surface. 


(b) Estimate the concentration of A at the center of the pellet. 


Exercise 7.6: Thiele modulus and first-order kinetics 
A catalytic reaction that is first order in the concentration of A 


A— B 


is carried out in a spherical pellet with a 0.20-cm radius. The effective diffusiv- 
ity of A in the pellet is 0.015 cm?/s. The rate of reaction at 398 Kis 2.63 «10-5 
mol/cm3-s when the concentration of A is 3.25 x 10-5 mol/cm?. The intrinsic 
activation energy is 20 kcal/mol. 


(a) Assuming D4 is independent of temperature, what is the rate at 448 K 
for the same concentration of A? 


Exercise 7.7: Thiele modulus and rate data 
The second-order catalytic reaction 


A— B (7.107) 


rsk — mol/s-g 
is carried out over a spherical catalyst pellet. The reactant and product are 
gases at the reaction conditions. A series of experiments was performed using 
0.70-cm diameter catalyst beads. At 150°C and 1.0-3.0 atm of pure A, a plot 
of log rate versus log ca was a straight line of slope 3/2. The following table 
lists additional information. 


TCC) | Ra (mol/s-g) | Pa (atm) 
150 | -6.17 «104 1.0 
200 | -2.37 x 10% 10 | 
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Estimate the value of We/ Nap required to achieve 50% conversion of A at 
200°C in a fixed-bed reactor using the same catalyst but with a bead diameter 
of 1.0 cm. Pure A is fed to the reactor at a total pressure of 1.0 atm. Assume 
the diffusion process is dominated by Knudsen diffusion, and the diffusion 
coefficient is constant. 


Exercise 7.8: First-order reaction in a fixed-bed reactor 


The following first-order catalytic reaction is conducted in a fixed-bed reactor. 
The reactant and product are gases. 


A— B 


The intrinsic rate constant is 5.74 x 10!3 exp(-38,000/RT) s7}, in which the 
units of R are cal/mol K, and the units of T are K. The feed consists of pure 
A at 1.0 atm, 630 K, at molar flowrate 0.5 mol/s. The catalyst is a cylindrical- 
shaped pellet with a radius of 0.35 cm and a length of 0.5 cm. The catalyst 
pellet density pp = 0.84 g/cm}. The reactor bed density pg = 0.52 g/cm}. At 
630 K the effective diffusivity in the pellet is 1.40 x 10-3 cm*/s. Determine 
the mass of catalyst required to achieve 90% conversion of A if the reactor 
operates isothermally. 


Exercise 7.9: A hollow-cylinder catalyst pellet in a fixed-bed reactor 


Estimate the mass of catalyst required in an isothermal fixed-bed reactor for 
the second-order reaction. 


ASB 


r=kyc} ky = 1.21x 10°em3/mol-s 

The feed is pure A at a molar flowrate of 15 mol/s, the total pressure is 3.0 atm 
and the temperature is 550 K. The reactor achieves 90% conversion of A. The 
catalyst is å hollow cylinder with an outer diameter of 1.3 cm, an inner diame- 
ter of 0.5 cm, and a length of 0.7 cm. The pellet density pp = 0.73 g/cm? and 
the bed density pg = 0.58 g/cm}. The effective diffusivity of A is 0.008 cm?/s 
and may be assumed constant. You may assume the bulk and pellet surface 
concentrations are equal. 


Exercise 7.10: Catalyst size and production rate 
The following second-order catalytic reaction is carried out in a fixed-bed re- 
actor operating isothermally at 650 K. 


em® 
$-g-mol 


A&B  k=5,15x10° 





ti 
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Pure A is fed to the reactor with a nominal inlet pressure of 2.0 atm. The 
desired production rate per tube is 18.84 kg/hr of B. If you choose to operate 
above the nominal inlet pressure, an additional compressor has to be installed 
upstream of the reactor. The existing tubes are 100-cm long and 20-cm’ cross- 
sectional area. The remaining A in the product stream must be separated 
in a second unit for recycle. For the separation unit to run efficiently, the 
conversion in the reactor must be at least 93% and the outlet pressure must be 
atleast 1.5 atm. If the reactor effluent pressure is below 1.5 atm, an additional 
compressor must be installed downstream of the reactor.*~ : 

The current catalyst has reached the end of its useful lifetime and needs 
to be replaced. Your project is to make a design change with the new catalyst 
to improve the reactor efficiency. In particular you are considering changing 
the catalyst size. The catalyst vendor has told you that they easily can make 
spherical pellets with diameters of 0.075 cm, 0.15 cm, and 0.30 cm. You also 
have been assured that the effective diffusivity, bed density, and reaction rate 
constant do not vary among the catalysts in this size range. One of your team 
members wants to use the smallest diameter catalyst to minimize the total 
mass of catalyst required. Another team member wants to use the largest 
diameter catalyst to minimize the pressure drop. 

You have been assigned to model the reactor and decide which is the best 
choice. Some of the design constraints that you must satisfy include the pro- 
duction rate, the minimal final conversion, the maximal tube length (it is fine 
to use reactor length less than 100 cm, one simply leaves the end of the tube 
empty of catalyst), the maximal inlet pressure, and the minimal outlet pres- 
sure. 

Can you meet these design constraints with all three of the catalysts? Once 
you have met the constraints, you can optimize the reactor operation over the 
remaining design decision variables. What is your final choice of catalyst size, 
and at what nominal inlet pressure will you run the reactor? Include a plot of 
the pressure, conversion, and Thiele modulus versus reactor length for your 
final design. 

Please write a brief report discussing how the design variables (catalyst 
size, inlet pressure, bed length) affect both the capital and operating costs 
of this process. What additional information would you require to perform a 
better design? 

Additional data for the catalyst and reaction are listed in the following 
table. 








Parameter Value | Units | 
Effective diffusivity 0.00375 | cm*/s 
Particle density 1.75 g/cm} 

Bed density 1.12 g/cm} 
Molecular weight of A | 100 kg/kmol 
Viscosity of gas 10-4 g/cm-s 
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Exercise 7.11: Mass transfer with reaction 
(a) Draw a sketch of the effectiveness factor versus the Thiele modulus for 
a spherical pellet. Be sure to label clearly your axes and put as many 
numbers on the plot as you can. 


(b) Choose a value of @ = 1 and draw a sketch of c4(v) and cg(r) versus Y 
for an irreversible, first-order reaction, A — B, in an isothermal pellet. 
Make this sketch as accurate as possible. If you are using dimensionless 
variables, be sure to indicate what quantities you have used to make the 
variables dimensionless. 


(c) Comment on the differences and similarities between the effectiveness 
factor versus Thiele modulus plot for slabs and cylinders compared to 
the spherical case. How do you nondimensionalize your length for these 
other two geometries. 


(d) Provide a concise explanation of the reactor design and operation trade- 
off involved in choosing between a catalyst pellet that gives a diffusion- 
controlled reactor versus one that gives a kinetically controlled reactor. 


Exercise 7.12: Mass transfer with reaction for reversible kinetics 


Consider the reversible first-order elementary reaction in an isothermal solid 
‘catalyst slab of thickness w surrounded by a fluid 


A=B (7.108) 


The external mass-transfer rate to the outer surface of the catalyst is very large 
and the fluid has A and B concentrations Cas and Cgf, respectively. 


(a) Write down the steady-state material balance for species A and B con- 
sidering the reaction and diffusion in the slab. Species A has effective 
diffusivity Da and species B has effective diffusivity Dg, which may not 
be the same. What are the boundary conditions for these two material 
balances. Write down the reaction rate expression. 


(b) Add the two material balances together and find an expression for cg in 
terms of ca, Caf» Cgf, and D = D4/Dp. 


(c) At equilibrium, the rate of reaction is zero. Find an expression for the 
equilibrium A concentration, Cae, in terms of D, CAf Bf» and K = kı jki. 


(d) Define dimensionless concentration and distance via 





—_ Ca-€ a 
za ADAE z=- 
Cay wi 


nN 





7.9 Exercises 427 


and show the material balance for A in dimensionless variables is 


adx’ 
What is the Thiele modulus for this problem? How does it differ from 
the irreversible case? What are the dimensionless boundary conditions? 


{e) Solve your model and show 

= hex 
Exercise 7.13: Reaction-limited and diffusion-limited fixed-bed reac- 
tors 


A second-order catalytic reaction 
A— B 


is carried out in an isothermal fixed-bed reactor containing spherical catalyst 
pellets. The exit conversion is 85%. The reactant and product are gases, What 
happens to the required bed length to achieve 85% conversion if the feed pres- 
sure is doubled and the feed volumetric flowrate is held constant? You may 
assume that the flowrate is small enough that the pressure drop across the 
bed is unimportant. Consider the following two cases. 


(a) What is the new required bed length if the overall pellet reaction rate is 
controlled by the intrinsic reaction rate? 


(b) What is the new required bed length if the overall pellet reaction rate is 
controlled by the pellet diffusion rate? 
You may assume the entire bed length is either in the intrinsic reaction rate 
or pellet diffusion rate-limited regimes and that the external mass-transfer 
resistance between the fluid and the solid catalyst is negligible. 


Exercise 7.14: Second-order reaction in a fixed-bed reactor 
The following second-order gas-phase catalytic reaction is conducted in an 
isothermal fixed-bed reactor: 

A— B 


The intrinsic rate constant is 15.0 L/mol-s at 800 K. The feed is 15,000 L/hr of 
pure A at 10.0 atm and 800 K. Spherical catalyst pellets of radius 1.2 cm are 
used to pack the reactor. The catalyst has a pellet density of 0.90 g/cm#, and 
the reactor bed density is 0.52 g/cm’. The effective diffusivity of A inside the 
catalyst pellet is 2.06 x 10-4 cm?/s. 


Calculate the mass of catalyst necessary to achieve 85% conversion of A. 


428 Fixed-Bed Catalytic Reactors 


Exercise 7.15: Using experimental data from a fixed-bed reactor 
‘The irreversible catalytic reaction 


A— B 


is first order in the concentration of A. Use the data in the following table to 
determine the mass of catalyst required for 95% conversion of A ina fixed-bed 
reactor that can be modeled as a PFR. The experimental rate was measured in 
a 0.25-cm diameter spherical catalyst pellet at 1.0 atm of A and 510°C. The 
fixed-bed reactor you are asked to size is isothermal (510°C), constant pressure 
(1.0 atm), and the feed enters at Nay = 1.5 mol/s. 

















Name Symbol | Value Units 
experimental rate — 1.04 x 1074 mol/(s-cm?3) 
catalyst radius R 0.125 | cm 
effective diffusivity of A Da 0.007 | cm?/s 
catalyst pellet density Pp 0.85 | g/cm? 
catalyst bed density pe 0.55 | g/cm? 








Exercise 7.16: External mass-transfer effects on a second-order reac- 
tion 


Consider the irreversible, second-order reaction 
A— B r=kġ 


taking place in a semi-infinite cylindrical pellet. Compute the effectiveness 
factor versus Thiele modulus for the following values of the Biot number, 
B = œ, 2, 0.5, 0.1. Compare your calculation to Figure 7.34. 


Exercise 7.17; Hougen-Watson kinetics 


Consider the Hougen-Watson kinetics of Section 7.4.4. Using Equation 7.58, 
verify the following limits 


= 6, ¢ small (7.109) 
G= EF ¢ large (7.110) 


Verify the result in Equation 7.110 using Figures 7.13 and 7.14, and œ = 1000. 


Exercise 7.18: General kinetics 


Consider the large ® reaction-diffusion equation, Equation 7.54, with general 
kinetic expression 


se 
aT- fe) =0 GAD 
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Figure 7.34: Effectiveness factor versus Thiele modulus for different 
values of the Biot number; second-order reaction in a 
cylindrical pellet. 


= z=0 
dé 
d S sere 


in which f (©) is the dimensionless reaction rate. Notice the Hougen-Watson 
and nth-order reaction kinetics are special cases of this more general form. 


(a) Apply the change of variables of Section 7.4.4 and show the solution 
is [4, p. 338](18] 


= I dc 
205) e (7.112) 
E y2 fo FE 





(b) Verify Equation 7.111 is satisfied by z(¢) by taking two derivatives with 
respect to Č of Equation 7.112. 


Hint: recall the Leibniz rule for differentiating an integral in which the 
limits of integration are variable. 


d bit) 


i da , db baf 
Pr (x, t)dx = -o7 fla. pote OL ax 
dt ay thdx apt (a8 + apt (b+ i sra 
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Exercise 7.19: Multiple-reaction, nonisothermal fixed-bed reactor 
Consider again the catalytic converter problem of Exercises 7.2 and 7.7. Far- 
rauto and Bartholomew provide a table of exhaust gas velocities for various 
driving conditions [11]. The gas velocities range from 0.54-25.2 m/s as the en- 
gine operation varies from idling to full load. We used 0.75 m/s in Exercise 7.7, 
which corresponds to a low engine load. 

Calculate the fluid profiles in the bed for uy = 5 m/s feed gas velocity. 
What is the conversion of CO and C3He if the bed volume found in Example 7.7 
is used? How much more catalyst is required to reach 99.6% conversion of CO 
and C3H, under the new engine operation? 
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8 


Mixing in Chemical Reactors 





8.1 Introduction 


The three main reactor types developed thus far — batch, continuous- 
stirred-tank, and plug-flow reactors — are useful for modeling many 
complex chemical reactors, and to this point we have neglected a care- 
ful treatment of the fluid flow pattern within the reactor. In this chapter 
we explore some of the limits of this approach and develop methods 
to address and overcome some of the more obvious limitations. 


Scope of problem. The general topic of mixing, even in the restricted 
context of chemical reactors, is an impossibly wide one to treat compre- 
hensively. Obviously the phases of matter that are mixed play a large 
role and a comprehensive treatment would consider: liquid/liquid, liq- 
uid/solid, liquid/gas, and gas/solid mixing. Even in the contacting of 
two liquid phases, the miscibility of the two phases plays a large role in 
determining whether or not mixing occurs. We could also consider the 
mixing of different solid particles, in which particle size plays a large 
role. In this chapter, we will restrict ourselves to fluid-phase systems. 

One natural approach to describing mixing is to solve the equations 
of motion of the fluid. In fluid systems, the type of fluid flow is obvi- 
ously important, and we should consider both laminar and turbulent 
flow, and various mechanisms of diffusion (molecular diffusion, eddy 
diffusion). Using fluid mechanics to describe all cases of interest is 
a difficult problem, both from the modeling and computational per- 
spectives. Rapid developments in computational fluid dynamics (CED), 
however, make this approach increasingly attractive [1]. 

A second, classical approach to describing mixing is to use simple 
tests to experimentally probe the system of interest. These empirical 
testing approaches do not use any of the structure of the equations of 
motion, but they can provide some rough features of the mixing taking 
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place in the system under study. In this chapter we first develop this 
classical approach, and find out what kinds of understanding it can 
provide. We also identify some of the limitations of this approach. 
Nauman and Buffham provide a more in-depth treatment of many of 
the classical topics covered in this chapter, and provide many further 
citations to the research literature {18}. 


Convection and diffusion. We should also mention one point to bear 
in mind when thinking about how convection and diffusion affect mix- 
ing. One might intuitively expect that to enhance mixing and reduce 
spatial variation in concentration, one should seek conditions that max- 
imize the rate of diffusion. Although this notion is correct for mix- 
ing on the finest length scales, it is generally much more important in 
macroscopic scale processes to decrease variations on the larger length 
scales. Mixing in this regime is enhanced primarily by improving the 
convection, and diffusion plays only a small role. In simple terms, one 
does not expect to appreciably decrease the time required to mix the 
cream in one’s coffee by increasing the coffee temperature (enhanced 
diffusion); one instead tums a-spoon a few times (enhanced convec- 
tion). On the finest length scales, mixing is accomplished readily for 
small molecules by the random process of molecular diffusion; in fact, 
the random molecular motions are the only effective mixing processes 
taking place on the finest length scales. 


8.2 Residence-Time Distribution 
8.2.1 Definition 


Consider an arbitrary reactor with single feed and effluent streams de- 
picted in Figure 8.1. Without solving for the entire flow field, which 
might be quite complex, we would like to characterize the flow pattern 
established in the reactor at steady state. The residence-time distribu- 
tion (RTD) of the reactor is one such characterization or measure of the 
flow pattern. Imagine we could slip some inert tracer molecules into 
the feed stream and could query these molecules on their exit from 
the reactor as to how much time they had spent in the reactor. We as- 
sume that we can add a small enough amount of tracer in the feed so 
that we do not disturb the established flow pattern. Some of the tracer 
molecules might happen to move in a very direct path to the exit; some 
molecules might spend a long time in a poorly mixed zone before fi- 
nally finding their way to the exit, Due to their random motions as well 
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Figure 8.1: Arbitrary reactor with steady flow profile. 


as convection with the established flow, which itself might be turbu- 
lent, we would start recording a distribution of residence times and we 
would create the residence-time probability density or residence-time 
distribution. If the reactor is at steady state, and after we had collected 
sufficient residence-time statistics, we expect the residence-time dis- 
tribution to also settle down to a steady function. Let p(@) represent 


the probability density or residence-time distribution, and P(0) the in- 
tegrated form so 


p(ejae, probability that a feed molecule spends time 


6 to 6 + dO in the reactor (8.1) 
P(8), probability that a feed molecule spends time 
zero to 8 in the reactor (8.2) 


The two versions of the probability function obviously contain the same 
information and are related by 


@ 
7 ngg aP (8) 
P(0) = Í odo, or, 
) 7 pia’) p(@) dé 
Some prefer to use exclusively P(@) because if P(@) is not differen- 
tiable, then even defining p(@) is somewhat problematic. We sidestep 
this issue by introducing the impulse or delta function to describe p(0) 
in the case where P(@) has jump discontinuities. 


8.2.2 Measuring the RTD 


As a thought experiment to define the RTD, querying tracer molecules 
on their exit from the reactor is a fine concept. But we plan to actually 
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measure the RTD, so we require an implementable experiment with ac- 
tual measurements. We cannot measure the time spent by a particular 
tracer molecule in the reactor; to us, all tracer molecules are identi- 
cal. We can measure concentration of tracer molecules in the effluent, 
however, and that will prove sufficient to measure the RTD. Imagine 
an experiment in which we measure the concentration of tracer in the 
feed and effluent streams over some time period, while the reactor 
maintains a steady flow condition. From the definition of the RTD in 
the previous section, the effluent tracer concentration at some time t is 
established by the combined exit of many tracer molecules with many 
different residence times. The concentration of molecules that enter 
the reactor at time t’ and spend time t - t’ in the reactor before exiting 
is given by cp(t')p(t -t')at’. These molecules are the ones leaving the 
reactor at time t that establish effluent concentration c,(t), so we have 


t 
celt) -f cp(t’)plt -tat (8.3) 


The inlet and outlet concentrations are connected through this con- 
volution integral with the residence-time distribution. If we conduct 
the experiment so that the feed tracer concentration is zero before an 
initial time t = 0, then the integral reduces to 


t 
Ce(t) = | crpe- tae’ cp(t) =0,0<0 (8.4) 


Notice we can change the variable of integration in Equation 8.4 to es- 
tablish an equivalent representation 


t 
celt) = f ep(t = ptn at' (8.5) 


which is sometimes a convenient form. This connection between the 
inlet and outlet concentrations, and the RTD, allows us to determine 
the RTD by measuring only tracer concentrations. We next describe 
some of the convenient experiments to determine the RTD. 


Step response. Although we can in principle use any feed concentra- 
tion time function to determine the RTD, some choices are convenient 
for ease of data analysis. One of these is the step response. In the step- 
response experiment, at time zero we abruptly change the feed tracer 
concentration from steady value co to steady value cp. For convenience 
we assume co = 0. Exercise 8.4 shows that we can easily remove this 
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assumption using deviation variables. Because the feed concentration 
is constant at cy after time zero, we can take it outside the integral in 
Equation 8.5 and obtain 


t 
Colt) = cy Í pitat = cpP(t) 


So for a step-response experiment, the effluent concentration versus 
time provides immediately the integrated form of the residence-time 
distribution 

P(O) = ce(0)/cf, step response (8.6) 
Pulse and impulse responses. An impulse response is an idealized 
experiment, but is a useful concept. As we will see it provides the RTD 
directly rather than in the integrated form. To motivate the impulse- 
response experiment, imagine we abruptly change the inlet tracer con- 
centration from zero to a large value and return it to zero after a short 
time as sketched in Figure 8.2. Such a test is called a pulse test. The 
pulse test is no more difficult to implement than the step test; it is 
merely two step changes in feed concentration in rapid succession. 
In some ways it is a superior 
test to the step response, because ad(t) 
by returning the tracer concentra- ji 
tion to zero, we use less tracer in 
the experiment and we cause less 
disruption of the normal opera- 
tion of the reactor. 

The impulse response is an 
idealized limit of the pulse re- ef (ty 
sponse. Consider a family of 
pulse tests as sketched in Fig- 
ure 8.2 of shorter and shorter du- 
ration At. We maintain constant 
total tracer addition by spiking 
the feed with higher and higher 
































concentrations so that the prod- area 
uct cst = a is constant. The im- 

pulse response is the limit of this 0 t 
experiment as At — 0. We call 

this limiting feed concentration Figure 8.2: Family of pulses and 
versus time function the delta the impulse or delta function. 


function, að(t). It is also called 
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the Dirac delta function or an impulse, hence the name, impulse re- 
sponse. The constant a is the amplitude of the delta function. The 
mathematical problem with this approach is that the limit is not a well- 
defined function. The values-at all points other than £ = 0 go to zero 
as we take narrow enough pulses, and the value at t = 0 is unbounded. 
But mathematicians have taken a bold step and defined this new kind 
of function by what it does rather than its numerical values. The main 
property of the delta function is that, because it is so narrowly focused, 
it extracts the value of an integrand at a point in the interval of inte- 
gration, 


o 


Í g(t)d(t)dt = g(0), all. g(t) (8.7) 


Í ôltjdt =1, normalized (8.8) 


~e 


So if we can approximate c(t) = aé(t), then we have from Equation 8.3 


t 
celt) = af 8(t’)p(t -tdt = apit) 


So for an experiment approximating an impulse, the effluent concen- 
tration versus time provides the residence-time distribution directly 


p(0) = ce(O)/a, impulse response (8.9) 


We do not require any sophisticated mathematics to use these gener- 
alized functions such as the delta function. We introduce them here 
because they make our work simpler, not more complicated. You will 
also find these functions useful in the process control course when you 
analyze the dynamics and feedback control of processes. Moreover, 
empirical tests, such as the step- and impulse-response experiments, 
provide a general method for modeling the dynamic behavior of many 
processes. Using these methods to determine a reactor RTD is just one 
small example of their uses in chemical process modeling. 


Arbitrary feed concentration experiment. Tt may be inconvenient or 
impossible to perform a step or impulse test on a reactor. In some 
situations it is possible to measure a low-concentration impurity in the 
feed and effluent streams, and construct the RTD from those measure- 
ments. In these cases the feed concentration cp (t) is an arbitrary, but 
measured and known, function of time. One must take care that the 
noise in the measurements does not obscure the RTD, and replication 
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of experiment and assessment-of uncertainty in the RTD is highly rec- 
ommended. Shinnar [22] provides a detailed discussion for further 
reading on the science and art of determining and using RTDs to solve 
industrial reactor problems. 


8.2.3 Continuous-Stirred-Tank Reactor (CSTR) 


We next examine again the well- 
stirred reactor introduced in Chap- ea 
ter 4. Consider the following step- 
response experiment: a clear fluid 
with flowrate Q p enters a well-stirred 
reactor of volume Vz as depicted in 
Figure 8.3. At time zero we start 
adding a small flow of a tracer to the 
feed stream and measure the tracer 
concentration in the effluent stream. 
We assume we keep the flow of the Figure 8.3: CSTR and tracer 
tracer small enough that we do not experiment. 
disturb the existing flow pattern in 
the reactor. We expect to see a con- 
tinuous change in the concentration of the effluent stream until, after 
along time, it matches the concentration of the feed stream. We are by 
now experts on solving this type of problem, especially in this simple 
situation without chemical reaction to complicate matters. Assuming 
constant density, the differential equation governing the concentration 
of dye in the reactor follows from Equation 4.38 

a = Pep =o) c(0) = 0 (8.10) 
in which c is the concentration of the dye in the reactor and effluent 
stream. In Chapter 4, we named the parameter Vr/Q, the “mean resi- 
dence time” and gave it the symbol 8. For our purposes here, we have 
already reserved 8 for the distribution of reactor residence times, $0 we 
define T = Vr/Q r. We show subsequently that T is indeed the mean of 
the RTD for a CSTR. We already derived the solution to Equation 8.10, 
where 

c(t) = (l-e ey 


so we have immediately 


P(g) =1 -e (B.D) 
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which upon differentiation gives 
pe) = te? T CSTR residence-time distribution (8.12) 


It is often helpful to have two dif- 
ferent views of the same result, so 
we next consider the well-mixed reac- 
tor as a game of chance and re-derive 
the RTD for the CSTR. Imagine we di- 
vide the reactor into a number of vol- 
ume elements, depicted in Figure 8.4. 
At each time instant, some group of 
volume elements is withdrawn from 
the reactor, and new volume elements 
enter from the feed stream. We as- 
sign a probability law to model which 
volume elements are withdrawn from 
the reactor. The well-mixed assump- 
tion is equivalent to the statement 
that all volume elements are equally 
likely to be withdrawn from the re- 
actor. One can view the mixing as 
quickly (instantaneously in the case of perfect mixing) randomizing the 
locations of the volume elements so that each one is equally likely to be 
nearest to the exit when the next element is withdrawn in the effluent 
stream. We also see why perfect mixing is a physical idealization; it is 
not possible to instantaneously randomize the locations of the volume 
elements with finite power to the stirrer. 

We have n volume elements, each with volume Vn = Va/n. In time 
interval At, a volume of Q,At leaves with the effluent stream. The 
number of elements leaving in the time interval is therefore Q fAt/ Vn 
out of n, and the fraction of elements withdrawn is 





Figure 8.4: CSTR and vol- 
ume elements in a game of 
‘chance. 


Qrt At 
s-i 
Now consider the probability that a particular volume element is still 
in the reactor after i time intervals. The probability of removal is f, so 
the probability of survival is 1- f. After i trials, each of which is inde- 
pendent, the probability of survival is the product (1 = f). Therefore 
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Figure 8.5: CSTR residence-time distribution. 


the probability that an element has residence (survival) time @ = iAt is 


z Ayers: 
B(O) = (1-2) (8.13) 
We now take the limit as At — 0. Recall from calculus 


lim(1 + ax)!/* = e^ 
x-0 


Taking the limit and using this result in Equation 8.13 gives 
pO) =e 9!" 


which, after normalization, is again the residence-time distribution of 
the CSTR. The normalization constant is computed by integration 


Í p(0) d0 = f e2 do =r 
o 9 
so the residence-time distribution is 
p(a) = =e? (8.14) 


which is plotted in Figure 8.5 for a variety of mean residence times. We 
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next compute the mean of this distribution. An integration by parts 
produces 


a=] op(o)do = = | ge-8" dé 
0 T Jo 


A + [-ro e2 _ (r)2e~8!7] a 


=T 


and we have established that the mean of the RTD for the CSTR is 
indeed T = Vr/Qy. We can therefore compactly write Equation 8.14 as 


p(0) = goer (8.15) 


Notice the exponential distribution tells us that it is unlikely for a vol- 
ume element to remain in this reactor for long because at each instant 
there is a constant probability that the element is withdrawn in the ef- 
fluent. It is difficult to win for long in this kind of game of chance, 
which explains the exponential decrease in p(@). In fact, zero is the 
most likely residence time, a classic and slightly counter-intuitive case: 
the most likely value of 6, the maxg p(@) occurs at @ = 0, which is 
different from the mean of the distribution, 0 = Vr/Q,. Again, if the 
mixing is not perfect, this maximum does not occur at 0 = 0 because 
it requires finite time for a volume element entering with the feed to 
be convected to the exit. Moreover, our derivation of the RTD of the 
CSTR shows the following general principle: given an event with con- 
stant probability of occurrence, the time until the next occurrence of 
the event is distributed as a decreasing exponential function. This prin- 
ciple is used, for example, to choose the time of the next reaction in 
the stochastic simulation of chemical kinetics in Chapter 4. 


8,2.4 Plug-Flow Reactor (PFR) and Batch Reactor 


The simple flow pattern in the PFR produces a simple residence-time 
distribution. Consider a step test in which the reactor is initially free 
of tracer and we increase the feed tracer concentration from zero to cr 
at time zero. As shown in Figure 8.6, the tracer travels in a front that 
first reaches the reactor exit at time t = l/v, in which v is the velocity 
of the axial flow and | is the reactor length. From these physical con- 
siderations, we can write the reactor tracer concentration immediately 


0, z-vt>0 
Ea f cy, Zz-vt<0 MAP 
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Figure 8.6: Plug-flow reactor with moving front of tracer. 


For z — vt > 0, the tracer front has not reached location z at time t so 
the tracer concentration is zero. For z - vt < 0, the front has passed. 
location z at time t and the tracer concentration is equal to the feed 
value cp. 

It is convenient to introduce the unit step or Heaviside function to 
summarize this result. The Heaviside function is defined as follows 


H(t) -f X > (8.17) 


Because we are armed with the delta function, we can even consider 
differentiating this discontinuous function to obtain the relationship 


aH (t) 
at 


Equation 8.16 can then be summarized compactly by 


= 6(t) (8.18) 


e(t,z) =cpH(t ~z/v) 
so the effluent tracer concentration is given by 
Celt) = cpH(t -1/v) = cpH(t ~ Vr/Qy) (8.19) 
and the integrated from of the residence-time distribution is therefore 
P(@) = H(0 - VriQ f) (8.20) 
We can differentiate this result using Equation 8.18 to obtain 


p(0) = 5(0-Vr/ QF} 
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| | ! : 


Figure 8.7: Series of n equal-sized CSTRs with residence time t/n. 





In other words, all tracer molecules spend exactly the same time Vr/Qe¢ 
in the reactor. The mean of this distribution is then also Vr/Qy, which 
is verified by using Equation 8.7 


B= | 05(0 - Va/Qy)d0 = Ve IQy 


which shows that Ve/Q, is the mean residence time for the PFR as well 
as the CSTR, even though the residence-time distributions of these two 
reactors are quite different. We can compactly summarize the RTD for 
the plug-flow reactor by 





p0) = 5(0 - 8) PER and 


= (8.21) 
P(6) = H(8 - 0) 


batch reactors 











Likewise, the RTD for a batch reactor is immediate. All material is 
charged to the reactor at time t = 0 and remains in the reactor until the 
final batch time, which we may call @. Then Equations 8.21 also apply 
to the batch reactor. 


8.2.5 CSTRs in Series 


Consider dividing the volume of a single CSTR into n equal-sized CSTRs 
in series as shown in Figure 8.7. If the single CSTR has volume Vg and 
residence time T = Vg/Q p, each of the CSTRs in series has volume Vg/n 
and residence time 7/1. If we solve for the effluent concentration after 
an impulse at time zero, we can show 

n 


on fe i geis nit 
po (=) e (8.22) 





which is plotted in Figure 8.8 for r = 2. Notice the residence-time 
distribution becomes more narrowly focused at T as n increases. In 
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Figure 8.8: Residence-time distribution p(@) versus 0 for n CSTRs in 
series, T = 2. 


fact Equation 8.22 for large n is another approximation for 6(0~ r). If 
we integrate Equation 8.22 we obtain 


_ ¥(n,ne/T) 
P(O) = Fin) (8.23) 
in which the gamma function is defined as 
rn) = Í t"-De-tdt (8.24) 


Notice the gamma function is a generalization of the familiar factorial 
and for n an integer, 


T(n) = (n-1)! 


The incomplete gamma function is defined by the same integrand on 
the finite interval 


x 
ym, x) = f t™De-ldr (8.25) 
o 
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Figure 8.9: P(@) versus @ for n CSTRs in series, T = 25 
“You can perform integration by parts on Equation 8.22 to obtain a series 
representation 


nðjr (no/t)* (nor) 
iota Fe a 





P(O)=1- (: + aa (8.26) 
Evaluating the incomplete gamma function is numerically better than 
summing this series when n is large. Figure 8.9 shows Equation 8.23 
for a range of n values. 


8.2.6 Dispersed Plug Flow 


Ideal plug flow may not be realized in many packed-bed reactors. We 
develop next a model that allows for deviations from plug flow. As 
shown in Figure 8.6, in the PFR a change in the feed concentration trav- 
els as a perfect front. But measurements in actual packed-bed reactors 
may show a fair amount of spreading or dispersion as this front trav- 
els through the reactor. The dispersed plug-flow model given in Equa- 
tion 8.27 allows for this spreading phenomenon. A diffusion-like term 
has been added to the mass balance. The coefficient, D;, is called the 
dispersion coefficient. Note this term is not meant to represent true 


i stnascnseuninetonssovnivoenonyansannenieiannnain: 
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molecular diffusion caused by the random motion of the molecules. 
Molecular diffusion in the direction of the convected flow is always neg- 
ligible in packed bed reactors operating at reasonable flowrates. The 
spreading of concentration fronts is caused by other phenomena, such 
as Taylor dispersion [2, p.643]. 





ac ac Be 
a 7 "az + Diss : (8.27) 
~ ei) ~ 


accumulation convection diffusion 


Given diffusion in the tube, the inlet boundary condition is no longer 
just the feed condition, c(0) = cy, that we used in the PFR. To derive the 
boundary condition at the inlet, we write a material balance over a small 
region containing the entry point, and consider diffusion and convec- 
tion terms. The diffusion term introduces a second-order derivative in 
Equation 8.27, so we now require two boundary conditions. We specify 
a zero slope condition at the tube exit. 


velo- = Velo — Di es " z=0 


z =0 zel (8.28) 
These two boundary conditions have become known as Danckwerts 
boundary conditions [6], but they were derived at least 45 years prior 
to Danckwerts in a classic paper by Langmuir [16]. Further discussion. 
of the applicability and some alternatives to the Danckwerts bound- 
ary conditions are given by Bischoff [3], Levenspiel [17, p.272], and 
Parulekar and Ramkrishna [21]. 
It is now convenient to introduce a coordinate moving with a scaled 
velocity 
z-vt Z-t/T 





x= ADi AbT (8.29) 
in which 
D = p = HE, dimensionless dispersion number 
Transforming variables from z and t in Equation 8.27 to x gives 
de Aao (8.30) 


ax? ax” 
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Rather than use the Danckwerts boundary conditions, we can approxi- 
mate the behavior with the following simplified boundary conditions 


ce=l, xX ==% 
c=0, X = 00 (8.31) 


These boundary conditions correspond to stating that c = 0 for z, t 
values corresponding to arbitrarily long times before the step change 
arrives, and that c = 1, for z, t values corresponding to arbitrarily long 
times after the step change has passed. See Exercise 8.10 for comparing 
the dispersed PFR RTD with Danckwerts boundary conditions to the one 
we calculate here with the simplified boundary conditions. 

The solution to Equation 8.30 with boundary conditions listed in 
Equations 8.31 is 


= -2 A =t? 
ctx) = 1/21 zhe at] 


The integral can be expressed in terms of the error function, which is 
defined as p 

erf(x) = = | edt 8.32 

(x) Fi Jo (8.32) 


Substituting in the original variables and setting Z = 1 to obtain the 
response at the reactor outlet as a function of time gives 


an = = 1—t/t 
c(Z=1,t) =1/2 | ert (Lait) | (8.33) 


and we have calculated the integrated form of the RTD for the dispersed 
PFR with simplified boundary conditions 


ey _ 1-0/T 
P(0) = 1/2 l: er (Laci) | (8.34) 


Equation 8.34 is plotted in Figure 8.10 for T = 2 and various dispersion 
numbers D. We can differentiate Equation 8.34 to obtain the dispersed 
plug-flow RTD 


2 
TOER. L118 ew (- (a) | (8.35) 








åt/nD VBT ADIT 


This RTD is plotted in Figure 8.11. 





8.2 Residence-Time Distribution 449 





P(@) 








ggv 
Kiri 
SLOD: 





Figure 8.10: P(0) versus @ for plug flow with dispersion number D, 
Tal 


3.5 


3 


HEHH 


voug 


2.5 
2 

p8) 
1.5 


i 





0.5 











Figure 8.11: Residence-time distribution p(@) versus 8 for plug flow 
with dispersion number D, T = 2. 
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The dispersion number, D, is related to another dimensionless group, 
the mass-transfer analog of the inverse of the Péclet number, 


vi : Da 

Da’ Pe vt 

which measures the rate of diffusion compared to the rate of convec- 
tion. The key difference is the Péclet number contains the molecular 
diffusivity, Da, and the dispersion number contains the effective ax- 
jal dispersion coefficient, D). Levenspiel makes a compelling case that 
these two quantities have different origins and motivations and de- 
serve different names. To further complicate matters, the inverse of 
the Péclet number is often called the Bodenstein number in European 
literature. Weller [26] provides an interesting discussion of the history 
of the literature on the Bodenstein number, which does not appear to 
have been defined or used by Bodenstein, but was defined and used by 
‘Langmuir [16]. 


Pe = 


Dispersed plug flow with reaction. We modify Equation 8.27 for dis- 
persed plug flow to account for chemical reaction, 





ac; Oc; ac j 

a7 UG +Dj 532 + Rj (8.36) 
Danckwerts boundary conditions, as given in Equations 8.28, can be 
applied without change. 


Up to this point in the text, we have solved exclusively steady-state 
profiles in tubular reactors. Obviously tubular reactors experience a 
start-up transient like every other reactor, and this time-dependent 
behavior is also important and interesting. Calculating the transient 
tubular-reactor behavior involves solving the partial differential equa- 
tion (PDE), Equation 8.36, rather than the usual ODE for the steady-state 
profile. Appendix A describes the method we use for this purpose, 
which is called orthogonal collocation. 


Example 8.1: Transient start-up of a PFR 


Compute the transient behavior of the dispersed plug-flow reactor for 
the isothermal, liquid-phase, second-order reaction 


2A— B, raked (8.37) 


The reactor is initially filled with solvent. The kinetic and reactor pa- 
rameters are given in Table 8.1. 


; 
; 
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Parameter | Value | Units | 
k 0.5 L/mol-min 
Caf 1 mol/L 
Da 0.01 | m?/min 
v 0.5 m/min 
l 1 m 








Table 8.1: Mass-transfer and kinetic parameters for Example 8.1. 


Solution 


The mass balance for component A is 


aca, BCA acA 2 
A o oy EA + Da GEA - 2ke} (8.38) 





The boundary conditions are 


vcas = UCalor ~ Dal fa pe 270 (8.39) 
Oca _ 7 
ap =0, zal (8.40) 


Finally, an initial condition is required 
calz,t)=0, t=0 


Figure 8.12 shows the transient profiles. We see the reactor initially 
has zero A concentration. The feed enters the reactor and the A con- 
centration at the inlet rises rapidly. Component A is transported by 
convection and diffusion down the reactor, and the reaction consumes 
the A as it goes. After about t = 2.5, the concentration profile has 
reached its steady value. Given the low value of dispersion in this prob- 
lem, the steady-state profile is close to the steady-state PFR profile for 
this problem. a 


Example 8.2: Order matters 


Consider two arrangements of a PFR and CSTR of equal volume in series 
as shown in Figure 8.13. What are the residence-time distributions for 
the two reactor systems? What are the overall conversions for the two 
systems? 


ca (mol/L) 
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Figure 8.12: Start-up of the tubular reactor; c4 (z, £) versus z for var- 


ious times, O < t < 2.5, At = 0.25. 
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Figure 8,13; PFR followed by CSTR (A), and CSTR followed by PFR (B). 





8.2 Residence-Time Distribution 453 


Solution 


Consider a unit step test for the CSTR-PFR arrangement. The outlet 
concentration for the CSTR is given by 


cilt) = 1 ~ exp(—t/t) 


That feed concentration to the PFR is then simply delayed by 7 time 
units to give for the CSTR-PFR arrangement. „a 


p(@) = (1 -exp(-(t-T)/T) H(t- T) 


Next consider a unit step test into the PFR-CSTR arrangement. For this 
case the intermediate stream is given by a delayed step input 


ci (t) = H(t~T) 
With this feed into the CSTR, the effluent is merely the CSTR response 
to aunit step change after we shift the starting time of the step forward 
T time units, 
co(t) = (1 ~ exp(-(f ~ T)/T)) H(t ~ T) 
so again for this case 


p(@) = (1 - exp(—(t- 1)/T)) H(t- T) 


and the two residence-time distributions are equal. 

The steady-state conversions for both arrangements are also simply 
calculated. For a single CSTR, the steady-state inlet and outlet concen- 
trations are related by 


~L4J1 4+ 4krej 


Colci = kra = Cle;) 
For a single PFR, the inlet and outlet concentrations are related by 
Col Ci = ee S P(e) 
Ort Tektro > 


So we wish to compare P(C(co)) for the CSTR-PFR case and. C(P(co)) 
for PFR-CSTR case. Because we are not even told ktco, we check over a 
range of values. Figure 8.14 displays the result. We see thal the conver- 
sions are not the same and that the PFR-CSTR gives higher conversion 
(lower outlet concentration) than the CSTR-PFR for all values of kTco 
for a second-order reaction. o 
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Figure 8.14: Comparison of the effluent concentrations for the two 
cases shown in Figure 8.13. 


8.3 Limits of Reactor Mixing 


We have seen in the previous section that complete knowledge of the 
reactor residence-time distribution is insufficient to predict the reac- 
tor performance. Although we have characterized completely the time 
tracer molecules spend in the reactor, we have not characterized their 
surrounding environment in the reactor during this time.? In the liter- 
ature these two effects are sometimes termed macromixing: the dis- 
tribution of residence times of molecules moving with the flow; and 
micromixing: the exchange of material between different volume ele- 
ments during their residence times. Although we may find it instructive 
to separate these two phenomena in the simple reactor mixing models 
under discussion, in actual reactors this separation may be unrealistic. 
Accurate prediction of reactor performance may require solution or ap- 





lif someone were to characterize your learning in this course by measuring your 
hours spent in the classroom (RTD), they would hopefully obtain a positive correlation 
between learning and residence time. But we would naturally want to evaluate the 
environment inside the classroom during these hours if we were going to make more 
accurate predictions of learning. We would want to know if the instructor was prepared 
for lecture and saying reasonable things. if the students were attentive or asleep, and 
so On. 
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Figure 8.15: Completely segregated flow as a plug-flow reactor with 
side exits; outlet flows adjusted to achieve given RTD. 


cae 


proximate solution of the equations of motion for the fluid, including 
material transport due to diffusion. 

In defense of the simple mixing models, however, they do provide 
another important insight. We can determine the limits of achievable 
mixing consistent with a measured reactor residence-time distribution. 
These mixing limits do provide some insight into the limits of achiev- 
able reactor performance, although this connection remains an active 
area of research as discussed in section 8.4. 


8.3.1 Complete Segregation 


Imagine we know a reactor RTD, p(@), either through direct measure- 
ment in a tracer experiment or solution of the equations of motion or 
some other means. We know from Example 8.2 that this constraint does 
not tell us the complete state of mixing in the reactor, We define next 
the two extreme limits of mixing consistent with the given RTD. These 
ideas were laid out in influential papers by Danckwerts and Zwietering. 
The first limit is called complete segregation; it is the limit of no mix- 
ing between volume elements. We can realize this limit by considering 
the ideal reactor depicted in Figure 8.15. As we progress down the 
plug-flow reactor, the residence time 8 of the material reaching that 
location increases. We can imagine withdrawing from the reactor at 
each location or @ a fraction of the flow corresponding to the required 
RTD value p(0), although this might be difficult to achieve in practice. 
A PER with this removal rate then has the specified RTD. No material in 
two volume elements with different residence times is ever exchanged 
because the plug flow has zero backmixing. This last point is perhaps 
more clear if we redraw the reactor configuration as an equivalent bank 
of PERs of different lengths without side exits, as in Figure 8.16.4 [25]. 
Each tube has a single @ value according to its length. We feed the frac- 
tion p(@) of the total flow into each tube of residence time 0 so as to 
achieve the given RTD for the composite reactor system. This reactor 
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Figure 8.16: Alternate representation of completely segregated flow 
(A), maximum mixed flow (B), and an intermediate mix- 
ing pattern (C). 


system is called completely segregated because there is no exchange of 
material between the various tubes. Each tube acts as its own private 
reactor that processes material for a given amount of time and then 
discharges it to be mixed with the other reactors at the exit. 

It is a simple matter to predict the behavior of this completely seg- 
regated reactor. We assume a single reaction and constant density 
throughout the following discussion. Each tube of specified length or 
volume V can be assigned a residence time according to @=V/Q, Let 
c(@) represent the concentration of a reactant in a volume element that 
has spent time @ in the reactor. Because the reactor is segregated, each 
tube satisfies the constant density PFR equation, Equation 4.1 12; 

pa = R(c), c{(0)=cf (8.41) 
The concentration of the effluent stream is then simply computed by 
multiplying the concentration of each tube by the fraction of the total 
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feed passing through that tube 
ope Í p(0)c(0)d0 (8.42) 


in which c(@) comes from the solution of Equations 8.41. It is often 
convenient to remove the explicit integration required by Equation 8.42. 
Let c;(@) represent the effect of combining streams with residence 
times less than or equal to 0, so ae 


6 
cs(0) = Í p(6)c(6)d0 


From this definition it is clear that c;(0) satisfies the following differ- 
ential equation and initial condition 
des 


Pr p(0)c(0),  cs(0)=0 


and the reactor effluent concentration is the limit of cs (0) as 0 ~~ ©. 


We can combine the two differential equations for convenient numeri- 
cal solution of the segregated case 





a6 = Ric) c(0) = cy 

(8.43) 
acs 
do * p(@)c(O@)  c(0)=0 











Notice that this is an initial-value problem, but, in general, we require 
the solution at @ = œ to determine the effluent concentration of the 
reactor. Differential equations on semi-infinite domains are termed 
singular, and require some care in their numerical treatment as we dis- 
cuss next. On the other hand, if the residence-time distribution is zero 
beyond some maximum residence time, Omax, then itis straightforward 
to integrate the initial-value problem on 0 < @ < Omax 


Numerical solution. We can solve Equation 8.43 as an initial-value 
problem as written with an ODE solver. Because of the semi-infinite 
domain, we would need to check the solution for a sequence of in- 
creasingly large 6 values and terminate the ODE solver when the value 
of c,(@) stops changing. Alternatively, we can map the semi-infinite 
domain onto a finite domain and let the ODE solver do the work for 
us. Many transformations are possible, such as z = exp(~@), but ex: 
perience suggests a strongly decreasing function like the exponential 
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Figure 8.17: Maximum mixed flow as a plug-flow reactor with side 
entrances; inlet flows adjusted to achieve a given RTD. 

















causes the right-hand side to go to infinity at z = 1, and we simply ex- 
change one singularity for another. A more gentle transformation and 
its inverse are 





fe, Ge 
~ 140" “1+z 
Using this change of variable, we rewrite the derivative as 
de _dedz_(_,2de 
dé ~ azdo~ “1-7 az 


Using this result, we transform Equation 8.43 to 











dc Ric) 

dz 1-2? RTT Ta 
des _pl2i-2)6 oto) 9 Bay 
Wo a-z) cs(0) = 





Most modern ODE solvers allow the user. to specify critical stopping 
values. These are values of the variable of integration beyond which 
the ODE solver will not step. We would specify z = 1 as a critical value 
because the right-hand side is not defined past z = 1. At the value Z = 1, 
we would specify the right-hand sides are zero because the reaction will 
have equilibrated at z = 1,0 = œ so R(c) = 0, and p(@) = Oat 8 = œ. 
Again, some care with must be taken because the denominators are also 
going to zero. If the ODE solver terminates successfully, that usually 
indicates the transformation was successful. It is useful to plot c(z) to 
make sure the z = 1 end does not exhibit some unusual behavior. 


8.3.2 Maximum Mixedness 


We realize the opposite mixing limit, maximum mixedness, by reversing 
the flow in the segregated reactor as shown in Figure 8.17 [28]. The feed 
stream is distributed along the length of the PFR and injected at the 
appropriate rate at various side entrances corresponding to different 
8 “locations” to achieve the required RTD. Notice that because the flow 
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Figure 8.18: Volume element in the state of maximum mixedness. 


has been reversed compared to the segregated case, the @ locations 
increase from zero at the exit of the tube to large values at the entrance 
to the tube. We allow an infinitely long tube if we wish to allow RTDs 
such as the CSTR defined on a semi-infinite domain. Reactors with 
these specified sidestream addition policies are conceptually important 
in understanding recent research on achievable reactor performance as 
discussed in Section 8.4. 

Consider the equivalent representation of maximum mixedness in 
Figure 8.16.B. The shading means that the material at these locations is 
completely mixed with the material from the other tubes at these same 
locations [25]. Notice that we have aligned the exits of the tubes in Fig- 
ure 8.16. Therefore when we mix material between tubes, we are mixing 
material not with common time spent in the reactor but rather with a 
common time-to-go A. Indeed, the mixing process at a given location is 
mixing material with different times spent in the reactor. It is not pos- 
sible to mix material with different times-to-go without changing their 
exit times for the following reason. If we mix two groups of molecules 
with different times-to-go, Ai, Àz, the mixture must later be separated 
again so that the molecules may exit the reactor at the specified times 
Ay and Az. Such a separation is not possible because molecules are 
not distinguishable based on their times-to-go in the reactor. We face 
the equivalent problem if we mix two identical, pure-component gases 
initially on opposite sides of a partition. After mixing, we have no pro- 
cess to separate them again based on their initial locations because the 
molecules are identical. Such a separation process would violate the 
second law of thermodynamics. 

We next derive the differential equation that governs the maximum 
mixedness reactor [28]. Consider an expanded view of the reactor in 
a state of maximum mixedness shown in Figure 8.16.B. As depicted in 
Figure 8.18, feed with flowrate Qp(0)d@ is added to each tube having 
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residence time 8 to achieve the desired RTD. So if we consider a volume 
element to be a mixed section of the composite reactor between times- 
to-go A and A + AA, the material balance for this element consists of 
the following terms: 


entering atA+AA: Q (f . panan) C(A +AA) (8.45) 
+ 

leaving at A: Q (f panax’) cA) (8.46) 

feed addition: Q (p(àJAÀ) cf (8.47) 


production: a( f poaa) AA R(c(A)) (8.48) 
C6 SORE OE on 


rate per volume 
volume of reactor element 


Considering the reactor is at steady state, we set the accumulation to 
zero and obtain 


casan | p(nyan’ -cA | pir’ )dn’ + cpp(A)AAt 
A+AA A 

R(cjaa f pir’ dà =0 
We can combine the first two integral terms and divide by AA to obtain 


c(A + AA) ~ cA) f” see 
c(A+ AA) ~ (A) 7 a 
n f Pa JAN —c(A)p(A) +cfp(À)+ 
Ro | p(N)dN' =0 
A 


Taking the limit as AA ~ 0 and rearranging gives 


de ___ pia) Siena! 
an” PADAN (cia) - ef) - R0) 


Equivalently we can express the integral in terms of the integrated form 


of the RTD and write 


de pW 2 a, 
E] (cA) =ef) - Ric) (8.49) 











We wish to calculate the reactor effluent concentration, which is given 
by c(A) at A = 0. As in the segregated reactor case, this first-order 
differential equation is singular; we wish to integrate from A = œ, the 
entrance to the longest tube, to the combined tube exits at A=O0.A 
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poundary condition is required at A = œ. For c to remain bounded as 
A — œ, we stipulate the boundary condition 


dc 
Ax =o A= o 


Provided we know the limit p(A)/(1 ~ P(A)) as A — œ, we can solve 

Equation 8.49 directly for the boundary condition on c at A = œ; We 

call this value c». Note that Ce + Cy. me 

Numerical solution. We wish to transform the A € (0,0) interval into 

z €e (0,1). The analogous transformation to the segregated reactor is 
1 l-z 


a ay x= 
1+x’ z 





z 


The derivative becomes 
dc  dcdz 2de 


adv” dzd ^ dz 
in which the minus sign arises because we are changing the direction 
when integrating in the transformed z variable. Equation 8.49 then 
becomes 


de __1 f_p(Q-z2)/2) 5 
a des ESI (c-er) -Ro | c(0) = Cw} (8.50) 

















and we integrate from z = 0 to z = 1. Again, a critical stopping value 
should be set at z = 1 to avoid an undefined right-hand side. We set 
the right-hand side to zero at z = 0 because we determined the value of 
Ca such that the bracketed term in Equation 8.50 was zero. Again, care 
should be exercised at z = 0 because the denominator goes to zero at 
z = 0(@ = œ). Plotting c(z) and examining the z = 0 end for unusual 
behavior is recommended. 


Example 8.3: Two CSTRs in series 


We illustrate the results of these sections with an example taken from 
Zwietering [28]. 

Given the RTD of two equal-sized CSTRs in series for a single, second- 
order, irreversible reaction, compute the reactor effluent concentration 
for the following cases: segregated flow, maximum mixedness and two 
ideal CSTRs. 
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Solution 
The residence-time distribution for two CSTRs in series is given by 
Equations 8.22 and 8.26 for nm = 2, 


_ 48 -20/7 
p(@) = re 


1-P(O) = (+ 20/T)e O/T 


in which t = Ve/Q, and Vp is the total volume of the CSTRs. The 
balance for the maximum mixedness case becomes 


dc 4A m 2 
do Ta r2 eke 
Defining dimensionless variables, € = ¢/co and x = @/t, the equation 
becomes i i 
C xX = 29 
ae 5x01 © 1)+Ké (8.51) 


in which K = kcoT. Notice that all the physical constants of the reactor 
combine into the single dimensionless constant K. If we apply the zero 
slope condition at A = œ, we obtain the quadratic equation 


2(Em -1) + Ke, =0 
which can be solved for Če. Again we have an equation on a semi- 
infinite interval, which we can transform via 


1 Laz 





ioe 
14x’ z 


in which x € (,0) is transformed to z € (0,1). The transformed 
derivative satisfies 





dc _dtdz__ de 
dx dzdx — dz 
so the final differential equation is 
dé__ i 4l- z)/Z pn e] 
dz z? ee —~Z)/z+ i Dake 


€(0) = Co 


The effluent of the maximum mixed reactor is given by the solution 
@(z) at z = 1. Figure 8.19 displays the solution to this differential 
equation for a range of K values. oa 
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Figure 8.19: Dimensionless effluent concentration € = C/Co versus 
dimensionless rate constant K = ktco for second-order 
reaction; the RTD for all cases is given by 2 CSTRs in 
series. 


Intermediate conditions of mixing. Weinstein and Adler [25] also 
proposed an interesting general conceptual mixing model by allowing 
a general mixing pattern between the various tubes as depicted in Fig- 
ure 8.16.C. 

The segregated reactor depicted in Figure 8.15 and Figure 8.16.A is 
sometimes referred to as late mixing or mixing as late as possible. The 
material remains segregated until it reaches the common exit where 
the segregated streams are finally mixed in the reactor effluent. The 
situation depicted by the maximum mixedness reactor of Figure 8.17 
and Figure 8.16.B is sometimes called early mixing. The material is 
mixed at the earliest possible times as it travels down the tubes; no 
segregated streams remain to be combined at the reactor exit. 

Consider again the two reactors in Example 8.2. The conceptual 
mixing pattern is sketched in Figure 8.20. The reactors have identical 
RTDs. Comparing these two reactor configurations, the reactor with 
the CSTR preceding the PFR is in the condition of maximum mixedness 
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Figure 8.20: CSTR followed by PFR (A) and PFR followed by CSTR (B) 
as examples of complete and partial mixing; RTDs for 
the two configurations are equal. 


because the CSTR is the condition of maximum mixedness and the feed 
to the PER is therefore well mixed, so the different portions of the RTD 
in the PER section have identical compositions, and could be consid- 
ered well mixed or segregated. The PFR preceding the CSTR is not in 
the condition of maximum mixedness, nor is it segregated. As shown 
in Figure 8.20, it displays an intermediate state of mixing, similar to 
case C in Figure 8.16. We show in Section 8.4 that because the reac- 
tion rate is second order, complete mixing gives the lowest conversion 
possible consistent with the given RTD. This conclusion is consistent 
with the calculation performed in Example 8.2 in which the CSTR-PFR 
arrangement had lower conversion than the PFR-CSTR. 


8.3.3 Mass Transfer and Limits of Reactor Mixing 


Consider the following physical picture to help in our understanding 
of segregated flow and maximum mixedness. Figure 8.21 shows the 
classic situation in which we mix two liquid-phase feed streams in a 
stirred tank for the second-order reaction 


A+B— C (8.52) 


We model the action of the stirrer as shearing the fluid A stream into 
small, uniformly sized “particles” of component A dispersed in the con- 
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Figure 8.21: Adding two liquid-phase feed streams to a stirred tank; 
the stirrer is modeled as shearing the liquid A feed 
stream into small, uniformly sized particles of A and 
randomly distributing them in the continuous phase 
containing B. 


tinuous phase containing component B dissolved in a solvent. The size 
of the A “particles” is one measure of how well the stirrer is working. 
This physical picture, although idealized, is motivated by several types 
of real reactors, such as suspension and emulsion polymerization re- 
actors. Ottino provides a well-illustrated discussion of the detailed 
results of fluid shear [20, pp.1-17]. We assume these “particles” of 
component A move rapidly about the reactor with the fluid flow. We 
therefore have an ideal CSTR residence-time distribution; if we inject 
tracer with the A stream or the B stream, we would see the classic 
step response for the CSTR. In other words, the macromixing is excel- 
lent, and determining the residence-time distribution would not indi- 
cate anything except an ideally mixed reactor. 

Now we model the micromixing. Let the mass transfer between the 
particles and the continuous phase be described by a mass-transfer 
coefficient, so the mass balance for components A and B inside the 








466 Mixing in Chemical Reactors 
Parameter Value Units 
k 1 | L/mol-min 
Kma 1.67 x 1074 | cm/min 
kmg 1.67 x 1074 | cm/min 
a= Q1/Q2 1 
Caf 1 | mol/L 
Caf 1 | mol/L 
6 = Vr/ (Qi + Q2) 10 | min 














Table 8.2: Mass-transfer and kinetic parameters for micromixing 
problem. 


particles is given by 


dca 


Ve =kma(€a ~Ca)S—keacpV  cal0) = Car 
des =kma(Ep~Cp)S~keacsV  cg(0)=0 (8.53) 


in which @ is the time the particle has been in the reactor, V and S 
are the particle volume and area, respectively, and kma and kmg are 
the A and B mass-transfer coefficients. The variables €4 and Cg are 
the continuous-phase concentrations of A and B. The initial conditions 
follow from the fact that the particles are initially formed from the pure 
A feed stream. Only as @ increases do they have time to communicate 
with the continuous phase. To determine the A and B concentrations in 
the continuous phase, we write the overall, steady-state mass balances 
for both components 


Ve 
1+ 

Vr 
Eta 





0=Qicas -Q [, esop ao Qi [ef kcacap(0)d0 + kate 
8 





[a im keacup(0)d0 + kate 
(8.54) 


0 = Qocny -Qa f ca(0)p(0)d0 - Qzčs — 


We use orthogonal collocation on z = 0/(1 +0) to solve Equations 8.53 
simultaneously with Equations 8.54 [24]. Orthogonal collocation is de- 
scribed briefly in Appendix A. The kinetic and mass-transfer parame- 
ters are given in Table 8.2 We compute the total A and B concentration 
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in the effluent by summing over both particle and continuous phases 








a a E 
Sira {, c4(0)p(0)a0 + rats 

a f” Z 
=a f cp(@)p(O)de + Tx zee 


We next study the effect of particle size. Figure 8.22 shows ca (8) for 
particle sizes ranging from 0.1 um to 1.0 cm. We see that if the stirrer 
is able to produce A particles of 1.0 um or less, then the reactor is es- 
sentially in the state of maximum mixedness, or, equivalently, operates 
as an ideally mixed CSTR. At the other extreme, if the A particles are 
larger than about 1.0 mm, then the reactor operates essentially as a 
segregated-flow reactor. Segregated flow essentially reduces the reac- 
tion rate to zero because the A and B species cannot come into contact. 


Figure 8.23 provides a detailed look inside the particles for r = 1, 10 
and 100 um. For r = 1 pm, the A and B concentrations in the particles 
rapidly change from the feed values to the continuous phase values as 
they spend time in the reactor. This equilibration with the continuous 
phase is rapid because the particles are small, the total surface area and 
rate of mass transfer are therefore large. This case is close to maximum 
mixedness. For r = 100 pm, the particles are 100 times larger, and the 
total surface area and rate of mass transfer are small. Therefore, these 
particles remain at the inlet feed conditions for a large time. They are 
washed out of the reactor before they can produce hardly any reaction 
rate. This case corresponds to essentially complete segregation, 


Summarizing, this example is instructive for two reasons. First 
the residence-time distribution corresponds to a perfect CSTR regard- 
less of particle size. Residence-time distribution measures the reac- 
tor macromixing, which is excellent. The particle size governs the mi- 
cromixing. Small particles have large mass-transfer rates and equili- 
brate with the continuous phase and the particles in the reactor with 
different ages leading to the case of maximum mixedness. Large parti- 
cles have small mass-transfer rates and do not exchange much material 
with the continuous phase nor therefore with particles of other ages. 
This case corresponds to segregated flow, which leads to essentially 
zero rate of reaction. Particles of intermediate size then describe the 
reactors in intermediate states of mixing. 


Car (mol/L) 


cj (@) (mol/L) 
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Figure 8.22: Total concentration of A in the reactor effluent versus 
particle size. 


1.4 
1.2 

1 
0.8 
0.6 
0.4 
0.2 





8 (min) 


Figure 8.23: Particle concentrations of A and B versus particle age 
for three different-sized particles. 
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Figure 8.24: Differentiable convex and concave functions. 


8.4 Limits of Reactor Performance 
8.4.1 A Single Convex (Concave) Reaction Rate 


To generalize the results of Examples 8.2 and 8.3, we define convex and 
concave functions. As presented in the introductory calculus course, 
the simplest version pertains to functions having at least two deriva- 
tives. In that case, a function is convex (concave upward) if its second 
derivative is everywhere greater than or equal to zero. A function is 
concave (concave downward) if its second derivative is everywhere less 
than or equal to zero, as shown in Figure 8.24 


a? f (x) 

an 0, f convex 
a? f (x) 
See <0, f concave 


For example, the nth-order reaction-rate expression r = C", is convex 
ifn = 1 and concave ifn < 1. Note that first-order rate functions are 
both convex and concave. 

The general result for the single reaction is 





Given a single reaction with convex (concave) reaction rate ex- 
pression, the highest (lowest) conversion for a given RTD is 
achieved by the segregated reactor and the lowest (highest) con- 
version is achieved by the maximally mixed reactor. 





This nonobvious result is a significant generalization of the numer- 
ical Examples 8.2 and 8.3, and Exercise 8.6, and requires justification. 
The argument presented next first appeared in Chauhan et al. [5]; Nau- 
man and Buffham [18] also provide a detailed discussion. 
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CA cB aca + (1 - ocr 


mix 





Va Vg Va + Vg 


Figure 8.25: Two volume elements before and after mixing. 


Step 1. To start, consider the two volume elements shown in Fig- 
ure 8.25. Note that in this discussion ca and cg represent concentration 
of the same reactant species in volume elements or tubes A and B. When 
the volume elements are segregated the total reaction rate rs is simply 
Ys = r (Ca)Va + (CB) VB 
so that the segregated rate per volume is 
rs = ar(ca) + (Q - wr (cg), Osasl 


in which « is the volume fraction of element A 
Va 
ve Va ka Vg 


On the other hand, if we mix the contents, the concentration is 


irs CAVA + CgVBg 
kg Va + Vg 


The total reaction rate per volume after mixing is therefore 


= XCA + (1 ~ x)cg 


Tm =Y (Cm) 


As shown in Figure 8.26, for all ca, cp and «x, if we mix the two volume 
elements, we lower the overall reaction rate. The opposite conclusion 
applies if we have a concave rate expression. The rate of the mean Ym 
is less than the mean of the rate r; for convex reactions, or 


r(oca + (1 ~ ace) s er(ca) + (1 - @)r(ep), allca,cez, Os a<l1 


This result is the key to understanding what happens in the general re- 
actor. In fact, this statement can be taken as the definition of convexity 
(Exercise 8.13). 
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Figure 8.26: Convex rate expression and the effect of mixing; rate 
of the mean (rm) is less than the mean of the rate (rs). 


Step 2. Now consider two tubes as shown in Figure 8.27, which we may 
choose to mix or maintain segregated as material proceeds down their 
lengths. Again assume a single reaction takes place and the reaction- 
rate expression is a convex function of a single reactant species. With- 
out loss of generality assume the stoichiometric coefficient for the lim- 
iting species is negative one. For constant density, the material bal- 
ances for the segregated tubes are 


dea 


FT ie -r(ca),  €a(O) = Cao 
a =-r(cg),  Ca(0) = Cao 


in which @ = V/Q;. We can track the mean concentration for the seg- 
regated case cs by simply summing the molar flows for tubes A and B 
divided by the total flow 


Cs = ACA + (1 ~ &)CR (8.55) 
in which a is now the flowrate fraction in tube A 


ie GA 


~.Qa+ Qe 
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Figure 8.27: Two tubes before and after mixing the entering feed; 
averaging the two segregated tubes produces cs; the 
mixed feed tube produces Cm. 


We also can write a differential equation for cs by simply differentiating 
‘Equation 8.55 


a = = [ær(ca) + (1 = ar(cg)], — ¢s(0) = xe4o + (1 - x) Co (8.56) 


Consider now the mixed case. If the tubes are mixed at some point, 
which we may call 8 = 0, then the material balance for the concentration 
after that point is 


d 
SF = =r(cm), C(O) = acao + -acro (8.57) 


Our goal now is to show Cm 2 Cs for all reactor positions, 6, and all 
feed concentrations and flowrates, Cao, Cgo and œ. We know at 0 = 0 


d 
dem. [y(ercgo-+ (1 ~ a)cso)] 2 = Lar (ca) + (1 ~ a)r (ca) = Ga 


If the initial derivatives have this relationship we know, for at least 
some small distance down the tube, Cm = Cs as shown in Figure 8.28. 
How do we know, however, that the curves do not cross each other 
at some later time? Assume this crossing can happen as shown in 
Figure 8.28, and we establish a contradiction. Let 0; be the first such 
crossing time. At 0i, ca and cg have some well-defined values and 
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Figure 8.28: Mean segregated and mixed concentrations versus 0; 
curves crossing at 6; isa contradiction. 


Cs = &Ca + (1 - &)cg. We have assumed that Cm = Cs at 0y so the 
differential equation for Cm, Equation 8.57, gives 


a 
T =- [r(aca + (1-0)cg)], O= 
The differential equation for cs still applies and Equation 8.56 gives 
des o foer(ca)+(1-adr(en)], = 61 


Comparing the right-hand sides of these two differential equations and 
using the convexity of r(c), we conclude 
dem „ des 
áð ~ dé’ 
But this relationship contradicts the assumption that the cs and Cm 
curves cross each other. Therefore there can be no time 8, at which 
the curves cross and we conclude 


Cm(O) = Cs(8), all @ 


This argument and result apply equally well for all cao, Cao and &. 


8 = 0; 


Step 3. Finally, consider a segregated reactor with arbitrary residence- 
time distribution as depicted in Figure 8.16.C. We select any pair of 
tubes, mix them, make the same argument that we made in Step 2, 
and replace the segregated tubes with mixed tubes that achieve lower 
conversion than the original system. We continue in this fashion, and 
after we pairwise mix all the segregated tubes with mixed tubes, we 
achieve the reactor of maximum mixedness in Figure 8.16.B. and the 
lowest possible conversion. Note this pairing and mixing procedure 
does not affect the RTD. 
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Figure 8.29: Reaction rate versus concentration of limiting reactant; 
rate expression is neither convex nor concave. 


8.4.2 The General Case 


One might expect that the limits of reactor mixing determine directly 
the limits of reactor performance for more general kinetic schemes as 
well as the single convex or concave rate expression of the last section. 
Unfortunately nature is more subtle. We present next an example that 
dispels this notion, and then discuss what is known about the limits 
of reactor performance. This example is based on one presented by 
Glasser, Hildebrandt and Godorr [11]. Levenspiel [17] shows how to 
find the optimal reactor configuration for this type of example. 


Example 8.4: Optimal is neither segregated nor maximally mixed 
Consider the rate expression 


c 5 
¥(c) = Vise +0.05¢ (8.58) 


which is plotted in Figure 8.29. For a feed concentration of 5, find 
the combination of CSTRs and PFRs that achieve 95% conversion with 
the smallest total reactor volume. Determine the RTD for this reactor 
configuration. What conversion is achieved in a segregated reactor with 
this RTD? What conversion is achieved in a maximally mixed reactor 
with this RTD? 


secant ananasa 


I 
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Figure 8.30: Inverse of reaction rate versus concentration; optimal 
sequence to achieve 95% conversion is PFR-CSTR-PFR. 


Solution 


As we mentioned in Chapter 4, the smallest volume can be achieved 
with a series combination of CSTRs and PFRs. First we plot the inverse 
of the rate as shown in Figure 8.30. Then we find any minima in the 
inverse rate function and construct CSTRs from those values until we 
intersect the inverse rate curve. In the remaining sections of the curve 
where the inverse rate is a decreasing function of concentration, we use 
PERs. Examining the plotted 1/r function in Figure 8.30, we see the op- 
timal configuration is a PFR-CSTR-PFR; this configuration is sketched 
in Figure 8.30. We can calculate the sizes of the reactors as follows. We 
know from the problem statement that Co = 5,¢3 = 0.25. We next find 
the point where dr(c)/dc = 0. Notice these are also the places where 
d(1/r(c))/dc = 0. Setting the derivative of Equation 8.58 to zero gives 
a quadratic equation with two roots: 0.501 and 1.83. We choose the 
one corresponding to the minimum in 1/r, which gives 


c = 0.501, L/r(cg) = 4.045 
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Figure 8.31; Residence-time distribution for the optimal reactor con- 
figuration. 


Next we find the concentration cı such that 1/r (c1) = 1/r (c2). This 
results in a cubic equation, which we solve numerically. Then the resi- 
dence time is given by 02 = 1/r(ca)(c, ~ c2) which gives 


cı = 3.94, 02 = 13.9 


To size the PFRs we simply use the PFR design equation and obtain 


o [se 3.95, 0 ee 7 
=o =r AC = 3.95, = ——~dce = 1.0 
$ ca r(e) 3 - re)” 
These results are displayed in Figure 8.30. Because we have a series of 
CSTRs and PFRs, we can write the RTD immediately 

1 0 - (01 +6 

pio) = ge exp [- GH | Ho- (a + 5)) 

82 02 
which is plotted in Figure 8.31. With the RTD in hand, we can com- 
pute both the maximally mixed, Equation 8.50, and segregated, Equa- 
tion 8.44, reactor cases. The results of those two calculations are sum- 
marized in the following table 








Reactor Conversion | 
optimal 0.95 
segregated 0.68 





L maximally mixed 0.75 





| 
i 
| 
| 
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We see that these two mixing limits do not bound the performance of 
the actual reactor sequence with the given RTD. In fact, they are off 
by more than 20%. Even with a single reaction, if the rate expression 
is neither convex nor concave, we cannot bound the performance of 
an actual reactor between the segregated and maximally mixed mixing 
limits. (m 


The attainable region. The primary use of the classical mixing mod- 
els, such as the segregated reactor and the maximally mixed reactor, 
is to build insight into the effects of mixing on reactor behavior un- 
der the constraint of a fixed, and presumably measurable, RTD. As we 
have seen in Example 8.4, however, if we are mainly interested in deter- 
mining bounds on achievable reactor states (conversions, yields, etc.), 
these simple mixing models are insufficient. In this section we would 
like to provide a brief overview of what is known about finding sharp 
bounds on reactor performance. The general problem can be defined 
in this way. 


Given a feed stream of known composition and a set of 
chemical reactions with known rate expressions, determine 
the set of all possible steady-state species concentrations 
that can be achieved by any combination of chemical reac- 
tors. 


This set was proposed by Horn almost 40 years ago and named the 
attainable region [13]. Because the set is defined for all possible reac- 
tor combinations, it seems conceptually difficult to formulate a proce- 
dure by which we can calculate this set. We should also note that by 
considering all reactor combinations, we are also considering all pos- 
sible residence-time distributions, which is a considerable generaliza- 
tion from the single RTD that was considered in the mixing discussion 
in previous sections. In spite of the seeming difficulty in finding the 
attainable region, excellent, recent research progress has been made. 
Feinberg provides a nice summary overview of the history and many 
recent developments [7]. 

Glasser and Hildebrandt revived recent interest in this problem [12, 
11}. Feinberg and Hildebrandt [9] characterized the boundary of the 
attainable region, which is of importance because it bounds the pos- 
sible steady-state concentrations. They showed, for example, that the 
extreme points of the attainable region boundary are made up entirely 
of plug-flow reactor trajectories, They also showed that combinations 
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of PERs, CSTRs, and what are called differential side-stream reactors 
(PFRs with addition of feed along the side of the tube), provide the 
means to find all of the attainable region extreme points. 

In addition to properties and conceptual characterization of the at- 
tainable region, researchers have proposed computational procedures 
to approximate the attainable region and solve reactor synthesis prob- 
lems. Some of these are based on proposing a superstructure of reactor 
types and numbers, and optimizing an objective function among the 
possible reactors [14]. Because the superstructure does not enumer- 
ate all possibilities, the solution may not be close to the true attainable 
region. A person skilled in reactor design may be able to choose re- 
actor numbers and types well and overcome this general difficulty on 
specific reaction networks of interest. 

Some computational methods are based on finding the boundary of 
the attainable region using the reactor types that characterize the at- 
tainable region extreme points. Hybrid methods involving superstruc- 
‘tures and geometric considerations have also been proposed [15].? 

‘Manousiouthakié has recently proposed an infinite dimensional 
state-space approach (IDEAS) that requires only PFRs, CSTRS and mix- 
‘ing. The advantage of this approach is that one solves only convex, 
linear optimization problems. The disadvantage is the problems are 
infinite dimensional and require a finite dimensional approximation 
for calculation. A full analysis of the convergence properties of the fi- 
nite dimensional approximation is not yet available, but the approach 
shows promise on numerical examples [4]. 

If we wish to allow separation as well as chemical reaction, and 
almost all industrial designs would fall into this category, then the 
problem switches from a pure reactor synthesis problem to a reactor- 
separator synthesis problem. The CSTR equivalence principle of Chap- 
ter 4 is an example of the strikingly simple and general results that 
recently have been achieved for the reactor-separator synthesis prob- 
lem [8]. 

Forecasting is always risky business, but given the rapid pace of re- 
cent progress, it seems likely that new and highly useful results on pure 
reactor and reactor-separator synthesis problems will be forthcoming. 
‘These ideas and results may have immediate industrial impact, and cer- 
tainly fall within the scope of the course in reactor analysis and design. 

“Biegler, Grossmann and Westerberg provide an overview in Chapter 13 of their text, 
Systematic Methods of Chemical Process Design, Prentice Hall PTR, Upper Saddle River, 
New Jersey, 1997. 
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Figure 8.32: Imperfect mixing (top reactor) leads to formation of an 
A-rich zone, which is modeled as a small CSTR feeding 
a second CSTR (bottom two reactors). 


8.5 Examples in Which Mixing is Critical 


Returning to the topic of mixing, we would like to close the chapter by 
presenting a few more chemical mechanisms for which reactor mixing 
can play a critical role. 

Example 8.5: Mixing two liquid-phase streams in a stirred tank 


A classic mixing problem arises when we must bring two liquid-phase 
feed streams together to perform the second-order reaction 


A+B C (8.59) 


in the presence of the undesirable side reaction 


AED (8.60) 


If the rate of the second degradation reaction is fast compared to the 
rate of mixing of the two feed streams, we can anticipate problems. To 
understand what happens in this situation, consider the mixing model 
depicted in Figure 8.32. Component A is assumed to be the limiting 
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Parameter Value Units 
ky 1 min! 

kz 2 L/mol-min 
n 2 

Oi = Vri/Q2 1 min 

O2 = Vr2/Qe 2 min 

0 = Vr/Q2 

= 0) + 02 3 min 
a= Q1/Q2 0.1 
p = Qr/Q2 | varies 








Table 8.3: Reactor and kinetic parameters for feed-mixing example. 


reactant. It is added at a low flowrate to a CSTR that contains an ex- 
cess of reactant B. In the top figure we depict the ideal-mixing case in 
which the rate of mixing is arbitrarily fast compared to the rate of ei- 
ther reaction. But this ideal mixing may be impossible to achieve if the 
reaction rates are reasonably large. So in the bottom figure, we model 
the formation of an A-rich zone near the feed entry point. This small 
CSTR exchanges mass with a larger reactor that contains the excess of 
reactant B. We can vary the recycle flowrate between the two CSTRs, 
‘Qr, and the sizes of the two reactors, Vri and Vpro, to vary the degree 
of mixing. For large Qr, we expect the two-reactor mixing model to 
approach the single, ideally mixed CSTR. 

As discussed in Chapter 4, the conversion and yield are the usual 
quantities of interest in competing parallel reactions of the type given 
in Reactions 8.59 and 8.60. We assume the density of this liquid-phase 
system is constant, and define the overall conversion of reactant A and 
yield of desired product C as follows: 


_ Qas ~ (Qi + Qo)ca yes (Qi + Q2)ce 
Qicar z Qicaf ~ (Qi + Q2)ea 


Given the parameters and rate constants in Table 8.3, calculate x4 and 
iyc versus Qr for the two-reactor mixing model shown in Figure 8.32, 
and compare the result to the single, well-mixed reactor. Then calcu- 
late the residence-time distribution P(@) for tracer injected with the A 
feed stream for the two models. Discuss whether or not the residence- 
time distribution is a reliable indicator for problems with yield in the 
imperfectly mixed reactor. 





XA 





aiana animus nanan 
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Solution 
The steady-state mass balance for the single, well-mixed CSTR is 


0 = Qicap — (Qi + Q2)ca ~ (kicace + kzc4)VR 
0 = Q2cgf ~ (Qi + Q2)cg ~ kicaceVr 


Defining the following parameters 


Q ga% Qr 


a 





=Q Q l Q 


allows us to write these as 


0 = acap — (1 + a)ca ~ (kicace +kzc4)O 
O=cgf- (1+ &)cg — kicacg@ 


We can solve numerically the two equations for the two unknowns 
ca,cg. The concentration of C in the outflow is determined from the 
change in the concentration of B, 


(Qi + Qz)ec = Q2crf ~ (Qi + Qz2)cp 


Using this relationship and the defined parameters gives for conversion 
and yield, 


_ CaF (1+ @)Ca 


Cgf ~ (1 + a)cg 
XA = = S 


ACAf E5 aeaf- (1+ o) Ca 





For the two-reactor system, we write mass balances for each reactor. 
Let ¢41, Caz, CB1,Cg2 be the unknown A and B concentrations in the two- 
reactors, respectively. The mass balances are 


Reactor 1: 


O = Qicap — (Qi + Qr)eai + QrCa2 ~ (kicaiee + koch) Vri 
O = -(Q: + Qy Jews + Oreg = kicarce Vri 


Reactor 2: 


0 = (Q; + Qr)car — Qe Caz — (Qi + Q2)caz ~ (kiCazeee + kzcł)Vr2 
O = Qoeny + {Qi + Orem ~ Qrenz ~ (Qi + Qz)eB2 ~ (ki cance2) Vre 
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We can summarize this case using the previously defined variables as 
four equations in four unknowns 


O = gcas ~ (K+ P)CAL + pca ~ (kicaicsi + k2e4,) 01 

O = ~(o+ p)cp + pCB2 ~ Kicaicai A 

0 = (a+ p)car = peaz — (1 + a)caz ~ (ki Cazcee + Keehn) 02 
O = Cgf + (œ + p)cgi ~ PCB2 ~ (1 + &)CH2 - (kica2€B202 


Figures 8.33 and 8.34 show the yield and conversion for the two cases 
as a function of Qr. The conversion is not adversely affected by the 
poor mixing. In fact, the conversion in the two-reactor system is higher 
than the single, well-mixed reactor. Notice, however, that at low values 
of Qr, which corresponds to poor mixing at the feed location, the yield 
changes from more than 90% to less than 15%. Low yield is a qualita- 
tively different problem than low conversion. If the conversion is low, 
we can design a Separation system to remove the unreacted A and recy- 
cle it, or use it as feed in a second reactor. With low yield, however, the 
‘A has been irreversibly converted to an undesired product D. The raw 
material is lost and cannot be recovered. It is important to diagnose 
the low yield as a reactor mixing problem, and fix the problem at the 
reactor. A yield loss cannot be recovered by downstream processing. 

Next we compute the outcome of injecting a unit step change in a 
‘tracer in the A feed stream. We solve the transient CSTR balances and 
calculate the tracer concentration at the outlet. Because the tracer does 
not take part in any reactions, this can be done analytically or numer- 
ically. The result is shown in Figure 8.35. We see the familiar single 

CSTR step response. For the two-reactor mixing model, when p = 0, 
which corresponds to the poorest mixing and lowest yield, the step 
test does reliably indicate the poor mixing. At the end of this chapter 
and also in Chapter 9 we show how to use this step response to deter- 
mine the best value of p to model the mixing. When p is reasonably 
large, Qr = Qo, and the single CSTR and two-reactor cases have similar 
yields and step responses. 

Notice in all three step responses, the tracer concentration reaches 
only cys = 0.091 = «/(1 + æ) because we inject tracer in only one of the 

two feed streams. D 


This example is one of the classic sets of reactions in which mixing 
has a significant impact on the reactor performance and the product 
yield. it deserves careful study because it builds intuition and leads 
us to ask good questions when confronted with more complex cases. 


sn oaeiae: 
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Figure 8.33: Conversion of reactant A for single, ideal CSTR, and as 
a function of internal flowrate, p = Qr/Q2, in a 2-CSTR 
mixing model. 
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Figure 8.34: Yield of desired product C for single, ideal CSTR, and as 
a function of internal flowrate, p = Qr/Qz, ina 2-CSTR 
mixing model. 
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Figure 8.35: Step response for single, ideal CSTR, and 2-CSTR mixing 
model with p = 0,1. 


For example, Villa et al. [23] discuss similar issues that arise in more 
complex polymerization reaction engineering problems. 


Example 8.6: Maximizing yield in dispersed plug flow 
Consider the following two liquid-phase reactions in which B is the 
desired product 


A B, r= kica (8.61) 


2B-2 C, 12 = kech (8.62) 


The second reaction can represent the first step in a polymerization 
process of species B, which is undesirable in this case. 

Because the second reaction is second order. in B, it is desirable to 
keep the average B concentration in the reactor low, to avoid yield 
losses, but achieve high B concentration near the reactor exit to maxi- 
mize the production rate.. Intuitively the CSTR is a bad choice, because 
it maintains the same B concentration everywhere in the reactor. A PFR 


i Sa 
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Parameter | Value Units | 

ky 1 min“? 

ko 1 L/mol min 
Caf 1 mol/L 
Cgf 0 

v 1 m/min 

l 0.5 |m 
Di varies | m?/min pe 








Table 8.4: Parameters for the dispersed PFR example. 


should offer higher yield. The B concentration is low near the tube en- 
trance, and increases to its maximum value at the tube exit if we choose 
the right length or residence time. If we make the tube too long, how- 
ever, the B is largely converted to C and the yield is again lọw. In this 
case, yield is adversely affected by mixing. 

Calculate the steady-state conversion of A and yield of B versus PFR 
length for the kinetic and reactor parameters in Table 8.4. What is an 
appropriate reactor length to maximize yield of B? Study the effect of 
dispersion. Approximately how large can the dispersion number be 
before the advantages of the PFR over the CSTR are lost? 


Solution 
The steady-state mass balances for components A and B are 


a a 

vgs ~ Digger 7 Be (8.63) 
de d? 

v- Dos = Rp (8.64) 


in which 

Ra = —kiCa, Rp = kia - 2kocR 
and we have assumed the dispersion numbers of both species are the 
same, Da; = Dg, = Di. Because the fluid is a liquid, we assume the 
velocity is constant. We use Danckwerts boundary conditions for both 
species 


dc 


vejs = vej(0) - Di GE), 2=0 (8.65) 
dc} 9 z=! (8.66) 
dz 
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j = (A,B). Given the concentrations, and because the flowrate is con- 
stant, the conversion and yield are 


= Caf TEA yp cE 


XA = 
Caf Cap EA 





Figures 8.36 and 8.37 show the conversion of A and yield of B versus 
tube length for a tube designed to maximize the yield of B. A tube length 
of about 0.5 mis appropriate. As the length increases above this value, 
the conversion of A increases, but the yield of B drops rapidly, defeating 
the main purpose of using a PFR. For the kinetic parameters chosen, 
the CSTR yield can be improved by about 8% with a PFR. As shown in 
Figure 8.36, the high-dispersion PFR is essentially a CSTR, and achieves 
yp = 0.79. The PER with D = 0.001 achieves yg = 0.87. We see that the 
dispersion number must be kept less than about 0.1 to maintain this 
advantage in yield. o 


8.6 Summary 


In this chapter we generalized the two flow assumptions of the ideal- 
ized reactor models: the perfect mixing assumption of the batch re- 
actor and CSTR, and the plug-flow assumption of the PFR. We defined 
the residence-time distribution (RTD) of a reactor, and showed how to 
measure the RTD with simple tracer experiments such as the step test, 
pulse test and (idealized) impulse test. The RTD gives a rough measure 
of the flow pattern in the reactor, but it does not determine completely 
the reactor performance. Indeed, reactors with different flow patterns, 
and therefore different performances, may have identical RTDs. We 
showed the CSTR has an exponential RTD. The derivation of the RTD 
of the CSTR also illustrated the following general principle: given an 
event with constant probability of occurrence, the time until the next 
occurrence of the event is distributed as a decreasing exponential func- 
tion. This principle was used, for example, to choose the time of the 
next reaction in the stochastic simulations of Chapter 4. 

The residence-time distribution of the PFR was shown to be arbi- 
trarily sharp because all molecules spend identical times in the PFR. 
We introduced the delta function to describe this arbitrarily narrow 
RTD. We added a dispersion term to the PFR equations to model the 
spread of the RTD observed in actual tubular reactors. We computed 
the full, transient behavior of the dispersed plug-flow model, and dis- 
played the evolution of the concentration profile after a step change in 
the feed concentration. 
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Figure 8.36: Conversion of reactant A versus reactor length for dif- 
ferent dispersion numbers. 
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Figure 8.37: Yield of desired product B versus reactor length for dif- 
ferent dispersion numbers. 
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We then examined the limits of reactor mixing consistent with a 
given RTD. The two limits are segregated flow and maximum mixed- 
ness. We showed how a physical process such as mass transfer between 
a continuous phase and a particle phase can approach segregated flow 
for large particles (small mass-transfer rates) and can approach maxi- 
mum mixedness for small particles (high mass-transfer rates). 

We also showed that the mixing limits bound the possible reac- 
tor behavior for the case of a single, convex reaction-rate expression. 
For more general reaction networks, however, the mixing limits do not 
bound the reactor performance. For the general reaction network, re- 
cent research on the attainable region has started to shed light on the 
possible reactor performance. If we consider separation as well as re- 
action, rather general results such as the CSTR equivalence principle of 
Chapter 4 have recently been discovered. These topics seem ripe for 
further research progress. 

Next we discussed two contrasting cases in which mixing plays a 
critical role. In the mixing of two liquid reactants, we showed that 
formation of a poorly mixed zone can lead to significant yield losses. By 
contrast, for the kinetics of the second example, good mixing leads to 
yield losses; in this example the reactor should be designed to approach 
segregated flow. 

Finally, the recent progress in the area of computational fluid dy- 
namics (CFD) gives us reason to believe that direct solution of the equa- 
tions of motion for the fluid will be a tractable approach for designing 
reactors and evaluating their performance [1]. It seems reasonable to 
expect the classical RTD methods and simple flow models to comple- 
ment the computationally intensive CFD methods. CFD methods may 
be used to validate simpler mixing models. These validated, simple 
mixing models may continue to play important roles in reactor analy- 
sis, design and optimization. 
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Notation 


Ce 
cf 
Cj 
Em 


effluent concentration in RTD measurement 
feed concentration 

concentration of species j 

concentration in a maximally mixed flow model 
concentration in a segregated flow model 
concentration boundary condition in maximum mixedness model 
dimensionless dispersion number, D = Dit /1? 
molecular diffusivity 

dispersion coefficient for species j 

dispersion coefficient 

error function, Equation 8.32 

Heaviside or unit step function, Equation 8.17 
mass-transfer coefficient 

tubular reactor length 

number of CSTRs in a mixing model 


probability that a molecule spends time @ to @ + d® in reactor, 
RTD 


probability that a molecule spends time zero to 8 in the reactor, 
integrated form of the RTD 

Péclet number, Pe = vl/D4 

volumetric flowrate 

feed volumetric flowrate 

particle radius in mixing model 

reaction rate of (single) reaction 

production rate of species j 

fluid axial velocity 

reactor volume 

molar conversion of component j 

yield of species j 

reactor length variable 

incomplete gamma function of order n and argument x, Equa- 
tion 8.25 

gamma function of n, Equation 8.24 

delta or impulse function, Equations 8.7 and 8.18, and Figure 8.2 
residence time of tracer molecule in reactor 

mean residence time, 6 = K 8 ple ja? 

time-to-go before molecule exits reactor 

Vr/Qe 
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Figure 8.38: Reactor configurations subjected to a step test in tracer 
concentration. 


8.7 Exercises 


Exercise 8.1: Configuration to RTD 


Make a qualitative sketch of the integrated form of the residence-time distri- 
bution P(@) by considering a step change in tracer concentration in each of 
the reactor configurations shown in Figure 8.38. Be sure to mark the mean of 
the RTD on your sketches. The total flow into each configuration is the same 
and each individual reactor has the same volume. Is each of the answers in 
A-F unique? 


Exercise 8.2: RTD to configuration 


Consider the feed and effluent tracer concentrations from a pulse test. shown 
in Figure 8.39. Draw the simplest reactor configuration consisting of PFRs and 
CSTRs similar to those shown in Figure 8.38 that you would use to model the 
reactor based on these test data. Determine T = Ve/Qy for each reactor in 
your configuration. 

Is this configuration unique? Why or why not? 
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Figure 8.39: Tracer concentrations in the feed and effluent streams 
versus time. 


Exercise 8.3: More equivalent RTDs with different conversions 
Prepare a plot like that in Figure 8.14 for the following reaction rates 


r=kc, r =k, r=ke/(1+ke) 


Which configuration achieves higher conversion for these cases, CSTR-PFR or 
PFR-CSTR? 


Exercise 8.4: Deviation variables 
Consider again the RTD relationship, Equation 8.3 


t 
cett) = | ep (tpt -tdt 


Assume the feed tracer concentration is not initially zero but some steady 
concentration co. As in the step-response experiment, at time zero the feed 
is abruptly changed to a new steady value cf * Co- Consider a dimensionless 
deviation variable for effluent tracer concentration. 


Celt) -Co 


Zelt) = 
elt) Ef ~.Co 
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(a) Show that the results of Section 8.2.2 still apply in this situation, Namely, 
the RTD is easily determined from the effluent concentration via 


P(O) = Eel) 


(b) For a constant-density CSTR, what differential equation and initial con- 
dition does the deviation variable Te(t) satisfy? 


Exercise 8.5: Predicting performance 

The residence-time distribution is tabulated below for a flow reactor that has 
a feed rate of 16.2 ft8/min. Under the feed conditions (caf = 0.02 Ibmol/ft? 
and cpr = 2.34 Ibmol/ft?) the reaction 


ABEC  r=kics 
is essentially first order in the concentration of A and the rate constant is 0.23 


min! at the temperature of the reactor. Determine the effluent concentration 
of reactant A when the total feed to the reactor is 16.2 f 8 /min. 








8 (min) | p(0) (min) | 6 min) | p(@) (mint) | 8 (min) p(@) (min“!) 
0 0 18.5 0.0604 37.0 | 0.0026 
3.7 0.0005 22.2 0.0437 40.7 0.0010 
7.4 0.0120 25.9 0.0259 44.4 0.0004 

lL. 0.0415 29.6 0.0133 48.1 0.0001 
14:8 0.0627 33.3 0.0061 51.8 0.0000 























Exercise 8.6: Three CSTRs and maximum mixedness 


(a) Given feed flowrate Q and total reactor volume V, let t = V/Q and 
express the residence-time distribution for three equal-sized CSTRs in 
series. 


(b) Consider second-order kinetics, r = ke?, with feed concentration Co. 
Define dimensionless variables 


€=cico, x= O/T, K = keot 


and show the maximum mixedness case for the three-CSTR RTD is de- 


scribed by 
dé pn 27x? ALN - 
Be RE + oxtacexae ©) déjdx=Oforx=0 (8.67) 


What “initial” value (oo) replaces the derivative boundary condition in 
Equation 8.67? Solve Equation 8.67 for arange of K values and plot tO) 
versus K. 
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(©) Compare your results above with Zwietering's results for this problem, 
Tables 1 and 2 in Zwietering [28]. Why do you suppose Zwietering does 
not report values for the maximum mixedness case for K = 3 and K = 
50? Did you experience any difficulties computing these cases? What 
typographical error do you find in the published tables? See also the 
results in Example 8.3. 


Exercise 8.7: RTD for laminar-flow reactor Be 


Calculate the residence-time distribution (RTD) for a tubular reactor under- 
going steady, laminar flow (Hagen-Poiseuille flow). The velocity profile for 
Hagen-Poiseuille flow is [2, p. 51] 


2Qf ry 
v) = TRE £ -(z) 
in which v is the axial velocity and R is the tube radius, Plot this RTD and 
compare to the RTD for the plug-flow reactor. 


Exercise 8.8: Other forms of the rate expression 
(a) Establish that rm < Ys if the rate expression has the form 


r(c)= Sacer a 20 iz 
i 


{b} Establish that Ym > rs if the rate expression has the form 


r(c)= > pick = B20 5:81 


Exercise 8.9: Mixing it up 


Another perplexed student shows up at your office hours and complains, 
“Look, this mixing stuff doesn’t make any sense.” You and he discuss the 
simple case of a single, irreversible reaction with a concave rate expression, 


A— B, r= kch 


with n < 1. Displaying impeccable logic, he continues, “Assume we have a PFR 
operating at steady state at some overall conversion. If we turn on a stirrer 
and suddenly mix the contents of the PFR (shown in Figure 8.40), you claimed 
in class that the reactor’s overall reaction rate will suddenly increase as well. 
But you also told us in Chapter 4 that for these same kinetics, the PFR has a 
higher steady-state conversion than a CSTR of the same volume. Both of these 
statements cannot be true!” 
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before: rı after: 72 
NT 


Figure 8.40: Reactor before and after stirrer is started; overall reac- 
tion rates before and just after mixing are nı and r2, 
respectively. 


(a) Resolve this seeming contradiction by drawing a sketch of the overall 
reaction rate and the effluent concentration of the reactor versus time 
from the time just before the stirrer is started until the reactor comes 
to its new steady state with the stirrer running. 


(b) Draw the same sketch if the reaction rate is convex. 


(c) Calculate the exact results for the cases k = 1; 0 = lj Go = n= 
1/2, 1,2; and compare the numerical results to your sketches. Make the 
sketches before you perform the computation if you want to check your 
understanding of the issues. 


Exercise 8.10: RTD for dispersed PFR with Danckwerts BCs 


(a) Calculate the RTD for the dispersed PFR using the Danckwerts bound- 
ary conditions by solving numerically Equation 8.27 subject to Equa- 
tions 8.28. You may wish to try the same approach used in solving 
Example 8.1. 


(b) Compare your calculated values to Figures 8.10 and 8.11 for the same 
values of the dispersion number and mean residence time. These fig- 
ures were calculated for the dispersed PFR with the simplified boundary 
conditions given in Equations 8.31. For what values of the dispersion 
number are the RTDs similar, and for what values of dispersion number 
are the RTDs different? 


tc) Because the model is linear, the RTD of the dispersed PFR can also be 
solved analytically. Solve Equation 8.27 subject to Equations 8.28 using 
either Laplace transformis or an eigenfunction expansion. Compare your 
result with that given by Otake and Kunigita [19] (see also the discussion 
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Figure 8.41: Effluent concentration versus time after unit step 
change in the first reactor. 
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in Westerterp, Van Swaaij and Beenackers [27, p.187]). Compare your 
analytical solution to your previous calculation. Which approach do you 
prefer? 


Exercise 8.11; Fitting a reactor model to a step response 
Consider the 2-CSTR reactor model of Example 8.5. 


(a) Write the mass balances for an inert component that is added to the Q: 
feed stream depicted in the bottom of Figure 8.32 and show 


dq i 

dt T g [acu (æ+ pier + pee] 

de _ 1 

FE [a+ p)ci - (1+ a+ p)c2] (8.68) 


in which cı and cz are the inert component concentrations in the first 
and second reactors, respectively. 


A-unit-step change in inert concentration in the feed is made to the first 
reactor, and the outlet concentration is shown in Figure 84l 


(b) Adjust p by hand, solve Equations 8.68, and compare to the data. The 
other parameters are given in Table 8.3. Iterate until you have a pretty 
good fit to the data. What is the best value of p? 
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(c) Predict the conversion of A and yield of C for this reactor. 


Exercise 8.12: Ordering PFRs and CSTRs 


Consider a series of CSTRs and PFRs with a single nth-order reaction taking 
place in which 

r{c) = ke" 
We showed in Example 8.2 that for a convex reaction-rate expression, the PFR 
should precede the CSTR to maximize conversion. The reason is shown in 
Figure 8.20. The CSTR-PFR configuration is a maximally mixed reactor, which 
has the lowest conversion for a convex rate expression. 

(a) Consider now a series of four reactors: two CSTRs and two PFRs, which 
has six possible configurations: PPCC, PCPC, PCCP, CPPC, CPCP, and 
CCPP. For n = 2, we should be able to safely reason that the lowest con- 
version is achieved with series: CCPP, because that is also a maximally 
mixed reactor. Rank order all other configurations from lowest to high- 
est conversion. Be careful with the ordering of PCCP and CPPC. Which 
of these achieves higher conversion? 


(b) Repeat for n = 1/2. We knowin this case the series CCPP should achieve 
‘the highest conversion because the rate expression is concave. Is your 
‘order in the two parts completely reversed or not? If not, can you explain 
why not? 


(c) Can you guess the solution for a series of six reactors: three CSTRs and 
three PFRs? Note there are 15 possible reactor configurations in this 
case. Can you suggest a general result for ordering PFRs and CSTRs 
given a single, convex or concave rate expression? The authors are not 
aware of a result of this type in the research literature. 


Exercise 8.13; Convex and concave functions 


Convexity is a fundamental notion in the theory of optimization. Convexity 
can be defined to apply to functions that are not differentiable such as cases 
B and C in Figure 8.42. We say f(x) is a convex function if 
flax+-a)y) < afix) +- od f(y), allx,y,0<a<1l 
In chemical reactor problems, the results stated for convex rate expres- 
sions apply to functions like r = c” in which n = 1, but also apply to rate 
expressions like that shown in Figure 8.42, which may be only piecewise dif- 
ferentiable and not monotone. 
(a) Establish the following fact about convex functions, which will prove 
useful, Given f is convex and some value of x, then there exists a con- 
stant m such that 


fiy) — f(x) =m -x). for every y 18.69) 





8.7 Exercises 497 
A B Ç 
f(x) f(x) fx) 
x x x 


Figure 8.42: Some convex functions; differentiability is not required. 


Hint: without loss of generality assume x < y and consider an arbitrary 
z such that x < z < y. Use the definition of convexity of f to show 


fly) - f(x) 2 (2 £2) (y= x) 


ZX 


We now choose m to maximize the function (f(z) ~ f (x))/ (z ~ x) over 
z to establish the result. 


(b) Find m graphically for each of the functions sketched in Figure 8.42. 
Notice m depends on the value of x. 


Exercise 8.14: Jensen’s inequality 


Jensen’s inequality [10] states that given a convex function R, arbitrary func- 
tion c and probability density p (0), 


f icon pode = x([, (0) p(0)48) (8.70) 


In terms of the chemical reactor, given a convex production rate expression, 
the mean production rate is greater than or equal to the production rate eval- 
uated at the mean concentration, Le., mixing the reactor contents lowers or 
does not change the overall production rate. 


(a) Derive Jensen’s inequality. Hint: Let 
x= F c(O)p(0de 
and use Equation 8.69 to show 
R(c(@)) -Rœ = m(c(0) - o), for every c(0) 


Multiply by p(@) and integrate to obtain Jensen's inequality. 


(b) What analogous inequality holds when R is concave? 
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Figure 8.43: Value of fo f(0)p(0)40 as the function p(@) varies. 


Exercise 8.15: Optimization of a residence-time distribution function 
Let f be a concave function and p(0) aresidence-time distribution with mean 


b= Í ap(o)de (8.71) 
0 
Consider maximizing f over all possible RTDs having the specified mean ə 
max | f(@)p(o)ae (8.72) 
p(6) Jo 
(a) Show the maximum is achieved for 


p(0) = (0 ~ 8) 


ie. the maximum is achieved when the residence-time distribution is 
arbitrarily narrow at the specified mean value. 


Hint: Use Jensen’s inequality and choose c(@) = 8 to show 
f@ = | f(0)p(@)49, forall p(8) (8.73) 
a 


which provides an upper bound for the maximum that is independent 
of p(8) as sketched in Figure 8.43.3 By examining Equation 8.73, for 
what p(@) is this upper bound achieved? For what f is this maximum 
unique? See also Nauman and Buffham [18, p.162}. 


(b) What analogous optimization problem can you solve when fis a convex 
function? 





3Notice Figure 8.43 is merely a representation of the true situation because the ab- 
scissa is meant to depict a set of functions, not a set of scalar values as in an ordinary 
graph. 
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9 


Parameter Estimation for Reactor 
Models 





Much of this book is devoted to constructing and explaining the fun- 
damental principles governing chemical reactor behavior. As we have 
seen, these principles are efficiently expressed as mathematical mod- 
els. Drawing quantitative conclusions from these principles requires 
not only the models, however, but the values of the parameters in the 
models as well. In most practical applications, many of the parame- 
ters in these models are not known or available beforehand. Evaluating 
the model parameters therefore usually requires something outside the 
scope of the theory: experimental data. In this chapter we consider the 
issues involved in gathering data and estimating parameters from data 
with the expressed purpose of identifying a chemical reactor model. 
In the process, we develop convenient and reliable tools that aid us 
in extracting as much information as possible from the expensive and 
time-consuming process of building experimental facilities, designing 
experiments, and making careful measurements, 


9.1 Experimental Methods 
9.1.1 Analytical Probes for Concentration 


Experimental design includes specifying what variables to measure and 
how best to measure them. Included in the list of variables are reac- 
tor volume, inlet flowrates, temperature, inlet (initial) concentrations 
of one or more components, and effluent (final) concentrations of one 
or more components. Concentration or molar flowrate are the depen- 
dent composition variables in the design equations, and reaction rates 
are generally specified in terms of component concentrations. Whether 
the reaction is homogeneous or heterogeneous, solution of the mate- 
rial balance requires knowledge of the fluid-phase concentrations, so 
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we focus here on the important methods for measuring component 
concentrations in liquid-phase and gas-phase mixtures. You are likely 
to encounter these methods in research and analytical services labora- 
tories. 

To determine concentration, a unique chemical or physical attribute 
of the molecule under study is measured. For example, the vibrational 
frequency can be probed by infrared spectroscopy, the thermal conduc- 
tivity can be probed by gas chromatography, or the mass/charge ratio 
for an ionized molecule can be probed by mass spectroscopy. The first 
example can be applied to the mixture while the second example re- 
quires the components to be separated before measuring the thermal 
conductivity. The final example samples the mixture and performs the 
mass discrimination as part of the analytical technique. 

Analytical methods require calibration and proper selection of con- 
ditions to ensure the components of interest can be detected and their 
amounts quantified. Often only a few components out of an entire 
mixture can be monitored, and it is necessary to select the ones that 
provide the most information about the progress of the reactions. In 
most situations, the composition is measured only at discrete sample 
times, ti. The general problem is to collect enough of the proper infor- 
mation so that the experimental data can be tested against appropriate 
kinetic and process models. 

Infrared spectroscopy exploits the absorption of electromagnetic 
radiation associated with molecular motion of chemical bonds, in par- 
ticular stretching, bending and rocking motions. The energies of these 
vibrational motions are in the infrared region of the electromagnetic 
spectrum (2.5-20 um; 500-4000 cm!) [19, 3, 23]. Examples include 
the C—H asymmetric stretching mode of a methyl group (CH3) at 2962 
cm*!, the C—C stretching mode of ethylene at 1623 cm~!, the O—H 
stretching mode of methanol at 3682 em: 1, the R branch of the C—O 
stretching mode of carbon monoxide at 2170 cmi, the C—O asym- 
metric stretching mode of carbon dioxide at 2350 cm*!, and the C—O 
stretching mode of acetone at 1718 cm=!, Infrared spectroscopy can 
be applied to gas, liquid and solid samples, and it is both a qualita- 
tive technique to identify the presence of molecules and a quantitative 
technique that can establish the concentration of the molecules. 

The quantitative aspects are based on Beer's law, 


A=ebe 


in which A is the measured absorbance, € is the molar absorptivity, b 
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is the path length and c is the concentration of the absorbing species. 
The liquid-phase or gas-phase sample is placed in a fixed-path-length 
cell. For gases this cell may be simply a tube with infrared transparent 
windows affixed to each end. The intensity of a particular wavelength 
of light passing through the sample is recorded and compared to the 
intensity recorded when the cell is empty or filled with an inert sub- 
stance. The infrared spectrometer reports the intensity difference as 
an absorbance. With proper calibration using standard mixtures, the 
absorbance intensity can be converted into a concentration using Beer’s 
law because the path length and molar absorptivity are fixed variables. 
Infrared spectroscopy can be used as a continuous monitoring tech- 
nique by passing the gas or liquid through the cell as it exits a flow 
reactor. 

Infrared spectrometers vary by the means used to discriminate wave- 
lengths. Dispersive instruments use a monochrometer and a grating to 
select the particular wavelength of interest or range of wavelengths 
that are scanned. Fourier transform spectrometers use an interferom- 
eter with a movable mirror to modulate the light source before it is 
incident on the sample, and all wavelengths are sampled simultane- 
ously. The signal is recorded as a function of the mirror displacement, 
and after averaging multiple measurements and transforming the in- 
terferograms, the spectrometer reports absorbance versus wavelength. 


Because infrared spectroscopy is an optical technique, the sample 
must be transparent in the spectral region of interest. Infrared spec- 
troscopy can be used for heterogeneous samples and adsorbates on 
catalyst surfaces [11, 17]. If the sample cannot be made thin enough 
to be transparent, special probing techniques such as attenuated total 
internal reflectance can be use to monitor the concentration, 

Gas chromatography is the workhorse of routine analysis [14, 18, 
21, 16] because it can be used for simple gases, such as separating the 
constituents in air, as well as complex hydrocarbon mixtures, such as 
the components in gasoline. Gas chromatography can resolve concen- 
trations in the range of parts per billion to tens of percent. Figure 9.1 
presents a simplified schematic of a gas chromatograph. It consists of 
an injector, column and detector; each section has a separate tempera- 
ture zone. The gas/liquid sample to be analyzed is injected as a pulse 
input in the injector and it flows along with the carrier gas through the 
column, where it is separated into components, and then flows to the 
detector. Most gases, and liquids that vaporize at temperatures less 
than about 350°C, can be analyzed by gas chromatography. More spe- 
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Figure 9.1: Gas chromatograph schematic. 


cialized chromatography techniques, such as high-pressure liquid chro- 
matography, extend the basic chromatographic technique to very high 
molecular weight compounds or to thermally unstable compounds. 

‘The detector is typically a thermal conductivity detector or a flame 
ionization detector. The thermal conductivity detector is just a heated 
wire that has a constant current passed through it. The wire cools as a 
carrier gas flows over it and a steady wire temperature is established as 
a base-line response. If the gas flowing past the wire changes composi- 
tion and therefore thermal conductivity, the wire temperature changes. 
The voltage drop across the wire and the current through the wire are 
related via Ohm's law, V = IR, to the wire resistance, which is temper- 
ature dependent. The thermal conductivity detector then operates by 
converting the voltage drop change to a temperature change as the gas 
mixture flowing past the wire changes from carrier gas only to carrier 
gas plus sample. A carrier gas is selected, typically He or No, that has 
a thermal conductivity significantly different from any component in 
the mixture. The detector identifies the thermal conductivity of the gas 
mixture, not the composition of the gas mixture. The thermal conduc- 
tivity can be related to the composition by calibrating with carrier gas 
and samples of known composition. 

The flame ionization detector operates by blending the column ef- 
fluent with Hz and burning it with air in an ionizing flame. The ions are 
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Figure 9.2: Mass spectrometer schematic. 


counted with an electrometer, A flame ionization detector works best 
with hydrocarbons. The electrometer merely records the presence of 
ions. The greater the concentration of a particular component in the 
flame, the greater the signal. The flame ionization detector does not 
identify the composition of the gas in the flame. Separation of the in- 
jected sample is accomplished by column selection. The column is a 
long, narrow tube that is either filled with a packing such as a porous 
adsorbent, or contains a thin coating of a high-molecular-weight liquid 
on the inner tube surface that acts as the adsorbent. As the injected 
pulse travels along the column length, the components interact with the 
adsorbent to differing degrees and are eventually separated into pulses 
of almost pure components. The science of gas chromatography lies 
in designing and selecting a column that separates the constituents, 
perhaps sorting them by boiling point or polarity. Standard mixtures 
are used to establish the elution order and time of elution for gases in 
a particular column. 

Mass spectroscopy can be used to determine the partial pressure of 
gases in a mixture. Figure 9.2 presents a simple schematic of a mass 
Spectrometer for gas monitoring. The mass spectrometer is maintained 
in a high-vacuum chamber at pressures less than 10-6 torr. The gas to 
be analyzed flows past a special valve, called a leak valve, that permits a 
small fraction of the flowing gas stream to enter the vacuum chamber. 
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A steady state is established in which the amount of gas leaked into the 
chamber is pumped away. Pumping speeds of different molecules may 
vary; a predictable relationship between the relative mole fractions in 
the flowing gas stream and the relative mole fractions in the vacuum 
chamber can be established [20]. The mass spectrometer measures 
the partial pressures of the molecules inside the vacuum chamber. As 
configured in Figure 9.2, the mass spectrometer generates a continuous 
measure of the gas-phase composition. 

The spectrometer has four major components: ionizer, focusing 
lens system, quadrupole section and detector. The spectrometer op- 
erates on the principal that ions can be steered into the detector or 
diverted away from the detector. The ionizer and lens system pro- 
duce, collimate and impart a constant kinetic energy to the ions. The 
quadrupole rods have a varying direct current (dc) potential and oscil- 
lating radio frequency (rf) field applied across pairs of rods that causes 
all ions except those with a particular mass/charge (m/z) ratio to follow 
an unstable path and collide with the rods. Depending on the instan- 
taneous dc voltage, only ions with a single m/z follow a stable path to 
the detector, which is at a large negative potential (~2 to -4 kiloelec- 
tronvolt (keV)). The ions received at the detector induce a current to 
flow in the detector. 

Various ionization techniques can be used [14, 13, 9]; the most com- 
mon is electron impact ionization. Electrons (typically 70 eV) emitted 
from a very hot filament collide with molecules in the ionizer region. 
The electron impact ionization process ionizes the molecule or atom 


M +e — M*+2e7 
and ionizes and fragments the molecule into a number of ions, Mj. of 
mass less than M. 


M+e"— Mj + 2e° + neutral fragments 


The relative ratios of the Mj fragments can be used to identify the 
structure of M. The current generated by M* and all M; fragments at 
the detector is used to establish the partial pressure of each component 
in the vacuum chamber. 


9.1.2 Experimental Reactors for Kinetics Studies 


Time and position are the independent variables, and concentration, 
volumetric flowrate and temperature are the dependent variables. Ulti- 
mately, the experimental data are fit against a model for the reactor in 
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which the data were collected. This process becomes more challenging 
when the reactor is nonisothermal. Therefore, one often tries to de- 
sign experimental reactors and select reaction conditions that permit 
isothermal operation. The effect of temperature is most easily explored 
by operating the isothermal reactor at different temperatures. 

The reactor models presented in Chapters 4-7 were based on spe- 
cific flow assumptions, such as the well-mixed reactor and plug flow 
reactors. Experimental reactors must retain these flow attributes if we 
wish to use the simple material balances for estimating model param- 
eters. 

Starting and quenching the reaction can present formidable chal- 
lenges. The experiment should be designed to ensure that the reaction 
takes place only in the reactor and under the conditions assumed in 
the reactor model. For example, if a reaction has a large activation en- 
ergy, it is necessary to operate the reaction at elevated temperatures to 
achieve a measurable rate. If using a flow reactor, the reactants must be 
preheated and injected into the reactor without any reaction occurring 
prior to the reactor inlet. In an isothermal batch reactor, the reactor 
contents must be heated rapidly to the desired temperature and held at 
constant temperature. Unless steps are taken, the reactions may con- 
tinue in the samples withdrawn from the reactor, If the reaction has a 
low activation energy, lowering the temperature does not quench the 
reaction. It may prove necessary to dilute the sample or add compo- 
nents to cause side reactions to quench a reaction. 

Most experimental reactors are small to ensure large surface-to- 
volume ratio for good temperature regulation, and to minimize the 
chemical inventory needed to conduct the experiments. As illustrated 
in Figures 1.6 and 1.8, flow and batch reactors with volumes of several 
hundred nanoliters have been fabricated out of silicon wafers and used 
for organic synthesis screening studies. 


Liquid-phase reactions. A batch reactor, CSTR or PER could be used 
for liquid-phase studies. Many times, the choice of a batch reactor 
is made by pumping considerations. Continuous, steady and non- 
pulsating flow may be difficult to realize for liquids in a laboratory 
Setting. Accurate and large-volume positive displacement pumps are 
costly, and small centrifugal pumps many not be available to handle the 
reactants. In the simplest case, a batch reactor may be nothing more 
than a beaker with a magnet stir bar for agitation. The situation be- 
comes more complex if temperature regulation, efficient mixing, and 
isolation of the contents from ambient gases are important factors. 
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Samples are typically withdrawn as aliquots at preset time intervals via 
syringe and saved for subsequent analysis. Figure 1.2 illustrates the 
batch reactor internals required to control the temperature and with- 
draw samples. 


Gas-phase reactions. The reactor of choice for gas-phase reactions is 
the plug-flow reactor. The batch reactor and CSTR are rarely used for 
gas-phase studies because it is difficult to achieve ideal mixing of gases. 
The isothermal PFR is usually nothing more complicated than an open 
tube maintained at a constant temperature. Different tube diameters 
and lengths are used to change the reactor volume as an experimental 
variable. Gas flows are routinely and reproducibly regulated with mass 
flow controllers or manually with metering valves and flow meters; this 
enables a wide range of volumetric flowrates to be examined as an ex- 
perimental variable. Sampling is best accomplished by directing the 
gas effluent through a gas sampling valve so that precise samples can 
be injected automatically into a gas chromatograph. 

It is quite common in experimental studies to operate a PFR as a so- 
called differential reactor. A differential reactor is a PFR in which the 
reactants experience only a small (differential) change in the extents 
of the reactions. The differential reactor is modeled using a limiting 
form of the PFR material balance design equation and generates data 
of the form rate versus concentration. Rate versus concentration data 
may prove useful in certain kinetic parameter studies. The PER design 
equation is 

EN; =R= È, VijYi (9.1) 
t 
If we assume the molar flows change by only a small amount, we can 
approximate the derivative with a finite difference formula 


Ni ~ Nig 2 , 
a i È Yunis (9.2) 


N; = Njp+RjfVR (9.3) 


in which Rjy and rj are the production rates and reaction rates eval- 
uated at the feed conditions. Now we account for the change in vol- 
umetric flowrate (Exercise 9.5 explores what happens if we neglect 
the volumetric flowrate change.) If we assume an ideal gas, we have 
Q = NRT/P, in which N is the total molar flow, and summing Equa- 
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tion 9.3 produces 


N=Nyp+ > rig ViVe 
i 
Q=Q;+ RI S viryVe 
i 
Substituting the Q relation into Equation 9.3 and rearranging produces 
Èu = VOMg = S-o) (9.4) 


Experimentally, one measures c j in the effluent stream, which deter- 
mines the right-hand side of Equation 9.4. One then solves a least- 
squares problem to determine all of the r; f. By varying cjp, itis possible 
to measure efficiently the reaction rates over a range of concentrations. 

For example, if we have the single reaction A — 2B, and we measure 
both c4 and cz, using Equation 9.4, we obtain two estimates of the single 
reaction rate 


_ Qg (Caz - Ca) _ Qg (ay - cB) 
Vr -(1 + ya) O Vr (2-yp) 


and the least squares solution is equivalent to taking the average. 





¥ 


Heterogeneously catalyzed reactions. Macroscopic fluid models are 
combined with microscopic transport models in the catalyst particles 
to describe how concentration changes with time and position in a cat- 
alytic reactor. Special considerations must be given to the selection of 
experimental temperature and catalyst particle size to minimize (and 
hopefully eliminate) internal transport limitations on the catalytic re- 
action rate. The next requirement is that the flow pattern in the reactor 
is accurately represented by the well-mixed or plug-flow assumption. 
The subsequent discussion applies to gas-phase reactants. 
Commercial experimental reactors that achieve ideal mixing are avail- 

able. These reactors either hold the catalyst in a basket arrangement 
and circulate the reacting gases through the bed or they spin the bed 
at a high revolution rate. The design achieves a sufficiently high linear 
velocity across the catalyst bed and volumetric flowrate in the reactor 
vessel so that the contents of the fluid phase can be assumed to be well 
mixed. The high internal circulation rate and linear velocities ensure 
uniform temperatures in the reactor, and special seals permit opera- 
tion at pressures exceeding 100 atm. These well-mixed reactors can be 
treated as batch or CSTR, depending on how they are operated. 
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A second type of reactor is the plug-flow, fixed-bed reactor. The 
reacting gas must move through the reactor as a plug, with a flat ve- 
locity profile. Previous studies of transport in porous media have led 
to characteristic groups that gauge how well the fluid flow can be char- 
acterized as plug-like [8]. These groups and their values include the 
particle Reynolds number 


Dpm 


Re = Suen 


= 30 





the axial aspect ratio 
—~ > 30 


and the radial aspect ratio 


D, 210 

The Reynolds number ensures turbulent flow and with it effective radial 
mixing. The axial aspect ratio ensures that axial dispersion is minimal. 
The radial aspect ratio ensures that channeling does not occur. Chan- 
neling refers to the situation in which the fluid close to the reactor walls 
travels faster than the fluid at the center of the tube. When these three 
dimensionless conditions are satisfied, one can usually model the re- 
actor as a PFR. The velocity profiles are complex, however, and broad 
generalizations should be used with caution [28]. 


9.1.3 Characterizing Catalysts and Surfaces 


A wide variety of analytical probes are used to study, characterize 
and monitor catalysts and catalyst surfaces. Our intent here is to dis- 
cuss some of the more common and routine techniques. Much more 
detail and many more techniques can be found in specialized books 
(33, 32, 27, 12]. A catalyst functions through the highly specific inter- 
actions the active sites have with the reactants. The catalyst might be 
a metal dispersed on an inert carrier, a polycrystalline or amorphous 
mixture of metal oxides, or a zeolite (a crystalline and highly porous 
oxide). The experimentalist is typically interested in the catalyst com- 
position, structure of the catalyst, distribution of active sites, presence 
of poisons/impurities after the catalyst has been used, and number of 
active sites — parameters that influence the catalytic activity. 

Active site densities can be determined using adsorption isotherms 
as discussed in Chapter 5. The equipment is straightforward. Fig- 
ure 9.3 presents a schematic view of the essential components of a 
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Figure 9.3: Volumetric chemisorption apparatus. 


chemisorption apparatus. The apparatus includes a pressure trans- 
ducer for accurately measuring the pressure, a gas mixing manifold 
for introducing the adsorbate gas, a vacuum pump for establishing a 
low base pressure and removing all adsorbates from the catalyst, and 
two vessels of known volumes (V; and V2) separated by a valve. The 
catalyst is placed in Vessel 2 and this section of the apparatus is main- 
tained at constant temperature. An experiment proceeds by adding 
the catalyst and evacuating the entire apparatus until nothing is ad- 
sorbed on the catalyst and the pressure is below the detection level 
of the pressure transducer. Valve 1 is closed, Valve 2 is opened, and 
gas is admitted to Vessel 1. Valve 2 is closed, and the pressure and 
temperature of Vessel 1 are recorded. Valve 1 is then opened and gas 
both expands into Vessel 2 and adsorbs on the catalyst. The pressure 
is noted after reaching a steady value. Using an equation of state, such 
as the ideal gas law, the temperatures and volumes of Vessels 1 and 2, 
and the pressure before and after admitting gas to Vessel 2, one can 
determine the moles of adsorbed gas. The experiment continues by 
closing Valve 1, opening Valve 2 and refilling Vessel 1, and then closing 
Valve 2. The pressure in Vessel 1 is noted before and after opening 
Valve 1. This sequence of filling and expanding is repeated until there 
is no change in the pressure upon expanding the gas into Vessel 2. 
This procedure generates the number of moles adsorbed as a function 
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of pressure, which can be used to determine the number of active sites 
and the adsorption equilibrium constant. 

Crystallinity and particle size can be determined by X-ray diffrac- 
tion. Supported metals and metal oxides generally adopt their native 
packing when they form crystallites sufficiently large to define a struc- 
ture. A diffraction pattern identifies the atomic packing structure, pro- 
vided the material is crystalline, and is in sufficiently large particles ( 
10 nm) and has a diffraction pattern that is not obscured by the sup- 
port. X-ray diffraction is used to assess the presence of amorphous 
versus crystalline phases and changes in the relative amounts of dif- 
ferent crystalline phases with thermal treatment. A given crystal has a 
unique diffraction pattern. As particle size decreases, the diffraction 
pattern becomes diffuse and the peaks broaden. This phenomenon is 
termed line broadening and it can be used to determine particle size 
{33}. 

‘Particle size also can be established using transmission electron mi- 
croscopy. In this technique, a mono-energetic beam of high-energy 
electrons is directed through a thin, solid specimen (< 200 nm). As 
the electrons travel through the sample, they interact with the atomic 
constituents of the sample and scatter. This scattering process leads 
to contrast images being projected on a detector. Generally, it is easy 
to.discern a heavy element from lighter elements, such as Pt dispersed 
on Al2O3. The heavier element produces a different intensity image. 
It is routine to resolve less than 0.2 nm and image individual atoms. 
The particle size is determined by measuring the size of the image 
and working back from the magnification used in the experiment. A 
sufficient number of particles must be measured to give a statistically 
meaningful average particle size. This technique can be applied be- 
fore and after reaction to determine if the particles have changed size 
during the reaction. 

Composition can be determined by dissolving the catalyst in a suit- 
able liquid, injecting the liquid solution into an inductively coupled 
plasma, and analyzing the ions generated in the plasma with a mass 
spectrometer. The inductively coupled plasma source is highly effi- 
cient at ionizing the injected sample, and this measurement has very 
high elemental sensitivity and is quantitative. The digestion technique 
is destructive. 

Composition also can be determined in a nondestructive manner 
using electrons or soft X-ray sources to excite the core levels of the 
atoms. Secondary or primary electrons are ejected from the sample at 
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energies that are characteristic of the elements. These ejected electrons 
have a mean free path that is energy dependent and can only exit the 
sample if they are formed in the top 0.5-10 nm of the sample surface. 
The ejected electron techniques identify what is present; it is difficult 
to make these techniques quantitative. 

Auger electron spectroscopy uses a focused electron beam (3-5 keV) 
to eject an inner atomic level electron and create a singly ionized excited 
atom. Electrons from other energy states in the atem rapidly fill the 
vacancy. The energy released in this de-excitation electronic transition 
can be transferred to a third electron. If the binding energy of this 
third electron is less than the energy transferred to it, it is ejected as 
an Auger electron. The energy of this ejected electron is monitored 
with an Auger electron spectrometer. Elements have discrete electron 
energy levels with distinguishable binding energies, so the energy of 
the ejected Auger electrons provide a means of identifying the elements 
that are present [10]. 

X-ray photoelectron spectroscopy uses soft X-rays (Mg Ko at 1253.6 
eV and Al Ka at 1486.6 eV) to eject core-level electrons from the un- 
known sample. The kinetic energy of the ejected electrons is monitored 
and related back to the binding energy. The binding energy is used to 
identify the elements present [22]. Since the binding energy of inner- 
shell electrons typically changes with the valence of the element, X-ray 
photoelectron spectroscopy can be used to follow oxidation or reduc- 
tion of the catalyst as well as identify the presence of elements. 


9.2 Data Modeling and Analysis 


Having provided the context in which we perform experiments and 
make measurements, we now turn to the issue of how we extract the 
information contained in the data. The two large questions we must ad- 
dress are: what model structure is appropriate to describe the reacting 
system of interest, and, having selected a structure, what model param- 
eters best represent the data we have collected, and how certain are we 
about these parameter values. The first question has occupied us up 
to this point; it has been the central focus of Chapters 1-8. Indeed, 
understanding the fundamental principles and models that explain the 
many kinds of chemical reaction and reactor behaviors is one of the 
essential goals of the chemical engineering education. 

In this section, we focus finally on the second question, how to esti- 
mate model parameters from data. This problem is also important, and 
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has a distinguished place in the history of science and engineering. Ac- 
curate prediction of the motions of the planets based on astronomical 
measurements was one of the early motivating problems of parameter 
estimation. Solving this problem led Gauss to invent the least-squares 
method in the late 1700s. Gauss’s summary of this effort more than 
175 years ago remains valid today: 


One of the most important problems in the application of 
mathematics to the natural sciences is to choose the best of 
these many combinations, i.e., the combination that yields 
values of the unknowns that are least subject to errors. 


Theory of the Combination of Observations Least Subject to 
Errors. C. F. Gauss, 1821 [15]. 


9.2.1 Review of the Normal Distribution 


Probability and statistics provide one useful set of tools to model the 
uncertainty in experimental data. It is appropriate to start with a brief 
review of the normal distribution, which plays a central role in analyz- 
ing data. The normal or Gaussian distribution is ubiquitous in applica- 
tions. It is characterized by its mean, m, and variance, o?, and is given 


by 
oe: 1 (x =- m)? 
p(x) = T exp (-3 52 ) (9.5) 


Figure 9.4 shows the univariate normal with mean zero and unit vari- 
ance. We adopt the following notation to write Equation 9.5 more com- 
pactly 





x~ N(m,o*) 
which is read “the random variable x is distributed as a normal with 
mean m and variance o*.” Equivalently, the probability density p(x) 
for random variable x is given by Equation 9.5. 
For distributions in more than one variable, we let x be an np-vector 
and the generalization of the normal is 


1 ae 
p(x) = pire p|- -mP "(x ~m)| 


1 
(2rr)”r/2] 
in which the np-vector m is the mean and the np xnp-matrix P is called 
the covariance matrix. The notation |P| denotes determinant of P. We 
also can write for the random variable x vector 


x ~ N(m,P) 


ten 
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Figure 9,4: Univariate normal with zero mean and unit variance. 


The matrix P is a real, symmetric matrix. Figure 9.5 displays a multi- 


variate normal for 
pi. 3.5 2.5 
2.5 4.0 


As displayed in Figure 9.5, lines of constant probability in the multi- 
variate normal are lines of constant 


(x —m)™P-lix - m) 


To understand the geometry of lines of constant probability (ellipses in 
two dimensions, ellipsoids or hyperellipsoids in three or more dimen- 
sions) we examine the eigenvalues and eigenvectors of the P matrix. 


9.2.2 Eigenvalues and Eigenvectors 


An eigenvector of a matrix A is a nonzero vector v such that when 
multiplied by A, the resulting vector points in the same direction as v, 
and only its magnitude is rescaled. The rescaling factor is known as 
the corresponding eigenvalue A of A. Therefore the eigenvalues and 
eigenvectors Satisfy the relation 


Av = Av, vez 
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p(x) = exp (-1/2 (3.5x} + 2(2.5)x1x2 + 4.0x3)) 
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Figure 9.5: Multivariate normal for np = 2. 


We normalize the eigenvectors so 


viu= Svea) 
i 


The eigenvectors show us the orientation of the ellipse given by the 
normal distribution. Consider the ellipse in the two-dimensional x co- 
ordinates given by the quadratic 


xTAx =b 


If we march along a vector x pointing in the eigenvector v direction, 
we calculate how far we can go in this direction until we hit the ellipse 
xT Ax = b. Substituting av for x in this expression yields 


(av )Alav) =b 
Using the fact that Av = Av for the eigenvector gives 
ofavly =b 


because the eigenvectors are of unit length, we solve for « and obtain 


[b 
a= 
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xTÄx =b 
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Figure 9.6: The geometry of quadratic form xTAx = b. 


which is shown in Figure 9.6. Each eigenvector of A points along one 
of the axes of the ellipse. The eigenvalues show us how stretched the 
ellipse is in each eigenvector direction. 

If we want to put simple bounds on the ellipse, then we draw a box 
around it as shown in Figure 9.6. Notice the box contains much more 
area than the corresponding ellipse and we have lost the correlation 
between the elements of x. This loss of information means we can put 
different tangent ellipses of quite different shapes inside the same box. 
The size of the bounding box is given by 


length of ith side = y! bÄiü 
in which 

Ai = (i, i) element of A™ 
Figure 9.6 displays these results: the eigenvectors are aligned with the 
ellipse axes and the eigenvalues scale the lengths. The lengths of the 
sides of the box that is tangent to the ellipse are proportional to the 
square root of the diagonal elements of Av!. 
9.2.3 Least-Squares Estimation 
Consider again the problem of fitting a straight line to data 


yis mx; +.b 
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in which y; is the measurement at x; i = 1,..-na and na is the number 
of data points. Using matrix vector notation, we can write the equation 


for all the data as 
y=X909 


in which the parameters to be estimated are placed in the @ vector 


[r] 


and the y vector and X matrix are given by 


Vi x, 1 
Yz a $ 
y= a X= X N 
Yna Xna 1 


We do not expect the best fit line to pass through all the data points, 
so we modify the model to account for measurement error! 


y=X0+e (9.6) 


in which e is a random variable. We model the measurement error as 
ia normal distribution with mean 0 and variance o’. 


e ~ N(0,0°I) (9.7) 
The best estimate of @ in a least-squares sense is given by 
6 = (XT x) xTy (9.8) 


a formula that you have used often. However, we also can examine 
the distribution of parameter values given the observed measurements 
corrupted by the measurement errors. Imagine we create replicate 
datasets by drawing measurement errors e from the distribution given 
in Equation 9.7. For each dataset we apply Equation 9.8 and produce a 
parameter estimate. The distribution of measurement errors creates a 





1 Notice the model structure is usually in error also, e.g., the true relationship between 
y and x may be nonlinear, variables other than x may be required to predict y, and so 
on. The procedure outlined here lumps structural error into e as well, but structural 
error is not accounted for correctly in this way. If the structure is in serious doubt, one 
may pose instead model discrimination tests to choose between competing models 
with different structures [30, 31]. 
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distribution of parameter estimates. In fact, for models linear in the pa- 
rameters, we can show the parameters are also distributed as a normal 
distribution 

Ə ~ N(Ô, P) 


in which the mean is the least-squares estimate provided above and the 
covariance is 
P=o@?(X?x)"} 

We also can calculate the parameter “confidence intervals.” We merely 
compute the size of the ellipse containing a given probability of the 
multivariate normal. That can be shown to be the chi-square probability 
function [5]. Given the number of estimated parameters, np, and the 
confidence level, «, then 


(0 ~ 6)7X"x(0 ~ 6) 


o7 < X? (Np, &) (9.9) 


The x? distribution is tabulated in many statistics handbooks [4] and 
is available in many computing environments. 

To illustrate the ideas we examine a classic problem: how to esti- 
mate the pre-exponential factor and activation energy of a rate con- 
stant. 


Example 9.1: Estimating the rate constant and activation energy 


Assume a reaction rate has been measured at several different temper- 
atures in the range 300 K < T < 500 K. Estimate the pre-exponential 
factor and activation energy of the rate constant, and quantify your 
uncertainty in the estimated parameters. 


Solution 


We first model the rate (rate constant) as 
k = kg exp(—E/T) (9.10) 


in which ko is the pre-exponential factor and E is the activation energy, 
scaled by the gas constant. 

Figure 9.7 shows a typical experiment. Notice that the measure- 
ment of the rate constant is somewhat noisy, a likely outcome if we 
differentiate the concentration data to obtain the rate. To make the es- 
timation problem linear, we transform the data by taking the logarithm 
of Equation 9.10 

Ink =inkọ -E/T 
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Figure 9.7: Measured rate constant at severaj temperatures. 


0.75 


Ink 0.7 


0.65 


0.6 














0.55 i i L Poo 2 oh IINE ETE K 
0.002 0.0022 0.0024 0.0026 0.0028 0.003 0.0032 0.0034 
1/T(K"}) 


Figure 9.8: Transformed data set, Ink versus 1/T. 
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Figure 9.9: Several replicate data sets, Ink versus 1/T. 


The transformed data are shown in Figure 9.8. To generate these data 
we assume the model is correct and suppress the units of the parameter 
values 

Inko = 1, E = 100 


The measurements of Ink are corrupted with normally distributed er- 
rors having variance 0.001, 


e ~ N(0,0.001) 


We apply Equation 9.8 to estimate the parameter using the transformed 
model, so x; = 1/T; and y; = Ink;. To quantify the uncertainty, imag- 
ine we replicate the experiment. Figure 9.9 shows several more. ex- 
periments. Each experiment that we perform allows us to estimate 
the slope and intercept. Then we can plot the distribution of param- 
eters. Figure 9.10 shows the parameter estimates for 500 replicated 
experiments. Notice the points are clustering in an elliptical shape. 
We construct the 95% confidence interval from Equation 9.9. In this 
problem np = 2 and « = 0.95, and we obtain from a statistics table 
x2(2,0.95) = 5.99, so we plot 


(0 - TX XO- 6) 
0.001 





z 5.99 (9.11) 
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Figure 9.10: Distribution of estimated parameters. 


This ellipse is also shown in Figure 9.10. In fact, 24 out of the 500 
points, or 4.8% of the estimated parameters, lie outside this ellipse, 
which indicates Equation 9.11 is fairly accurate with this many ran- 
dom experimental trials. Note one often sees parameters reported with 
plus/minus limits. For this problem, one might report 


[lab 1 he 

E 100 ~] 60 

But notice these limits are misleading. The rectangle in Figure 9.10 
does not indicate the strong correlation between the parameters. The 
ellipse is much more informative in this case. 

Next we show how a simple re-parameterization of the rate constant 
can reduce the parameter correlation. Consider the mean of the tem- 
peratures at which data were collected, and re-parameterize the rate 
constant as in Chapter 6, 


k = kmexp(-E(1/T ~ 1/Tm)) (9.12) 


We may wish to consider the mean of temperature or inverse temper- 
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Figure 9.11: Reducing parameter correlation by centering the data. 


ature for Tm. Here we let Tj, be the mean temperature 
300 + 500 
2 


m= 


= 400K 


Both Equations 9.10 and 9.12 are two parameter models and we can 
convert between them using ko = km exp(E/Tm). But in Equation 9.12 
we estimate the rate constant at the mean temperature in contrast to 
infinite temperature (1/T = 0) in Equation 9.10. 

If we estimate E and km in place of ko we obtain the results shown 
in Figure 9,11. Notice that the correlation between km and E is much 
reduced compared to kg and E. In fact, reporting confidence limits 


Inkm |_| 0.75 | | 0.05 
E | 100 |7] 60 
is an accurate representation of the true 95% confidence interval ellipse. 
a 


9.2.4 Least Squares with Unknown Variance 


In the previous problem, we assumed the variance in the error was 
known to us. It is often the case that we do not know the measurement 
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error variance, but must estimate it also from the data. In this case, 
it can be shown that the distribution of parameters is a multivariate 
t-distribution (instead of a normal distribution) with its maximum at 
the least-squares estimate as before 


ô = (XIX) XT y (9.13) 


For the confidence intervals, we merely compute the size of the ellipse 
containing a given probability of the multivariate t-distribution. That 
can be shown to be an F probability function [5]. Given the number of 
estimated parameters, np, the confidence level, œ, and the number of 
data points, Na, 


(0 ~ 6)7X™X(0 - 8) 


32 <NpF (Np, Na - Np, &) (9.14) 


defines the confidence interval ellipse. The F distribution is also tab- 
ulated in statistics handbooks [4] and available in computing environ- 
ments, The sample variance 


2. 1 y xyĝTiy- xd 
s = egg 0X0 RO (9.15) 
is the estimate of the unknown error variance. Notice the number of 
data points, ng, shows up in the confidence interval when the error vari- 
ance is unknown. In the limit of large na, the F distribution converges 
to the x? 
jim, NpF (Mp, Na- Nps &) = X? (Np, Q) 

and the confidence intervals given in Equations 9.9 and 9.14 are the 
same. The sample variance also converges to the error variance in the 
limit of large number of data points. 

On the other hand, in engineering problems we often must contend 
with few data points, because they are difficult or expensive to obtain. 
Figure 9.12 shows the values of x? and npF as a function of the number 
of data points for 95% confidence limits, and the cases of two and five 
estimated parameters. Notice that npF is much larger than x? at small 
ng. With a small number of data points, estimating the variance as well 
as the parameters from the data inflates significantly the confidence 
intervals. Figure 9.12 quantifies this effect; we can see that if we have 
about 10 times as many data points as parameters, ng > 10np, this 
effect is rather small. 
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Figure 9.12: Values of x? and F versus the number of data points 
when estimating 2 and 5 parameters; the larger val- 
ues of F show information loss (larger parameter un- 
certainty) when estimating the measurement variance 
from the data. 


Although we should expect larger confidence intervals when ny is 
small, that may not be what happens with a particular dataset as we 
show with the next example. 


Example 9.2: Unknown measurement variance and few data points 


Consider the data shown in Figure 9.13 with two unknown parameters 
and only 10 data points. The measurement errors are drawn from a 
normal distributed with zero mean and variance g? = 10-3. Compute 
the best estimates of activation energy and mean rate constant and the 
95% confidence intervals for the cases of known and unknown mea- 
surement variance. 
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Figure 9.13: Parameter estimates with only 10 data points. 
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Figure 9.14: Confidence intervals with known (solid line) and un- 
known (dashed line) error variance. 
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Solution 


We calculate @ from Equation 9.13 and the sample variance from Equa- 
tion 9.15 and obtain 


a | 0.747 


J 25 
@= 153 |. s* = 0.000454 


We construct the 95% confidence interval from Equations 9.9 and 9.14. 
We obtain from a statistics table F(2,8,0.95) = 4.46 86 the two confi- 
dence intervals are given by 


(6 - ĝ)TXTX(0 - 6) < (0.001) (5.99), known variance 
(80 — ĝTXTX(0 - 6) < (0.000454) (2) (4.46), unknown variance 


The two 95% confidence ellipses are shown in Figure 9.14. Notice that 
although npF is 50% larger than x’, our 95% confidence interval for 
the unknown measurement variance case is smaller than the known 
measurement variance case. 

Can you resolve this apparent contradiction? What experiment can 
you propose in which we would find the confidence interval with esti- 
mated measurement variance to be about 50% larger than known mea- 
surement variance in agreement with the statistics in Figure 9.12? m 


9.2.5 Nonlinear Least Squares 


In the previous two examples we transformed the model by taking log- 
arithms to obtain a linear estimation problem. In many situations we 
do not want to make such a transformation, or such transformations 
simply do not exist. For example, the measurement error may be dis- 
tributed normally in the original variables and the transformation may 
distort this distribution and subsequent parameter estimates and con- 
fidence intervals. 

If we decide to treat the estimation problem using the nonlinear 
model, the problem becomes more challenging. As we will see, the 
parameter estimation becomes a nonlinear optimization that must be 
solved numerically instead of a linear matrix inversion that can be 
solved analytically as in Equation 9.8. Moreover, the confidence inter- 
vals become more difficult to compute, and they lose their strict prob- 
abilistic interpretation as c-level confidence regions. As we will see, 
however, the “approximate” confidence intervals remain very useful in 
nonlinear problems. The numerical challenges for nonlinear models 
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can be addressed successfully in many reaction engineering problems 
if we employ high-quality numerical software. 
Consider the nonlinear model 


Yi = h(xi, 9), i= lotia (9.16) 
and the least-squares objective 
na 
(0) = (Gj - h(x, 0) 
i=l 
We obtain the parameter estimates by solving the optimization problem 
min ?(@) 
8 
subject to Equation 9.16. Call the solution to this problem ĝ. We now 


consider the function (@) near the optimum. Expanding in a second- 
‘order multivariable Taylor series gives 


DO) « 60) + (vo)"|, , (0-6) +5 (@-8)TH|, 4(@-8) (9.17) 


in which the gradient of the objective function is the vector of first 
derivatives of with respect to the model parameters 


Ob 
(V®); = 30; 
and the Hessian of the objective function is the matrix of second deriva- 
tives 926 
Aki = 56,30, 


The gradient is zero at the optimum (see also Figure 3.5 of Chapter 3), 
which allows us to rearrange Equation 9.17 to give 


(0) ~ (6) = 5 (0-6) H|, (8-8) (9.18) 


Therefore, lines of constant objective function are approximately quad- 
ratic functions as shown in Figure 9.6 and we use H as the A matrix. 
This quadratic approximation using the Hessian matrix evaluated at 
the optimum is accurate if we are in the neighborhood of the optimal 
parameter values. We also can obtain order-of-magnitude confidence 
intervals using the relation 


(@-6)'H 9-9 (8-9) < 2s?npF (np, Na ~ Np, &) (9.19) 
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in which s? is again the sample variance 


1 aye (6) 
s? = va z Ea ca taal ay 
F È (51 -hOa,8)) = 5 = (9.20) 
These confidence intervals are correct only if the model is linear, in 
which case H = 2X’X. The intervals should be checked occasionally 
with Monte Carlo simulations when the model is nonlinear. We illus- 
trate this check in Example 9.4. re 
Example 9.3: Fitting single and multiple adsorption experiments 


To illustrate the use of nonlinear models, we study an adsorption ex- 
periment. The system studied was the adsorption of Hz on a Pd cata- 
lyst with SiO2 support [25, 24]. The adsorption is assumed dissociative. 
Both the catalyst and the support adsorb H2 so the adsorption isotherm 
model is 


Hz + 2Xp = 2H - Xp 
Ho + 2Xs = 2H- Xs 
in which Xp represents a Pd vacant site and Xs represents a SiOz vacant 


site. We can apply the methods of Section 5.6 to derive the surface 
coverage of H atoms 


is Emp VKp Ci 0 Ems VKs Jeu, 
1+ JKp joi, 1+ VKs Cn, 


It is known that the adsorption constant on the Pd is large, so we may 
reduce the model to 





Cu (9.21) 


_ EmsVKs Jer, 


CH = mP + ee ss 
H = mP ENA (9.22) 
and we have three parameters to estimate from data, 
o7 =| VKs Ems Emp | (9.23) 
As the measure of fit to the data we choose a least-squares objective, 
me 2 
b = F (Cx ~En) (9.24) 
i 
and propose the optimization problem 
min (8) (9.25) 


subject to Equation 9.22 to determine the parameter estimates. 
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‘Figure 9,15: Model fit to a single adsorption experiment. 


Solution 


Figure 9.15 shows the best fit to a single adsorption experiment. The 
parameters and the 95% confidence intervals are given by 


_ | vKs 0.127 0.048 
=| Ems |=| 261 J+] 15 (9.26) 
mP 32.4 2.4 


We can see that the model fit to the data is excellent, and the parameters 
are determined with fairly tight confidence intervals. 

For this catalyst sample, additional adsorption experiments are avail- 
able. After the first adsorption experiment, reaction studies were per- 
formed with the catalyst sample. Then the catalyst was regenerated 
with heat treatment, and a second adsorption experiment was per- 
formed, followed by an additional reaction study, and so on. The ad- 
ditional adsorption data are shown in Figure 9.16. Notice these are 
not replicate experiments, because the adsorption experiments are per- 
formed after different reaction studies have been performed, and the 
catalyst regeneration step does not necessarily return the catalyst to 
exactly the same condition. Estimating the parameters by fitting all of 
these data simultaneously produces the solid line in Figure 9.16 and 


| 
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Figure 9.16: Model fit to all adsorption experiments. 


the following parameter values and confidence intervals 


7 VKs 0.0895 0.081 
O=| Ems | = 30.4 4 4.7 (9.27) 
Emp 30.1 5.4 


The total coverage estimated here, 60.5 umol/g, compares favorably 
to the apparent saturation limit or total uptake value of 55 pmol/g 
reported by Natal-Santiago et al. [24, p.157]. 

Notice because the reaction studies have introduced significant vari- 
ability in the data, the confidence intervals for the parameter values are 
significantly larger than those for the single adsorption experiment. 
Both sets of estimated parameters are valid, but they have different 
meanings. If the model is intended to represent the catalyst in its na- 
tive state, one might use the estimated values from a single adsorption 
experiment on a freshly prepared sample. If the model is intended to 
represent the “average behavior” of the catalyst during the period it 
is used and regenerated, one would naturally use the estimated values 
from the many adsorption experiments. o 
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9.2.6 Design of Experiments 


Experimental design is a large topic and we can only mention several 
of the important issues here. To keep this discussion focused on pa- 
rameter estimation for reactor models, we must assume the reader has 
had exposure to a course in basic statistics [4]. We assume the reader 
understands the source of experimental error or noise, and knows the 
difference between correlation and causation. The process of estimat- 
ing parameters in reactor models is part of the classic, iterative sci- 
entific method: hypothesize, collect experimental data, compare data 
and model predictions, modify hypothesis, and repeat. The goal of 
experimental design is to make this iterative learning process efficient. 

Our goal at this point can be quite specific because we have already 
built the causal models of interest to us in Chapters 2-8, and require 
only the remaining small task of finding best parameter values and 
quantifying the parameter uncertainty. We are not concerned at this 
point with embedding this step in the larger task described previously: 
deciding if our model structure is well chosen and the model assump- 
tions are appropriate given the data. 

The main goal of our experimental design then is to choose experi- 
ments that make the uncertainty in the parameter estimates small. We 
also must decide what small means when it comes to parameter uncer- 
tainty. 


Optimal experimental design. Optimal experimental design is an ex- 
perimental design with the express purpose of making the parameter 
uncertainty as small as possible. Before developing precise, quantita- 
tive methods of experimental design, let’s build up some physical in- 
tuition about the problem we are addressing. Imagine we wish to use a 
straightedge to draw a line on a piece of paper — a task most of us face 
early in childhood. We mark two points on the paper, lay the straight- 
edge next to the two points, and draw the line. To make the problem 
more interesting and realistic, consider that no matter how carefully 
we measure, our placement of the points is subject to small errors. As 
shown in Figure 9.17, the small circle represents the regions in which 
we might actually mark a point, with the center of the circle represent- 
ing the ideal location where we are supposed to mark the point. The 
size of these circles tells us how much uncontrolled error exists in our 
experiment. An experienced draftsman or carpenter with steady hands 
may be able to measure carefully and place points within fairly small 
circles; a young child may require rather large circles to bound the ex- 
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Figure 9.17: Drawing a line through two points under measurement 
error: points far apart (A); points close together (B). 


pected errors. In all cases we face error in point placement and that 
error produces error ìn the final line. If we wish to minimize the error 
in the constructed line, one option is to make the measurement error 
circles small. Improvements in measurement technology are always an 
attractive option. A reasonably high-resolution printer, such as the one 
used to print this page, for example, may be able to locate a point to 
within 1/1200 inch. But regardless of the current state of technology, 
the measurement noise persists at some nonzero level. 

Experimental design provides another option. Now we ask the ques- 
tion: where on the line should we locate the two points to give us the 
smallest error in the line placement? Our experience and intuition 
probably lead us to guess rather quickly that we want to spread the 
two points apart as far as possible. As shown in Figure 9.17, if the 
points are far apart, the spread in the slopes of the lines is small. If 
the points are close together, the spread in slopes is large. If the points 
are close enough that the circles overlap, then a line with any slope is 
possible. 

Optimal experimental design generalizes this intuitive notion of 
how to construct the experiment to minimize the effect of the experi- 
mental errors on the estimated parameters. It also can provide exper- 
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Figure 9,18: Effect of next measurement temperature on parameter 
confidence intervals. 


imental designs in situations in which our intuition does not provide 
ready answers. We explore one such nonobvious design issue in an 
industrial case study in Section 9.3. But for illustrative purposes, con- 
sider again the least-squares estimation of the mean rate constant and 
activation energy from measuring the rate constant at several temper- 
atures. Assume we have temperature constraints in our experimental 
system, and can only operate the experiment and collect rate data in 
the temperature range 


300K sT <500K 


We cannot estimate two parameters unless we have at least two mea- 
surements, so, motivated by Figure 9.17, we choose the first two mea- 
surements at the extreme limits of the temperatures, T = 300 K, T = 
500 K. We next explore what happens to our confidence intervals as we 
make different choices for the next experiment. Figure 9.18 shows the 
confidence intervals for three different choices of the next experiment. 
The choices of 300 K and 500 K produce two 95% confidence regions of 
the same size, but with different orientations. This result is consistent 
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with our physical intuition of drawing straight lines. If we add points 
at the right end of the line shown in Figure 9.13 (T = 300 K), then that 
anchors somewhat the right end of the line, and to increase the value of 
In km we must also increase the slope. So the 300 K ellipse is stretched 
in the direction with positive correlation between Ìn km and E. Alterna- 
tively, if we add points at 500 K, then we have anchored somewhat the 
left end of the line in Figure 9.13, and to increase the value of Inkm, 
we must decrease the slope. The 500 K ellipse is therefore stretched in 
the direction with negative correlation between Inkm and E. If we were 
able to violate our temperature limits and perform the next experiment 
at 1000 K, we see that we can achieve more certainty in the activation. 
energy, at the cost of slightly more uncertainty in the intercept. This 
result is exactly what we observed in Figure 9.17 — to obtain less un- 
certainty in the slope, spread the points as far apart as is practical. 

With this background, we now ask very specific questions and de- 
sign experiments with precise goals. If experiments are either time 
consuming or expensive, we ask the natural question: where should we 
place the next experiment to obtain as much information about the pa- 
rameters as possible? To answer this question we have to decide what 
information we seek. For example, we may want to know only the ac- 
tivation energy, we may want to know only the intercept, we may want 
to know both of them, but one is somewhat more important than the 
other. Figure 9.19 displays the size of the sides of the box tangent to 
the 95% confidence ellipse as we vary the temperature of the next €x- 
periment. If we are interested in the activation energy, we see that the 
next experiment should be placed at either T = 300 K or T = 500 K. 
Both values are equally good. In this problem we chose Tm = 375 K, 
i.e. the mean of inverse temperature, 


1 
= 77300 + 1/500 


If we are interested in the value of the rate constant at the mean tem- 
perature, Figure 9.19 shows we should place the next experiment at the 
mean temperature F = Tm. 

The results in this case are not too surprising; but that is the main 
reason we studied this problem, to build some intuition about what to 
ask and expect of optimal experimental design. One big advantage of 
the approach is that it is quantitative. In this problem, we can guess 
immediately to put the next experiment at the upper or lower tempera- 
ture limit if we want to know the activation energy, but would we know 
that the uncertainty would change from 82 to 72 when we did so? If 


Tm =375K (9.28) 


+E bounds 
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Figure 9.19: Uncertainty in activation energy E and rate constant 
Inkm versus next measurement temperature. 


that improvement is not large enough for our purposes, we would know 
further experiments are required. We can answer the question of how 
many further experiments are required to meet a given bound on uncer- 
tainty. The second big advantage of this approach is that it is general 
and can be applied routinely in even complex experimental situations 
in which our intuition is not highly developed. As we mentioned pre- 
viously, experimental design is a large topic, and the interested reader 
can find a wealth of literature discussing its many aspects [1]. 


Replicate experiments. Finally, we examine the impact of replicat- 
ing experiments. The main reason one replicates an experiment is to 
obtain a direct measure of the experimental reproducibility. By replica- 
tion we are confronted with the simple experimental fact that no matter 
how much care we take and how much effort we exert, the results of 
two experiments are never exactly the same. The differences among 
replicated experiments give us a direct quantitative measure of the ex- 
perimental error or noise. These errors are partly due to our inability 
to measure accurately the outputs of interest, but they are also due to 
our inability to control completely the experimental environment. The 
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Figure 9.20: Uncertainty in activation energy E and rate constant 
Inkm versus number of replicated experiments; 10 
equally spaced temperatures per experiment. 


irreproducibility of the experiment is one of the key motivations for 
the random variable description of e in Equation 9.6. 

But replicating an experiment has another interesting and expected 
benefit. It increases our confidence in our conclusions. To see this ben- 
efit, we examine again the least-squares problem for estimating km, E. 
Assume now the experiments are inexpensive and we are not concerned 
about performing optimal experiments. We simply make measure- 
ments at 10 evenly spaced temperatures as shown in Figure 9.13. If we 
perform one set of 10 measurements we achieve the confidence inter- 
vals we have shown previously in Figure 9.14. What happens if we sim- 
ply repeat the experiment and perform two sets of 10 measurements? 
The confidence region becomes smaller, as shown in Figure 9.20. We 
also show the result of using 5 and 100 replicates of the experiment. 
The confidence intervals continue to shrink as we replicate the exper- 
iments. So replicating experiments provides another general avenue 
for increasing the confidence in the parameter estimates. Be aware, 
however, as discussed further in Exercise 9.8, that this “brute force” 
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approach may be time consuming and expensive. 


9.2.7. Parameter Estimation with Differential Equation Models 


Now we turn to the single most important parameter estimation prob- 
lem in chemical reactor modeling: determining reaction-rate constants 
given dynamic concentration measurements. We devote the rest of the 
chapter to developing methods for this problem. 

To get started, we consider a simple reactor model consisting of 
a single differential equation with a single experimentally measured 
quantity 


ax 2 
at = f(x; 0) (9.29) 
x(0) = g(x0; 9) (9.30) 
y = h(x) (9.31) 


in which x is the single material balance of interest, @ are the unknown 
model parameters, xo is the initial condition, and y is the experimen- 
tally measurable quantity. For simplicity let us assume here that x 
itself is measured, in which case h(x) = x. As we see in several of the 
examples, it may be necessary to include some of the initial conditions 
also as unknown parameters. Often t is time, but in steady-state tubu- 
lar PERs, reactor volume or length can take the place of time without 
changing the structure of the parameter estimation problem. 
As before, we define a least-squares objective to measure our fit to 
the data 
(8) = (Xi - x)? (9.32) 
L 


in which x; is the experimental measurement at time t;, and x; is the 
solution to the model at time t;, x; = x(t; @). Note x; is the only part of 
the objective function that depends on the model parameters. Again, 
we minimize this objective function to obtain our parameter estimates 


min (8) (9.33) 


subject to Equations 9.29-9.31. 

The major change is that the model constraint consists of nonlinear 
differential equations rather than linear or nonlinear algebraic equa- 
tions as in the previous sections. The differential equations make it 
much more expensive to evaluate the constraints while solving the op- 
timization problem. We can increase the efficiency of the optimizer if 


| 
| 
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we provide an accurate gradient of the objective function. Recall the 
gradient of the objective function is the vector of first derivatives of 
© with respect to the model parameters. Differentiating Equation 9.32 
gives 

dxi 
00; 





ao z 
30; = -22 i=) (9.34) 


Differentiating a second time gives the Hessian of the objective func- 
tion, which we again use to construct approximate confidence intervals 


ep Oxi OXi pn axi 
50,00; T 22, [53 30, iT 56,8; 9:33) 





i 


Gauss-Newton approximation and sensitivities., In the Gauss- 
Newton approximation of the Hessian, we neglect the second term in 
Equation 9.35 to yield, 


Sai act (9.36) 


Two arguments support the Gauss-Newton approximation. If the model 
fits the data well at the optimal value of parameters, the residuals are 
small in magnitude and of different signs. The sum in the second term 
is then small. Alternatively, the second derivative of the model may be 
small compared to the first derivative. If the model is linear in the pa- 
rameters, for example, the second derivatives are identically zero and 
the Gauss-Newton approximation is exact. The Gauss-Newton approxi- 
mation is not valid if the model solution is a highly nonlinear function 
of the parameters, or if the residuals are large and not randomly dis- 
tributed about zero at the optimal value of parameters. Of course, in 
the latter case one should question the model structure because the 
model does not well represent the data. For the highly nonlinear case, 
one may try numerical finite difference formulas to compute the Hes- 
sian. Computing a reliable finite difference approximation for a sec- 
ond derivative is not a trivial matter either, however, and the step size 
should be carefully chosen to avoid amplifying the errors introduced 
by the finite numerical precision. 

‘The first derivatives of the model solution with respect to the model 
parameters are known as the model sensitivities, 


Si = (9.37) 


00; 
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The sensitivities also can be described as the solution to a set of differ- 
ential equations; these equations are derived in Appendix A. This fact 
allows us to solve the model and sensitivity equations simultaneously 
with an ODE solver, rather than use finite difference formulas to obtain 
the sensitivities. Bard provides a readable account for further study on 
these issues [2]. Caracotsios, Stewart and Sorenson developed this ap- 
proach and produced an influential software code (GREG) for parameter 
estimation problems in chemical reaction engineering [6, 29, 7]. 

From the sensitivities and model solution, we can then calculate the 
gradient of the objective function and the Gauss-Newton approxima- 
tion of the Hessian matrix. Reliable and robust numerical optimization 
programs are available to find the optimal values of the parameters. 
These programs are generally more efficient if we provide the gradient 
in addition to the objective function. The Hessian is normally needed 
only to calculate the confidence intervals after the optimal parameters 
are determined. If we define e to be the residual vector 


We can express Equation 9.34 in matrix notation as 
Vb = —2S"e (9.38) 
In terms of the sensitivities, we can express Equation 9.36 as 


Hrj = 2 SkSij = 2 SU Si (9.39) 
i i 


if we write the last sum as a matrix multiplication, we can summarize 
this relationship in matrix notation 


H=28'S (9.40) 


Given these expressions for the gradient and Hessian, we can construct 
a fairly efficient parameter estimation method for differential equation 
models using standard software for solving nonlinear optimization and 
solving differential equations with sensitivities. 


Parameter estimation algorithm: 
© Guess initial parameter values. 


© Using an appropriate ODE solver, solve the model and sensitiv- 
ity equations simultaneously given the current parameter values. 
Compute x; and Sij- 


nae arean a 


laininai anena ananasa 
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Figure 9.21: Experimental measurement and best parameter fit for 
nth-order kinetic model, r = kc}. 


© Evaluate @ and V using Equations 9.32 and 9.38. 


® Update parameter values to minimize ®. This step and the next 
are usually controlled by an optimization package. 


© Check convergence criteria. If not converged, go to @. 


© On convergence, set Ô to current parameter values. Calculate H 
using Equation 9.39. Calculate confidence intervals using Equa- 
tion 9.19. 


Example 9.4: Fitting reaction-rate constant and order 


We illustrate these methods on a classic reactor modeling problem: 
finding the rate constant and reaction order from isothermal concen- 
tration measurements in a batch reactor. 

Consider an irreversible, nth order reaction 


A+B — products, r= ke] 
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taking place in a liquid-phase batch reactor containing a large excess of 
reactant B. Given the measured concentration of component A shown 
in Figure 9.21, determine the best values of the model parameters. 
Solution 

The material balance for species A is 


dca pon 
TA = keh (9.41) 
ca(O) = cao (9.42) 


Given the data shown in Figure 9.21, it does not seem reasonable to as- 
sume we know cao any more accurately than the other measurements, 
so we include it as a parameter to be estimated. The model therefore 
contains three unknown parameters 


a =| k cao n] 


We can generate a reasonable initial parameter set by guessing values 
and solving the model until the model simulation is at least on the same 
scale as the measurements. We provide this as the starting point, and 
then solve the nonlinear optimization problem in Equation 9.33 using 
the least-squares objective as shown in Equation 9.32. We then com- 
pute the approximate confidence intervals using Equation 9.19 with 
Equation 9.39 for H. The solution to the optimization problem and the 
approximate confidence intervals are given in Equation 9.43. 


k 0:5 n 0.47 0.052 
o=} cao |=] 20 0=]| 1.89 |+| 0.18 (9.43) 
n 2.5 2.50 0.42 


The parameters that we used to generate the data in Figure 9.21 also 
are given in Equation 9.43. Notice the estimates are close to the correct 
values, and we have fairly tight approximate confidence intervals. 
Next we examine the quality of these approximate confidence inter- 
vals for this problem. Figure 9.22 shows the results of a Monte Carlo 
simulation study. In this study we generate 500 datasets by adding 
zero-mean measurement noise with variance g? = 0.01 to the model 
solution with the correct pararneters. For each of these 500 datasets, 
we solve the optimization problem to obtain the parameter estimates. 
We also produce a value for the Hessian for each dataset, and we use 
the mean of these for H. Finally we calculate what fraction of these 
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Figure 9.22: Monte Carlo evaluation of confidence intervals; the 
points indicate the actual number of estimates that fall 
within each c-level ellipse for 500 replicated datasets. 


500 estimates fall within each «-confidence region as defined by Equa- 
tion 9.19 as we vary «. This result is plotted as the points in Figure 9.22. 
Notice for all œ values, approximately the correct number of parame- 
ter estimates fall within the corresponding ellipse, which indicates the 
approximate confidence intervals given in Equation 9.19 are fairly reli- 
able for this problem. Be aware that this conclusion may not be true for 
other nonlinear problems, and should be checked. This computational 
check is fairly expensive; note that we had to solve 500 optimization 
problems to produce Figure 9.22, for example. But given the dramatic 
increase in computational speed, a few Monte Carlo simulations in the 
final stages of a modeling study are well justified. oO 


Differential equation models with multiple measurements. Most 
reactor models of interest contain balances for several species and 
therefore consist of several differential equations. To determine the pa- 
rameters in such models, usually the concentrations of several species 
are measured as well. To treat this case, we consider the general dif- 
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ferential equation model 


dx g 
gr S 8) (9,44) 
x(0) = g(x; 8) (9.45) 
y=h(x) (9.46) 


in which x is the vector of states that defines the reactor model, @ are 
the unknown model parameters, xo are the initial conditions, and y 
are the experimentally measurable quantities. 

In this case, we again define a scalar objective function that mea- 
sures our fit to the data. When we have different measured quantities, 
however, it often does not make sense to sum the squares of the resid- 
uals. The measured variables may differ in size from each other by or- 
ders of magnitude. The influence a measurement has on the objective 
also would be influenced by the arbitrary choice of the units of the mea- 
surement, which is obviously undesirable. The simplest way to address 
this issue is to employ weighted least squares. The reader should be 
aware that more general procedures are available for the multiple mea- 
surement case, including the maximum likelihood method [29, 30, 31]. 


For simplicity of presentation, we focus here on weighted least squares. ` 


In weighted least squares, we combine the different measurements 
by forming the weighted sum of the residuals. Let e; be the residual 
vector at the ith sample time 


~ h(x(ti; )) (9.47) 
The objective function is then 


(0) = Sel We; (9.48) 


in which W is a symmetric, positive-definite weighting matrix. Usually 
W is chosen to be a diagonal matrix. The elements on the diagonal 
are the weights assigned to each measurement type. To estimate the 
parameters we now solve 

min &(8) (9.49) 


subject to Equations 9.44-9.46. The sensitivities are now a time-varying 
matrix, 
Ox ;(ti; 8) 

oO, 





Six (Gi) = 
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We can compute the gradient as before 





b= -25 stoke We; (9.50) 
: i Ox; i 


and the Gauss-Newton approximation of the Hessian is 








H= 25w oat Si ae (9.51) 


in which S; = S(t;), x; = x(t;), and h; = h(x(t;)). 


Example 9.5: Fitting rate constants in hepatitis B virus model 


We illustrate using multiple measurements by revisiting the hepatitis 
B model introduced in Chapter 1 


eccDNA 


nucleotides rcDNA (9.52) 

nucleotides + rcDNA — cecDNA (9.53) 
amino acids “2^ envelope (9.54) 

eccDNA —~ degraded (9.55) 

envelope — secreted or degraded (9.56) 

rcDNA+ envelope — secreted virus (9.57) 


Find rate constants k,-kg from the cccDNA, rcDNA and envelope pro- 
tein measurements given in Figures 9.23-9.25. As before we assume the 
nucleotides and amino acids are in large excess, and cccDNA catalyzes 
Reactions 9.52 and 9.54. 


Solution 


The reaction rates and production rates for Reactions 9.52-9.57 are 
given by 


rh kica 

Y2 kz€8 Ra ro ~ Y4 

Ys ite Rg |=| r -r2-re (9.58) 
w ses Rc 13-15 — Y6 

E ksce 

Ye keceec 


in which A is cccDNA, B is rcDNA, and C is envelope. We write mass 
balances for these components to produce three differential equations. 
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Figure 9.23: Species cccDNA versus time for hepatitis B virus model; 
initial guess and estimated parameters fit to data. 
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Figure 9.24: Species rcDNA versus time for hepatitis B virus model; 
initial guess and estimated parameters fit to data. 
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Figure 9.25: Envelope versus time for hepatitis B virus model; intial 
guess and estimated parameters fit to data. 
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The initial condition for the experiment is 
T T 
[ Ca Ce Cc ] si 10 0 ] 


and is assumed to be known precisely., The data are generated by as- 
suming values for the rate constants and adding noise to the model 
solution. The measurement noise is assumed proportional to the size 
of the measured value. We choose a 7 


W = diag [1,10-*, 10-4] 


to reflect the relative sizes of the cccDNA, rcDNA and envelope species. 
This weight matrix gives each measurement roughly the same relative 
weight in the objective function. 

When estimating several rate constants that may range in values 
by several orders of magnitude, it often is useful to define the model 
parameters to be the logarithms of the rate constants. 


0; = logiolki) (9.59) 


This transformation often makes it easier for optimization software 
to find accurate solutions, and automatically enforces the natural con- 
straints that the rate constants are positive. The data in Figures 9.23- 
9.25 were generated using the following rate constants 


2.0 0.30 
0.025 -1.60 
1000 3.00 
ko = 0.25 =] O60 (9.60) 
2.0 0.30 
7.5 x 10° ~5.12 


We generated a random initial guess for the parameters and pro- 
duced the following optimal set of parameters and approximate confi- 
dence interval 


0.80 0.32 0.17 
“113 -1.50 1.85 
3.15 ž 3.50 | | 18.3 

Pn =) 9.77 =) _o49 |F] 191 (9.6) 
-0.16 0.85 18.3 
-5,46 -5.08 0.32 
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The dashed lines in Figures 9.23-9.25 show the solution of the model 
with the initial parameter values. As you can see, we are not giving 
the optimizer a very good initial guess. In spite of the poor initial 
guess, the optimizer is able to find a good solution. The model solution 
using the optimal parameter estimates is shown by the solid lines in 
the figures, Notice we have an excellent fit to the data. But notice also 
in Equation 9.61 that the confidence intervals are quite large, which 
means we have little confidence in the estimated parameters in spite of 
the good fit to the data. This outcome is not unusual when estimating 
many rate constants. 


We may be satisfied with fitting the data in this way, but we may 
wish to reduce the model so that the estimated parameters have tighter 
confidence intervals. We pursue model reduction next. The Hessian is 
a 6 x 6 matrix for this problem because we have six parameters. We 
cannot graphically represent the six-dimensional confidence hyperel- 
lipsoid as we did in Figure 9.6 in two dimensions; but we can do the 
next best thing, which is to examine the eigenvalues and eigenvectors. 
The eigenvalues are given in Equation 9.62 


1.0 x 108 0.03 0.00 
4.1 x 10& 0.03 
1.4 x 108 -0.03 


A= 2.4 x 105 Us = Bz Ve = a (9.62) 


-0.03 Ooo 


~0.11 —0.00 








The two smallest eigenvalues, As and Ag, are two orders of magnitude 
smaller than the largest four, which indicates we should remove about 
two degrees of freedom from the parameter estimation problem. The 
eigenvectors associated with these two eigenvalues, vs and ve, also are 
given in Equation 9.62. Notice that ve is aligned almost entirely in the 
(83, 05) coordinate directions; the other elements of this eigenvector 
are near zero, Similarly, vs is aligned almost entirely in the (82, 804) 
coordinate directions. These eigenvectors tell us that we can move 
the parameters a significant distance in the vs, vs directions without 
greatly changing the value of the least-squares objective. 


To demonstrate this fact, consider the model solutions shown in 
Figures 9.26-9.28. The solid lines correspond to the estimated param- 
eters in Equation 9.61, and the dashed lines correspond to the following 
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Figure 9.26: Species cccDNA versus time for hepatitis B virus model; 
estimated and perturbed parameter values. 


600 
500 
400 
300 
200 
100 


0 
0 20 40 60 80 100 


t (days) 


Figure 9.27: Species rcDNA versus time for hepatitis B virus model; 
estimated and perturbed parameter values. 
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Figure 9.28: Envelope versus time for hepatitis B virus model; esti- 
mated and perturbed parameter values. 
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parameters 
T 
ê = | 0.32 ~147 4.21 ~046 1.56 -5.08 ] (9.63) 


We added ve to é to obtain Equation 9.63. Notice that even though we 
have changed the parameters by a large amount, we have not changed 
the simulations much at all. In other words, because of the logarith- 
mic transformation, if we multiply parameters k3 and ks by the same 
constant, we do not change the fit to the data. Similarly, if we multiply 
parameters kz and k4 by some other constant, we do not change the fit 
to the data. We guess immediately that we should find the ratios of the 
rate constants k3/ks and k2/ka. 

We also can gain insight by examining the steady-state solution to 
the model. If we set the production rates given in Equation 9.58 to zero 
and solve for the steady-state concentrations we obtain? 


ky ~ k4 


Cas = la) [kekuk 
ke (kt) (4) 
k oky tka tk 
CBs = (3) Cas CCS = (=a a 2) cas 
Notice in Equation 9.60 that k3 > kı, k4, and, therefore, to an excellent 
approximation 
ki — k4 


ETON) 


We see again that the ratios of the rate constants k3/ks and k2/k4 ap- 
pear. Also the difference kı — k4 is the important parameter, not the 
individual values. We therefore choose the model parameters to be 


a 
 =logio{ ki-ka kz/ką kalks ke] (9.65) 


CBs = (2) CAs Ces = (2) CAs (9.64) 


and set kz and ky (or k3 and kų) to arbitrary values. Note they cannot 
be completely arbitrary because we require k3 > kj, ka for this analysis 
to be valid. If we then perform parameter estimation with the reduced 
set of four parameters we obtain the tight confidence intervals shown 
in Equation 9.66. 


0.24 0.26 0.14 
-1.00 a | -1.00 0.16 ; 
$o] 970 P=) 265 |*] 0.12 (3-66) 
-5.12 -5.06 0.07 


“Note the zero solution is also a steady state. 


i 
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We do not need to use the correct values of k3 and k4 to estimate ¢; 
even if we use values of k3 and k, that are off by an order of magnitude 
from the values used to generate the data, the estimate of @ is the 
same as in Equation 9.66. In fact, we must design a new experiment 
to determine the values k3 and k4 if they are of interest, because they 
cannot be found using data shown in Figures 9.23-9.25. Please note 
that these particular conclusions depend on the particular values of the 
rate constants we used to generate the data. If very different parameter 
values are chosen, the method of analysis can be used again but the 
model reduction may change. g 


The complexity of this model probably precludes us from guessing 
quickly and intuitively that parameter pair k3 and k4 (or k3 and kı) 
cannot be determined from the experimental data, and we should esti- 
mate certain ratios and differences of rate constants instead of the rate 
constants themselves. By estimating all parameters, and analyzing the 
eigenvalues and eigenvectors of the Hessian, we have a systematic ap- 
proach to develop such understanding fairly quickly when presented 
with a new problem of interest. 


9.3 An Industrial Case Study 


Reactor modeling in the industrial environment is a challenging task. 
When successful models are constructed, however, the payoff can be 
large, resulting in more efficient reactor operation, more consistent and 
higher quality product, and improved reactor designs. Given the dif- 
ficulty of the modeling challenge in the best industrial circumstances, 
the least we should expect is that the computational and numerical 
procedures being employed are efficient and reliable, and are not com- 
pounding the difficulty of extracting models from the available data. To 
conclude this chapter we examine a small prototypical case study that 
illustrates some of the challenges we can expect when we model data 
from industrial facilities. This study was conducted in collaboration 
with colleagues at Kodak and more details are available [26]. 


End-point problems. In many chemical reactions, two main reactants 
are combined to yield a primary desired product. A small quantity 
of one of the reactants often remains at the end of the reaction due 
to batch-to-batch variability in the purity and reactivity of the starting 
materials, and variability in the rate of side reactions. In some cases, an 
excess of one reactant at the final time does not present a problem and 
the opportunity for improvement with better control is proportional to 
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the quantity remaining, which is usually small. In these cases, an excess 
of one reactant is commonly added to ensure complete consumption 
of the other reactant. 


In some cases, however, a small amount of neither starting material 
is tolerable, These materials may be difficult (impossible for practical 
purposes) to separate from the products, and their presence even in 
small quantities may prevent further processing steps from occurring. 
The excess addition of one reactant could also result in undesired reac- 
tions, usually after the limiting reagent is exhausted. In these cases, the 
cost of having the unreacted materials present in some amount greater 
than a small threshold is the cost of the entire batch of chemicals. This 
general problem in which neither reagent can exist at the end of the 
reaction is called the “end-point control” problem. 


The reaction of interest is the dehalogenation of a dihalogenated 
starting material to form the divinyl product, which is used in pho- 
tographic film production. It is assumed that the halide groups are 
removed from the starting material in two consecutive reactions: 


A+B C+B-HX 
C+B-“ D+B-HX 


XH2CCH2RCH2CH2X 
Organic base 

H2C==CHRCH2CH2X 
H2C==CHRCH==CH2 


o o w YS 


The dihalogenated starting material (A) loses HX to the base (B) to form 
the mono-halogenated intermediate (C), which subsequently loses HX 
to the base to produce the desired final product (D). Over-addition of 
base causes polymerization and loss of the batch. 


Modeling. The reaction is carried out in a well-stirred semi-batch re- 
actor as shown in Figure 9.29. The reactor is initially charged with a 
weighed amount of component A and component B is added. The ma- 
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Figure 9.29: Semi-batch reactor addition of component B to starting 
material A. 


terial balances for the semi-batch reactor are 


AVR _ 
“ar 7 OF) 
V; 
Aan = -kı CACBVR 
Aleca) = (kıcacg — kzcccg) VR 
d(cpV; 
ater = k2cgVg S 


in which Q; is the volumetric flowrate of base and cg is the feed con- 
centration of B. The primary assumptions in this model are: isothermal 
operation, negligible volume change upon reaction or liquid chromato- 
graph (LC) sampling, perfect mixing, negligible side reactions such as 
polymerization of the C and D, and reaction with impurities and in- 
hibitors in the starting material. The initial conditions for the ODEs 
are: 


Vr (0) = Vro 
na(0) = Mao 
ng(O) = nc(0) = np(0) =0 


It is assumed that cgy and Vgo are known precisely, and therefore the 
unknown model parameters are given by @ = [ky kz mao]’. Although 
the initial A charged to the reactor is weighed, the parameter nao is 
chosen to be adjustable to account for the unknown level of impurities 
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Figure 9.30: Depiction of an LC curve for determining the concentra- 
tion of intermediate C and product D. 


and the neglected side reactions, Notice that making good decisions of 
this type depend on experience and judgment, and reflect more the art 
rather than the science of reactor modeling. 

The feed flowrate of base is measured by a mass flow meter. For 
composition analysis there is an on-line LC that draws a sample ev- 
ery 8 to 10 minutes and, after a 7-minute delay, reports the relative 
amounts of C and D. The unknown parameters, @, are estimated with 
the dynamic LC data. The LC-detector wavelength is set to detect the 
R-vinyl bond. Therefore only the C and D species show peaks in the 
LC output as depicted in Figure 9.30. The areas of the two peaks are 
related to the molar concentrations by 


ap = 2kiccp (9.68) 


ac = kece (9.69) 


in which ky is the proportionality constant for the LC. By calculating 
normalized areas this constant can be removed, 


ye E ECE Se 
y= ac+ap cc+2cp (9:70) 


This normalized C peak area, y, is used for the parameter estimation. 
The parameter estimation is performed by minimizing the following 
relative least-squares objective function, 


So ren gine 
Ps aera 0.709) 


in which 9; is the measured normalized C peak and y; is the model 
prediction at the ith sampling time. 
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Figure 9.31: Base addition rate and LC measurement versus time, 


Conventional manufacturing procedure. Normal operating proce- 
dure is to charge the reactor with some (only approximately known) 
amount of A, and add an initial amount of B that is sure not to over- 
shoot the end point. An example of a typical B addition profile is given 
in Figure 9.31. After the initial B is added, the LC is switched on and 
the operator waits until the readings stabilize. The operator then sees 
how much C is remaining, and — based on experience — adds more B. 
The objective is to add enough B to consume all but 3% of the A. Ideally 
the operator would like to consume all the A, but the target is set at 3% 
to allow a margin for error. The penalty for overshoot is so high that 
only conservative addition steps are generally ever taken. After mak- 
ing the addition, the LC readings are again allowed to stabilize, and the 
operator again checks to see how close he is to the target before mak- 
ing another addition. This cycle repeats until the operator is satisfied 
that he is close enough (between 2-4%) to the target. As can be seen in 
Figure 9.31, the operator required 7 additions and about 500 minutes 
after first turning on the LC before he had determined how much B was 
required to reach end point. 


Parameter estimation. if we perform parameter estimation with these 
data we achieve the model fit shown in Figure 9.32 The model predic- 
tions of all the concentrations are shown in Figures 9.33 and 9.34. Note 


LC measurement 


LC measurement 
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Figure 9.32: Comparison of data to model with optimal parameters. 


that the concentration of B provides the most information on the rate 
constants. Unfortunately this concentration is not measured. 

The optimal values of the parameters and their approximate 95% 
confidence intervals are given by 








Notice that the initial amount of A is determined to within 0.6%, but 
the rate constants have 200% uncertainty. That uncertainty is a direct 
result of the problem structure. The relative amounts of C and D pin 
down accurately the amount of starting material. The rate constants 
determine the speed at which we arrive at these values. After each base 
addition, we have only rough information about the reaction rates by 
observing the relative amounts of C and D. If we could measure the 
B concentration, we could achieve narrow confidence intervals for the 
rate constants as well. For the purposes of end-point control, however, 
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Figure 9.33: Concentrations of species A, C and D versus time. 
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Figure 9.34: Concentration of species B versus time. 


558 Parameter Estimation for Reactor Models 


the rate constants are irrelevant. We seek to know how much total 
base to add, not how quickly it will be consumed. In this application, 
we regard kı and kz as nuisance parameters. We must estimate them to 
determine the parameter we care about, but their values are not useful 
to us. 


Model reduction. The large parameter uncertainty tells us that the 
experimental data do not contain sufficient information to determine 
the rate constants. That diagnosis is essential because it motivates our 
next step: model reduction. 

Although it may not be immediately apparent, the difficulty we face 
is caused by the presence of large rate constants. We wish to make 
the equilibrium assumption as described in Chapter 5 to reduce the 
model. This analysis is clearest if we first rewrite the material balances 
in terms of extents of the two reactions as in Chapter 5 


AVR 
at 
an = yi = kycaceVR = kinane/Ve 
AER ry = keccenVa = koncns/Ve (9.72) 
The initial conditions for this model are 
Vr(0) = Vro 
g(0)=0 
€2(0) = 0 


We can easily translate from the two reaction extents to total moles of 
species via 


Na = Nag E (9.73) 
Ng = Ngada ~ (£1 + €2) (9.74) 
nc = Ei — E (9.75) 
Np = £2 (9.76) 
in which ‘ 
meaaalt) = | Qp(t Venyat! (9.77) 


From the two reaction-rate expressions in Equations 9.72, if we assume 
equilibrium is established with these irreversible reactions, either the 


3 
$ 
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concentration of B is zero or the concentrations of A and C are zero. 
Due to the reactor-addition policy, we know B is the limiting reagent, 
and conclude that under large kı, k2, the B concentration is zero. The 
material balance for B in Equation 9.76 then provides one algebraic 
equation for the two extents 


E1 + €2 = "Badd (9.78) 


The additional equation comes from examining the two extents’ differ- 
ential equations and noticing 





Ti- na) aa pak 


dt \"nc/ dt k (9.79) 


We see that the concentration of B disappears from this slow time-scale 
model and the ratio k = kı/k2 appears instead of the individual rate 
constants. If we wish to cast the reduced model in differential equation 
form, we can differentiate Equation 9.78 and substitute Equation 9.79. 
to eliminate £; to obtain 

dez  Qgfcef 

dt 1+kna/nc (9.80) 
Substituting Equation 9.76 for the moles of A and C, and using Equa- 
tion 9.78 again to eliminate ¢, produces a differential equation for the 
second extent 


dé 2 


-1 
Nao ~ Ngada + £2 
“at Qprcng (1 + nag = Manas + £2) (9.81) 


Ngada ~ 282 

Solving this reduced model for various values of k produces the results 
shown in Figure 9.35. If we perform parameter estimation with this 
model and these data we obtain the following results. 





+ 


2.35 + 0.0083 
2.00 + 0.29 


H 


NAO 
k = kı/k2 


(9.82) 


i+ 


H 





We have improved the situation compared to the uncertainty in the 
full model. But we still have more than 10% uncertainty in the ratio 
of rate constants k. These results may be adequate, but if we wish to 
further improve the confidence in k = k,/k2 and nao, we proceed by 
reexamining the experimental design. 
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Figure 9.35: Predictions of LC measurement for reduced model. 


Experimental design. We have removed the rate constants from the 
estimation problem by assuming their values are arbitrarily large and 
making the equilibrium assumption. But we still have a reasonably 
large uncertainty in the ratio of rate constants. Given what we know 
at this point, we can easily remedy this final, remaining problem. Con- 
sider again the results shown in Figure 9.35. We see that the ratio of the 
rate constants has its primary effect at early times. By the end of the 
semi-batch addition, there is little information left. For this reason, we 
have the relatively large uncertainty in k shown in Equation 9.82. But 
at early times, when significant amounts of A and C remain in the reac- 
tor, the data are much more informative. Although under the original 
reactor-addition policy, the operator had no reason to turn on the LC 
until later times, we see that these early measurements are actually the 
informative ones. We do not have industrial operating data with early 
LC measurements, but we can simulate the effect with our model. No- 
tice the advantage of modeling. We have the ability to query the model 
instead of performing expensive experiments to evaluate the impact of 
a proposed change. Consider Figure 9.36 in which we have simulated 
early LC measurements by solving the model with 


k = k,/ke = 2.0, FLAG = 2.35 


and adding measurement noise. Notice this noise is greater than the 





LC measurement 
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Figure 9.36: Fit of LC measurement versus time for reduced model; 
early time measurements have been added. 
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Figure 9.37: Parameter estimates and confidence intervals for re- 
duced model with redesigned experiment. 
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measurement noise shown in the actual operating data. We next per- 
form parameter estimation on the data shown in Figure 9.36 and obtain 
the following parameters and approximate confidence intervals 











Figure 9.37 shows the confidence-interval ellipses and boxes when 
using the original dataset and using the dataset augmented with early- 
time data. As summarized in Figure 9.37 the primary benefit in adding 
the early time data is a more precise estimate of k. The uncertainty in 
k is reduced by more than a factor of six when adding the early time LC 
measurements. The initial number of moles of A is relatively accurately 
determined by both datasets. 


improved reactor operation. Given these modeling results, we can 
‘shorten the batch time significantly. First we switch the LC on at time 
t = 0. Then as the LC measurements become available, we estimate 
the initial number of moles nao and monitor its confidence interval. 
As soon as the uncertainty in 1.49 reaches a sufficiently low threshold, 
we are confident how much B is required and can add the remainder in 
one shot. Testing this approach with many datasets at Kodak allowed 
us to conclude that by the time the first large addition was completed, 
we obtained sufficient confidence on nao that the rest of the B could 
be added immediately. Such a procedure reduces the batch time from 
about 900 minutes with the conventional approach to about half that 
time with the model-based operation. The new operation essentially 
doubles the production rate without constructing new reactor facilities, 
which is significant for this capacity-limited chemical. 


9.4 Summary 


In this chapter we first summarized some of the analytical methods 
and experimental reactors used to collect reactor data, focusing the 
discussion on: 


e infrared spectroscopy 
e gas chromatography 


+» mass spectrometry 
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We also discussed how to model differential reactors, which are con- 
venient reactors for measuring reaction rates as a function of species 
concentrations. 

Next we covered analysis of data. We used probability and random 
variables to model the irreproducible part of the experiment. For mod- 
els that are linear in the parameters, we can perform parameter estima- 
tion and construct exact confidence intervals analytically. For models 
that are nonlinear in the parameters, we compute parameter estimates 
and construct approximate confidence intervals using nonlinear opti- 
mization methods. 

We then covered the important topic of estimating parameters for 
differential-equation models. We employed computational methods 
for solving differential equations and sensitivities, and solving nonlin- 
ear optimization problems in order to tackle this challenging problem. 

The chapter concluded with an industrial case study. In this case 
study we illustrated the following steps: 


e Proposing an initial model given a rough idea of the reaction 
chemistry. 


e Estimating the parameters for the full model given composition 
measurements. 


e Reducing the model based on the parameter confidence intervals. 


e Designing new experiments based on the reduced model's confi- 
dence intervals. 


« Using the final model to find new operating policies to double the 
production rate. 


We hope the examples and methods in this chapter serve to inspire 
students and practicing engineers to build models as part of under- 
standing new processes and chemistries of interest. The modeling ex- 
perience often leads to deeper process understanding and produces a 
compact summary of current knowledge that is easily and efficiently 
communicated to other colleagues and team members. Process under- 
standing coupled with creativity often leads to process improvement 
and new discovery. 
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Notation 

A absorbance 

b path length for the absorbance measurement 

c concentration of absorbing species 

cj concentration of component j 

é;(ti) measured concentration of component j at sampling time t; 

Dp catalyst particle diameter 

Dr fixed-bed reactor tube diameter 

Hy; Hessian matrix, Hy; = 0°/00,00; 

L fixed-bed reactor tube length 

m mass velocity 

Na number of data points 

Np number of model parameters 

Ny molar flow of component j 

p(x) probability density function of random variable x 

Q volumetric flowrate 

Qr feed volumetric flowrate 

ia reaction rate of (single) reaction 

Yi reaction rate for ith reaction 

r reaction-rate vector 

Rj production rate for jth species 

R production-rate vector 

S open tube area for flow 

Sik sensitivity of state x; with respect to parameter 0; 

t; sampling time 

/R reactor volume 

x state vector 

y vector of measured responses 

€ molar absorptivity 

€B bed porosity 

8 parameter vector 

H fluid viscosity 

Vij stoichiometric number for the jth species in the ith reaction 

p transformed parameter vector 

cy objective function 
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9.5 


Exercises 


Exercise 9.1: Bringing it all back home 


Given the new tools in this chapter, return to the data displayed in Chapter 2, 
Figures 2.2 and 2.3. Reaction rates and production rates are related by 


Rev'r 


ord 


if we measure production rates and wish to estimate reaction rates, we can 
model the measurement process with 


R=vūr+e 


in which e is assumed to have a normal distribution. 


(a) 


b) 


{c) 


What is the formula for the 95% confidence interval on estimated reac- 
tion rates f? 


Place your 95% confidence interval on the set of points displayed in 
Figure 2.3. These points are available at ww. che .wisc.edu/~jbraw/ 
chemreacfun. Given the Octave code displayed in Chapter 2 that gener- 
ated Rmeas, what is the value of the measurement error variance. Of the 
500 estimated reaction rates, how many of the values fall outside your 
95% confidence interval ellipse? 


Notice that if you know (or have some means of estimating) the mea- 
surement error variance beforehand, you do not need the experimental 
measurements to know the confidence intervals. They are computable 
from the model before you do any experiments. 


Now assume the measured production rates are only the first column in 
Rmeas in Chapter 2. Compute the least-squares estimate and 95% con- 
fidence interval in which you assume you do not know the variance in 
the measurement error and must estimate it from these data also. How 
do your two ellipses compare? Do you obtain a reasonable idea of the 
parameter uncertainty when you only have one measurement of the six 
species production rates? 


Exercise 9.2: Batch-reactor parameter estimation 


A well-mixed, isothermal, constant-volume batch reactor is initially charged 
with reactant A and the following reaction takes place 


A — 2B 
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t (min) 0 4 B 12 16 20 24 28 32 36 40 f i (min) 00 40 80 120 16.0 200 240 28.0 320 36.0 40.0 
| eq (mol/L) | 0.83 6.68 0.59 6.51 0.43 0.38 0.33 0.30 0.26 0.24 0.21 














cA 0.836 0.696 0.591 0.507 0.440 0.384 0.339 6.301 0.268 6.241 0.217 
(mol/L) | 0.833 0.683 0.593 0.515 0.446 6.380 0.324 0.303 0.256 0.225 0.205 
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Figure 9.38: Batch reactor data for Exercise 9.2. 9 5 10 1 a 25 30 35 a0: 
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aes volume is 10L and the initial charge of Ais 8.3 mol. The concen- Figure 9.39: Batch-reactor data for Exercise 9.3; 3 runs with different 
tration of A versus time is measured and shown in Figure 9.38. You wish to measurement error variance. 
fit these data using the following kinetic rate-law expression, 
r=kcă 
{a) What is the solution to the model, ca (t), for this rate law? taking place in an isothermal, liquid-phase batch reactor. Measurements of ca 
versus time for different measurement accuracies are displayed in Figure 9.39. 
(b) Calculate from the data rough estimates of the parameters k and n. The following method is sometimes recommended for finding the rate con- 
What are their units? stant and order of this reaction. 
Hint: consider approximating the time derivative de,/dt by Ac,/At and | 1. Compute an approximation to the reaction rate by “differentiating” the 
compare those approximate values of the rate using the data to kc}. A i data E 
nonlinear transformation of the rate expression can make the estimation | n= Sali A l=1,. na- 1 
i [+1 7 bE 


problem linear. r ` x i 3 
in which ca is the measured concentration at sample time t; and 7, is 


the “measured” rate at this sample time. Notice the rate is not actually 


(c) Estimate the parameters by solving a least-squares problem. Plot the fit 
measured; the concentration is measured. 


of both models to the data and compare. Are the model fits comparable? 





2. Take the logarithm of the rate expression to obtain a model linear in the 


Exercise 9.3: The perils of differentiating data parameters 


Consider the nth-order, irreversible reaction log(r) = log(k) + nlog(ca) 


3. Use linear least squares with this model and the “measured” rate 7) ver- 


A- products, r= kel sus Ca) to find k and n. 
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Let's examine how well this method performs on the three datasets shown in 
Figure 9,39. 


Exercise 9.4: Fitting the RTD step response 


Consider the RTD test data given in Exercise 8.11. Use the least squares 
method of this chapter and find the best value of parameter p, given in Equa- 
tions 8.68, that fits these data. Solve the model with this value of p and show 
the fit to the data. Resolve Exercise 8.11 and predict the reactor yield and 
conversion. 


Exercise 9.5: The differential reactor and volume change 


Your colleague has an idea that, since not much conversion occurs in the differ- 
ential reactor, we should be able to assume the volumetric flowrate is constant 
to simplify the model. 

Consider the gas-phase reaction A — 2B using a pure A stream and com- 
ipare analyzing the data from a differential reactor in two ways. First, use 
Equation 9.4, which accounts for the changing volumetric flowrate. Second, 
‘neglect the change in volumetric flowrate, assume Q = Qp, and show that 


Qg (Cap ~ Ca) Pe Qg (Cap — Cz) 


re l VR 2 





Calculate the relative error e = (r —#)/r committed when neglecting the vol- 
umetric flowrate change in a differential reactor assuming you are measuring 
component A. Is this a large of small error? If it is a larger error, can you 
explain what went wrong with your colleague’s logic? 


Exercise 9.6: Analyzing experimental data 


The heterogeneously catalyzed reaction 
A“%B rake, 


was studied in a small, research-scale CSTR. The CSTR design eliminates ex- 
ternal mass-transfer limitations (Le., you may assume the bulk fluid concen- 
tration equals the surface concentration). The feed consisted of pure A. The 
reactor pressure was 1.0 atm and the temperature was 573 K. The residence 
time for the CSTR is 2.0 s. The following table presents effluent-concentration 
data for different catalyst sizes. The catalyst particles can be assumed spher- 
ical. The effective diffusivity of A in the pellet is Da = 0.0008 cm*/s. The 
pellet density equals the bed density, Pp = pz. 








i 
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Radius (cm) | ca (mol/om?) 
0.016 2.39 x 107° 
0.071 4.25 x 10° 
0.121 5.94 x 1078 
0.191 7.84 x 10-6 
0.246 9.04 x 10-8 











Determine the value of the rate constant at 573 K. 


Exercise 9.7: Oxygen adsorption, revisited 


Consider again the adsorption data in Exercise 5.12. The data are listed in 
Table 5.8 and plotted in Figure 5.25. The adsorption is dissociative 


ky 
O2 +2X = 20-X 
ky 
(a) Write out again the expression for the Langmuir isotherm to model the 
concentration of adsorbed oxygen in terms of the concentration of gas- 
phase oxygen. How many unknown parameters does your model con- 
tain? 


(b) Estimate these parameters using the nonlinear least-squares technique 
described in this chapter. 


(c) Consider again the transformation of the model into the linear form, i.e., 
consider 1/Zo as a function of 1/,/é6;. Estimate the parameters again 
using linear least squares. 


(d) Compare the parameter estimates obtained with these two approaches 
by plotting the fit to the original data. Why are the fits so different? 
Which technique do you recommend and why? 


Exercise 9.8: Replication and confidence 


Imagine you have performed an experiment and set up the least-squares prob- 
lem 
y=X0+e 


in which y contains the vector of measurements, X contains the matrix of 
independent variables, @ is the parameter vector, and e is the measurement 
error, assumed to have known variance o°. We developed the following for- 
mula for the parameter estimates and a-level confidence intervals 


@ = (XTX) xT y 
(0 - 8) X7X(8 — 8) < xX? (Mp, a) (9.83) 
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if you replicate this experiment n, times, the new data matrix is 


(a) Calculate X/X,. From Equation 9.83, how much smaller is the confi- 
dence interval ellipse after 2, 5 and 100 replicate experiments? 


(b) Does the confidence ellipse change shape as well as size upon replica- 
tion? Does your result agree with Figure 9.20? 


(c) If you want to reduce uncertainty by a factor of B, how many replicate ex- 
periments are required? Explain why straight replication is a potentially 
expensive way to reduce uncertainty. 


Exercise 9.9: Estimating a rate expression involving two reactants 
Consider the irreversible reaction 


A +B — products, r = kehe 


taking place in an isothermal, liquid-phase batch reactor, Measurements of c4 
cand cg versus time are displayed in Figure 9.40. We wish to determine from 
‘the data the rate constant and the order of the reaction with respect to both 
A and B. 


(a) Estimate rate parameters, k, n and m, and initial concentrations, co 
and cgo, from the data in Figure 9.40 without differentiating the con- 
centration data. The data are available at www. che .wisc. edu/~jbraw/ 
chemreacfun. Notice your confidence intervals for k, n and m are rather 
large. Why is this model poorly identified from these data? 


(b) Consider a second experiment shown in Figure 9.41, Estimate the pa- 
rameters using only the second experiment. Are your confidence inter- 
vals for k, n and m any better using the second experiment? 


(c) Estimate the parameters using both experiments simultaneously. Are 
your confidence intervals any better using both experiments compared 
to using either experiment alone? Explain why or why not. 


{d) Based on these results, to design experiments to determine the order of 
the rate expression with respect to two different species, how should 
you choose the initial conditions of the two species? 
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Figure 9.41: A second experiment for Exercise 9.9. 


Exercise 9.10: Living and dying with linear least squares 


Consider differentiating the data of Exercise 9.9 as described in Exercise 9.3. 
Notice differentiating the cą data and the cg data provide two independent 
estimates of the same reaction rate. You may wish to average these to obtain 
a good single estimate of the rate. Taking the logarithm of the rate expression 
again produces a model linear in the parameters 


log(r) = log(k) + nlog(ca) + mlog(cs) 


{a} To ensure that your method is coded correctly, consider first the “er- 
ror free” data depicted in Figures 9.42 and 9.43. Estimate k, n and m 
using linear least squares and three different datasets: only the data in 
Figure 9.42, only the data in Figure 9.43, and the data in both figures. 
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c (mol/L) 


¢-(mol/L) 


(b) 
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t (min) 





t (min) 


Figure 9.43: A second experiment for Exercise 9.10. 


Do you get similar estimates with all three datasets? Are the confidence 
intervals similar? Explain why or why not. 


Now apply the linear least-squares approach to the data in Figures 9.40 
and 9.41. Are your estimates and their uncertainties comparable to the 
result of Exercise 9.9? Which method of estimating parameters do you 
recommend and why? 
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A 


Computational Methods 





In this appendix we summarize many of the fundamental computa- 
tional procedures required in reactor analysis and design. We illustrate 
these procedures using the numerical computing language Octave [4, 5] 
or, equivalently, Matias. Octave is freely available for a variety of hard- 
ware platforms and can be down-loaded from www. octave. org. The 
Maras package is commercially available from The MathWorks, Inc., 
and is becoming a commonly available tool of industrial engineering 
practice. One is naturally free to use any numerical solution procedure 
that is convenient, but we have found that these two environments pro- 
vide reliable and high-quality numerical solutions, and convenient user 
interfaces. 

Many of the figures and tables in this text required numerical solu- 
tions of various types of chemical reactor problems. All computations 
required to produce every figure and table in this text were performed 
with Octave. The Octave files required to produce these figures and 
tables are freely available at these two websites: 


www. globaldialog.com/~nobhil1 
www. che.wisc.edu/~jbraw/chemreacfun 


A.l Linear Algebra and Least Squares 


In this section we briefly introduce Octave and Matias, and show how to 
enter reaction networks quickly and perform linear algebra operations 
of interest. 

After starting an Octave session, type help -i introduction at 
the Octave prompt or demo at the Matias prompt for information on 
how to enter matrices and perform matrix multiplication. Consider 
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again the water gas shift reaction chemistry, for example, 


H 

gr o i a aa 0 

«ll 1 -1 06 0 mo |=] ° 
2 

10-1) 0 -1 14166 0 
CO? 


Say we would like to find the number of linearly independent reactions, 
and then compute the species production rates from given reaction 
rates, [ri r2 r3] = [1 2 3]. A typical set of Octave or Matas commands 
to perform these operations would appear as follows 


octave:l> stoi=[0 1 0 -1 -1 1; -1 11-100; \ 
10-10-11); 
octave:2> rank(stoi) 
ans = 2 
octave:3> r=[1;2;3]; 
octave:4> R=estoi’*r 
R= 
1 
3 
-1 
=3 
-4 
4 


Às we explored in Chapters 2 and 9, from measured R, we can solve 
for r as a least-squares problem. Given the production rates and reac- 
tion rates are related by 

R=v'r (A.1) 


then the least-squares solution is given by 
r=(vv' vR 


in which the superscript -1 indicates a matrix inverse. The command 
in Octave and Matias for the least-squares solution is 
r= stoi’ \R 


which can be recalled with the mnemonic.of a “left division” of Equa- 
tion A. by y. 
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Figure A.1: Estimated reaction rates from 2000 production-rate mea- 
surements subject to measurement noise. 


Example A.1: Estimating reaction rates 


Consider the first and second water gas shift reaction as an indepen- 
dent set and let [r; 72] = [1 2]. Create 2000 production rate measure- 
ments by adding noise to R = vT r and estimate the reaction rates 
from these data. Plot the distribution of estimated reaction rates. 


Solution 
The Octave commands to generate these results are 


stoi=[0 1 0 -1 -1 1; -1 1 1 -1 0 0]; 

r=[1;2]; 

R=stoi’*r; 

npoints = 2000; 

for i=linpoints R_meas(:,i)=0.05*randn(6,1+R; endfor 
r_est=stoi’ \ R_meas; 


Figure A.1 shows the estimates. We know from Chapter 9 that the 
distribution of estimates is a multivariate normal. We also know how 
to calculate the a-level confidence intervals. ia 
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A.2 Nonlinear Algebraic Equations and Optimization 


Determining equilibria for reacting systems with multiple phases and 
reactions can require significant computational effort. As we saw in 
Chapter 3, the phase and reaction equilibrium conditions generally lead 
to mathematical problems of two types: solving nonlinear algebraic 
equations and minimizing a nonlinear function subject to constraints. 
We explore computing solutions to these types of problems in Octave or 
Matias. In this section it is assumed that the required thermochemical 
data are available, but finding or measuring these data is often another 
significant challenge in computing equilibria for systems of industrial 
interest. See also Section 3.2.1 for a brief discussion of thermochemical 
databases. 


A.2.1 Defining Functions (function) 


Octave and Matias provide many convenient built-in functions. Some 
that we have used in this text include the matrix exponential, expm; 
incomplete gamma function, gammai; pseudo-random number genera- 
tors, rand and randm; and several others. Type help -i and select 
the menu item Function Index for a complete list of Octave’s built-in 
functions. 

But often we need to define our own functions. To solve algebraic 
equations or optimization problems, for example, the user needs to 
provide a function that can be called by the solver to evaluate the non- 
linear equations or the objective function. To define a function in Oc- 
tave, f(x) = x? for example, the command structure is 


function y = f(x) 
y = X*X; 

endfunction 
The first line states that the value of the variable y is returned by in- 
voking the function named f with the input value x. The body of the 
function, then, is the calculation of the value of y to be returned. As 
the computational complexity of the function increases, we would like 
to store our work so that it does not need to be re-entered at the be- 
ginning of each subsequent Octave session. Storing, documenting and 
maintaining the calculations performed in solving complex industrial 
problems is one of the significant challenges facing practicing chemical 
engineers. Even for our purposes, we should be able to store and edit 
our computational problems. Octave commands and function defini- 
tions can be stored in text files, called m-files; the naming convention 
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is filename.m. Editing these files with a text editor during an inter- 
active Octave session provides a convenient means for debugging new 
calculations. 


A.2.2 Solving Nonlinear Algebraic Equations (fsolve) 


We consider again the problem in Example 3.5. The equilibrium condi- 
tion requires the solution of two equations in two unknowns, 


PRiviye — yp, = 0 
PKoy1¥e — yp, = 0 


in which 7, vg, YP, Yp, are defined in terms of the two reaction extents 
in Equations 3.74. An Octave function defining these two equations is 


function residual = dgdx(x) 

Ki = 108; K2 = 284; P = 2.5; 

yIO = 0.5; yBO = 0.5; yP10 = 0; yP20 = 0; 
d =1- x(1) - x(2); 


yI = (yI0 - x1) - x(2)) / d; 
yB = (yBO - x(1) - x(2)) / d; 
yP1 = (yP10 + x(1)) / d; 


yP2 = (yP20 + x(2)) / d; 
residual(1) = P*K1*yI*yB - yP1; 
residual(2) = P*K2*yI*yB - yP2; 
endfunction 


Notice that x is a vector containing the two reaction extents provided to 
the function named dgdx when it is invoked, and residual is a vector 
containing the values of the two equilibrium conditions to be returned 
by the function. We seek values of x such that residual is zero. With 
this function defined, we can use the built-in nonlinear equation solver 
to find its solution, by entering 


[x info] = fsolveC"dgdx", x0) 


The fsolve function requires the name of the function, inside quotes, 
and an initial guess for the unknown extents, provided in the variable 
x0, and returns the solution in x and a flag info indicating if the cal- 
culation was successful. It is highly recommended to examine these 
information flags after all calculations. Reactor equilibrium problems 
can be numerically challenging, and even the best software can run into 
problems. After the function dgdx is defined, the following is a typical 
session to compute the solution given in Example 3.5 
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octave:I> x0=[0.2;0.2]; 
octave:2> [x, info] = fsolve("dgdx",x0) 
x = 
0.13317 
0.35087 
info = 1 


The value of info = 1 indicates that the solution has converged. 


A.2.3 Solving Nonlinear Optimization Problems (npso1) 


The other main approach to finding the reaction equilibrium is to min- 
imize the appropriate energy function, in this case the Gibbs energy. 
This optimization-based formulation of the problem, as shown in Ex- 
ample 3.3, can be more informative than the algebraic approach dis- 
cussed above. In Chapter 3, we derived the following Gibbs energy 
function for an ideal-gas mixture 


Ce Senge + (1+ Sse) mp 
i i 
i Yjo + Di Vij & 
+ x Yjo+ > vyg; In “TES Me, (A.2) 
i i one 


The minimization of this function of £; then determines the two equi- 
librium extents. Figure A.2 shows the lines of constant Gibbs energy 
determined by Equation A.2 as a function of the two reaction extents. 
We see immediately that the minimum is unique. Notice that G is not 
defined for all reaction extents, and the following constraints are re- 
quired to ensure nonnegative concentrations 


Ose, OS e ef te < 05 


We proceed to translate this version of the equilibrium condition 
into a computational procedure. First we define a function that evalu- 
ates G given the two reaction extents. 


function retval=gibbs(x) 


Ki = 108; K2 = 284; P = 2.5; 

yIO = 0.5; yBO = 0.5; yP10 = 0; yP20 = 0; 
d =1-x0 - x2); 

yI = (yI0 - x(1) - xQ) / d; 


4 


yB = (yBO - x0) ~- x(2)) / d; 
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Figure A.2: Gibbs energy contours for the pentane reactions as a 
function of the two reaction extents. 


yPL = (yP10 + x(1)) / d; 

yP2 = (yP20 + x(2)}) / d; 

retval = - (x(1)*log(K1)+x(2)*log(K2)) + \ 
(1-x(1)-x(2))*1og(P) + yI*d*log(yI) + \ 
yB*d*log(yB) + yP1l*d*log(yP1) + yP2*d*log(yP2); 

endfunction 


it 


To solve the optimization we use the Octave function npsol [6] or 
Matias function constr. 


[x, obj, info]=npsol(x0,"gibbs",1b,ub,alb,a,aub) 


in which x0 is the initial guess as before and the new variables are used 
to define the constraints (if any). The variable 1b provides lower bounds 
for the extents and ub provides upper bounds for the extents. These 
are required to prevent the optimizer from “guessing” reaction extent 
values for which the Gibbs energy function is not defined. For exam- 
ple, consider what the gibbs function returns given negative reaction 
extents. Finally, we specify the sum of extents is less than 0.5 with the 
last three arguments, which define linear inequality constraints other 
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than simple bounds, 


ap < At’ < Aub 


For our problem, £; + £3 <0.5,soA=[1 1 Jand ay, = 0.5. We can 
set Aip = 0 because both extents are already specified to be positive. 
Therefore, a typical session to solve for equilibrium composition by 
minimizing Gibbs energy is 


octave:l> a=[1 1]; alb=0.001; aub=0.499; 
octave:2> 1lb=(0.001;0.001]; ub=[0.499;0.499]; 
octave:3> x0=[0.2;0.2]; 
octave:4> [x,obj,info]=npsol(x0,"gibbs",1b,ub,alb,a,aub) 
xX w 
0.13317 
0.35087 
obj = -2.5593 
info = 0 


In this case, the value of info = O indicates that the solution has con- 
verged, and the results are in good agreement with those computed 
using the algebraic approach, and the Gibbs energy contours depicted 
in Figure A.2. 

‘Optimization is a powerful tool for solving many types of engineer- 
ing modeling and design problems. We also rely heavily on optimiza- 
tion tools in Chapter 9 on parameter estimation. 


A.3 Differential Equations (1sode) 


The real workhorse for simulating chemical reactors is the ordinary 
differential equation (ODE) solver. A high-quality ODE solver is an in- 
dispensable tool of the reactor designer because chemical reactions can 
take place at widely different rates and time scales, presenting difficult 
numerical challenges. Type 


help -i differential equations 


for an overview of Octave’s ODE solver, 1sode [7]. Type help ode23s 
for an overview of Mattas’s ODE solvers. We recommend always using 
the so-called “stiff” solvers for chemical reactor modeling. The time 
scales for different reactions may be widely separated, leading to stiff 
ODEs. 


iiniu lainaan aeoaea ar 
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The ODEs required to describe transient-batch, CSTR, and steady- 
state PFR reactors are of the form 


ax _ 
at = f(x) 
x(0) = xo 


in which x(t) is a vector of species concentrations to be found, t is 
time in the batch reactor and CSTR, but volume or length'in the steady- 
state PFR, and f is the function defining the material balances for the 
species. If the differential equations are nonlinear (f is not a linear 
function) and one must keep track of several species simultaneously, 
then analytical solution is not possible and a numerical procedure is 
required. 

The first task is to formulate a function which defines f. If we ex- 
amine the benzene pyrolysis example, Example 4.5, a suitable function 
is 


function xdot = benzene_pyrol_rhs (ext, volume) 
global k1 K1 k2 K2 R T P NBF 
NB = NBf - 2*ext(1) - ext(2); 


ND = ext(1) - ext(2); 
NH = ext(1) + ext(2); 
NT = ext(2); 


Q = NBF*R*T/P; 

cB = NB/Q; cD = ND/Q; cT = NT/Q; cH = NH/Q; 
xdot(1) = k1*(cB*cB - cD*cH/K1); 

xdot(2) = k2*(cB*cD - cT*cH/K2); 

endfunction 


in which the meanings of the symbol names should be apparent from 
the example. 

We then need to specify at which t values, volumes in this case, 
the solution should be reported, the initial condition (in this case, feed 
condition), xo, and call the ODE solver. A typical Octave session would 
be 


NBf = 6063; R = 0.08205; T = 1033; P = 1; 
kl = 7e5; k2 = 4e5; K1 = 0.31; K2 = 0.48; 
x0=[0;0]; 

vout = linspace(0,1600,50)'; 

x = Isode("benzene_pyrol_rhs”, x0, vout); 
conv = Ç 2*x(:,1) + x€:,2) ) /NBF; 

yB = ( NBF - 2*x(:,4) - x€:,2) ) /NBF; 
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yO = (x¢:,D - x€:,2) ) /NBf; 
yt = ( x(:,2) ) /NBF; 
yH = ( x€:,1) + x€:,2) ) /NBf; 


in which the function Tinspace computes 50 linearly spaced points 
between 0 and 1600 L. Finally, any quantities such as conversions or 
yields, which are computable from x, are calculated for plotting. The 
results of this calculation are shown in Figures 4.20 and 4.21. 


A.3.1  Differential-Algebraic Equations (dass) 


Some reactor models require a more general structure than the ODE, 
dx/dt = f (x,t). The nonconstant density, nonconstant volume semi- 
batch and CSTR reactors in Chapter 4 are more conveniently expressed 
as differential-algebraic equations (DAEs). To address these models, 
consider the more general form of implicit ODEs 


0 = f(dx/at,x,t) 


Both DAEs and ODEs can be considered special cases of this structure. 
Brenan et al. [1] provide further reading on existence and uniqueness 
of solutions to these models, which are considerably more complex 
issues than in the case of simple ODEs. Initial conditions are required 
for dx/dt as well as x in this model, 


Fit) = ko x(t) = Xo, att=0 


Petzold has provided a numerical package, dass1, to compute solutions 
to implicit differential, and differential-algebraic equations. The main 
difference between using dass1 and |sode is the form of the user- 
supplied function defining the model. A second difference is that the 
user must supply Xo as well as xo. The reader can consult the software 
for Example 8.1 at www. che.wisc.edu/~jbraw/chemreacfun to see 
the details of how to use dass}. 


A.3.2 Automatic Stopping Times (ddasrt) 


We often need to stop ODE solvers when certain conditions are met. 
Two examples are when we have reached a certain conversion, and 
when we have created a new phase and need to change the ODEs govern- 
ing the system. The program ddasrt enables us to stop when specified 
conditions are met exactly. The following code illustrates how to find 


snnnitinantaannennuionsnndinannat 
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the PER volume at which 50% conversion of benzene is achieved. The 
user provides one new function, stop, which the ODE solver checks 
while marching forward until the function reaches the value zero. The 
PER volume is found to be Ve = 403.25 L, in good agreement with Fig- 
ure 4.20. 


function val = stop(ext, volume) 
global NBf xBstop 


NB = NBF - 2*ext(1) - ext(2); c 
xB = 1 - NB/NBT; 
val = xBstop - xB; 

endfunction 


octave:l> x0 = [0;0]; xdot0 = [0;0]; 

octave:2> vout = linspace(0,1600,50)"; xBstop = 0.5; 

octave:3> [x, xdot, vstop] = ddasrt("benzene_pyrol_rhs", \ 
"stop", x0, xdot0, vout); 

octave:4> vstop(length(vstop)) 

ans = 403.25 


A.A Parametric Sensitivities of Differential Equations 
(ddasac) 


As discussed in Chapter 9, it is often valuable to know not just the so- 
lution to a set of ODEs, but how the solution changes with the model 
parameters. Consider the following vector of ODEs with model param- 
eters @. 


dx f 
at * F(x; @) (A.3) 
x(0) = g(x; 4) (A.4) 


The sensitivities, S, are defined as the change in the solution with re- 
spect to the model parameters 


Ox; 
Siz = | (A.5) 
ij (3 Oe; 
Ox 
=F A.6 
307 (A.6) 


We can differentiate the S;; to obtain 


dSy a | Oxi | | 8 Axi _ 8 py, 
ES aap dr oan (4.7) 


dt at 
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Using the chain rule to perform the final differentiation gives 


s£) afi (z) (34) 
peL = + (A.8) 
(34 Oraj 2 Cae 06; Ope 06; X1Okej 


Substituting this back into Equation A.8 and writing the sum as a matrix 
multiply yields 





ds 
a = fxS + fo (A.9) 


in which the subscript denotes differentiation with respect to that vari- 
able. Notice the sensitivity differential equation is linear in the un- 
known S. The initial conditions for this matrix differential equation is 
easily derived from the definition of $ 


(p) = Oxi) _ Ogi 
5:(0) = “3g, = 30, 
ds 
at =fxS+ fo 
S(O) = go 

Notice that if none of the initial conditions are parameters for which 
one is computing sensitivities, then $(0) = 0. 
Example A.2: Two simple sensitivity calculations 


Consider the differential equation describing a first-order, isothermal, 
irreversible reaction in a constant-volume batch reactor 


ca(O) = Cao {A.10) 
1. First write out the solution to the differential equation. 


2. Next consider the rate constant to be the parameter in the prob- 
lem, Ø = k. Take the partial derivative of the solution directly to 
produce the sensitivity to this parameter, S = dc4/dk. 


3. Next write the differential equation describing dS/dt. What is 
(0)? Solve this differential equation and compare to your previ- 
ous result. Plot ca (t), S(t) versus t. 


4, Repeat steps 2 and 3 using the initial concentration as the param- 
eter in the problem, @ = Cao. 
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Solution 
1. Equation A.10 is our standard, first-order linear equation, whose 


solution is 
CA = cage ™! 


2. Taking the partial derivative of ca (t) with respect to @ = k pro- 
duces directly 
Sı = -tcaoe™t _ (ALD 


Evaluating the various partial derivatives gives 
fk=-k  fo=-ca go=0 
so the sensitivity differential equation is 


as. 
re =—kS,-Ca 


5 (0) = 0 


This equation is linear and can be solved with the method used in 
the series reactions in Chapter 4, or with Laplace transforms as 
in Exercise 4.6. The result is 


Sı (t) = ~tkeaoe ** (A.12) 


which agrees with Equation A.11. The functions ca(t),5i(t) are 
shown in Figure A.3. 


3. Taking the partial derivative of ca(t) with respect to 0 = Cao pro- 
duces directly 
S2(t) = e*t (A.13) 


Evaluating the various partial derivatives for this parameter choice 
gives 

fe=-k fe=0 go=l 
so the sensitivity differential equation is 


dS2_ ie 
at 7KS 


S2(0) = 1 
This equation is our standard, first-order linear equation whose 


solution is 
S2(t) =e 
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Figure A.3: Solution to first-order differential equation dc,/dt = 
-kca, and sensitivities Sy = dc4/0k and Sz = dc,4/dca0- 


which agrees with Equation A.13. This sensitivity also is plotted 
in Figure A.3. Notice that only when the initial condition is the 
parameter is the sensitivity initially nonzero. 


o 


Stewart and Caracotsios produced the code ddasac to perform sen- 
sitivity calculations conveniently [3, 2]. The following Octave com- 
mands show how to use ddasac to solve Example A.2. 


function xdot = firstorder(t, x, theta) 
global ca0 k 


ca = x(1); 

k = theta(1); 

xdot = ~k*ca; 
endfunction 


x0 = ca0; theta = [k, ca0]; sx0 = [0, 1]; 
[x, xdot, sx, sxdot] = \ 

ddasac("firstorder”, x0, theta, sx0, tout); 
ca = X; 





| 
| 
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Figure A.4: Function c(r) and its values at five collocation points. 
Derivatives and integrals of the polynomial interpolant 
are linear combinations of the function values at the 
points. 


dcadk 
dcadcad 


H 


nth(sx, 1); 
nth(sx, 2); 


A.5 Boundary-Value Problems and Collocation (col loc) 


In the collocation method, we approximate a function by passing a poly- 
nomial through values of the function at selected points. The selected 
points are known as collocation points. The locations of the colloca- 
tion points have a large impact on how well the method works. Evenly 
spaced points, which seems a natural first choice, turns out to have 
mediocre properties. Choosing the points as zeros of a member ofa 
family of orthogonal polynomials turns out to have much better prop- 
erties. This choice is referred to as orthogonal collocation. 

Figure A.4 shows values of a function c(r) at five collocation points. 
The function is approximated by passing a polynomial through these 
points. To solve differential equations and boundary-value problems 
(BVP), we first compute the required derivatives of the polynomial ap- 
proximation. Then we then find the values of the function such that 
the differential equation is satisfied at the collocation points.. If we 
increase the number of collocation points, ne, we require the differen- 
tial equation to be satisfied at more locations, and we obtain a more 
accurate solution. 

The derivatives and integrals of the polynomial interpolant can be 


590 Computational Methods 


computed as linear combinations of the values at the collocation points 





dc S 
E = Aue; 
dr |r, 2 uy 
dc as 
Gr | = Bucs 
dri, f 

i i=l 





1 Ne 
Í fiede = X Qjf (c) 
o jal 
To obtain the locations of the collocation points and derivatives and 
integral weighting matrices and vectors, we use the function colloc, 
based on the methods described by Villadsen and Michelsen [8]. 


[R A B Q] = colloc(npts-2, “left", “right"); 


The strings "left" and "right" specify that we would like to have col- 
location points at the endpoints of the interval in addition to the zeros 
of the orthogonal polynomial. We solve for the concentration profile 
for the reaction-diffusion problem in a catalyst pellet to illustrate the 
collocation method. 


Example A.3: Single-pellet profile 


Consider the isothermal, first-order reaction-diffusion problem in a 


spherical pellet i 
l d [päe ria 
zg (r T) -o c=0 (A.14) 
c=], r=3 
dc 


ar S r=0 


The effectiveness factor is given by 
_ ide 
ae 2 dr r=3 
(c) Compute the concentration profile for a first-order reaction in a 
spherical pellet. Solve the problem for @ = 10. 


(d) Plot the concentration profile for ne = 5, 10, 30 and 50. How many 
collocation points are required to reach accuracy in the concen- 
tration profile for this value of ®. 





| 
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Figure A.5: Dimensionless concentration versus dimensionless ra- 
dial position for different numbers of collocation points. 


(e) How many collocation points are required to achieve a relative 
error in the effectiveness factor of less than 1075? 


Solution 
First we perform the differentiation in Equation A.14 to obtain 


ae 2de 

E p+ Le - O26 = 

dr? *rdr *°=° 
We define the following Octave function to evaluate this equation at the 
interior collocation points. At the two collocation endpoints, we satisfy 
the boundary conditions dc/dr = 0 atr = Oandc = 1atr = 3. The 
function is therefore 


function retval = pellet(c) 
global Phi A Aint Bint Rint n 
npts = length(c); 
cint = c(2:npts-1); 
retval(1) = ACL, :}*c; 
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Figure A.6: Relative error in the effectiveness factor versus number 
of collocation points. 


retval(2:inpts-1) = Bint*c .+ 2*Aint*c./Rint .- \ 
PhiA2*cint; 
retval(npts) = 1 - c(npts); 
endfunction 


Figure A.5 shows the concentration profiles for different numbers of 
collocation points. We require about ne = 30 to obtain a converged 
concentration profile. Figure A.6 shows the relative error in the ef- 
fectiveness factor versus number of collocation points. If one is only 
interested in the pellet reaction rate, about 16 collocation points are 
required to achieve a relative error of less than TOS: o 


Example A.4: A simple fixed-bed reactor problem 


Here we set up the collocation approach of this section for the single, 
second-order reaction 


A— B or=ke (A.15) 





As Boundary-Vaiue Problems and COHOCcatIOn {C01 10C} oS 


Solve the model exactly and compare the numerical solution to the so- 
lution obtained with the approximate Thiele modulus and effectiveness 
factor approaches shown in Figure 7.26. 


Solution 


The model for the fluid and particle phases can be written from Equa- 
tions 7.84-7.97 


cke 
By A ae 


dea 2 da Ra o 


dr: +7 dr "Da 





ČA =CA r=R 

AČA 

dr 

The collocation method produces algebraic equations for the pellet pro- 

file as for the previous example. We use a DAE solver to integrate the 
differential equation for Na and these coupled algebraic equations. 

The results for N4 versus reactor length using 25 collocation points 

for the pellet are shown in Figure A.7. Also shown are the simplified 

effectiveness factor calculations for this problem from Example 7.5. A 

magnified view is shown in Figure A.8. Notice the effectiveness factor 

approach gives a good approximation for the bed performance. It is 

not exact because the reaction is second order. g 


=0 r=0 


Na (mol/s) 


Na (mol/s) 
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A.G Exercises 


Exercise A.1: Water gas shift reaction and production rates 
Consider the water gas shift reactions 


H20 + CO = CO2+ Hz 
HO+ H= H2+0H 
OH+ CO = COz:+ H some! 





n= 3 [ 1 1 

-3 mi ae 
anh3® 3% Take the second and third reactions as an independent set and estimate the 

reaction rates from the same 2000 production-rate measurements used in Ex- 


ample A.1. 


(a) What value of [rz 73] produces the error-free production rate corre- 
sponding to [71 72] = [1 2] 





0 50 100 150 200 
250 300 350 400 (b) Create 2000 production-rate data points with measurement noise as in 


Vr (L) Example A.1. 
Figure A.7: Molar flow of A versus reactor volume for second-order, (c) Estimate [rz 73] from these data and plot the result. Compare to Fig- 
isothermal reaction in a fixed-bed reactor; two approxi- ure A.1. Explain the differences and similarities in the two figures. 





mations and exact solution. 
Exercise A.2: Semi-batch polymerization reactor 


Consider again Example 4.3, in which monomer is converted to polymer in a 
semi-batch reactor. 
(a) Solve the problem with ddasrt and compute the time tı at which the 
reactor fills. Compare your answer with the result tı = 11.2 min given 
in Chapter 4. 


(b) Calculate the solution for both addition policies and compare your nu- 
merical result to the analytical result in Figures 4.15-4.18. 


Exercise A.3; Sensitivity for second-order kinetics 


Repeat the analysis in Example A.2 for the differential equation describing 
a second-order, isothermal, irreversible reaction in a constant-volume batch 








reactor 
dea _ Ke? 
300 320 340 360 380 400 m i 
wO ca(O) = Cao 


Note: instead of solving the sensitivity differential equation, show only that 


Figure A.8: Magnified view of Figure A.7. the sensitivity computed by taking the partial derivative of the solution to the 


ovina asamp: et 
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Figure A.9: Dimensionless concentration versus radius for the non- 
isothermal spherical pellet: lower (A), unstable middle 
(B), and upper (C) steady states. 


differential equation, c4(t), satisfies the sensitivity differential equation and 
initial condition. 


Exercise A.4: Multiple solutions to the Weisz-Hicks problem 


Using orthogonal collocation, compute the solution c(r) to the Weisz-Hicks 
problem, Equations 7.74-7.76, for the following parameter values: B = 0.6, y = 
30, & = 0.001. Compare your result to the calculation presented in Figure A.9. 


Exercise A.5: Weisz-Hicks problem, increasing £ 


Using orthogonal collocation, re-solve the Weisz-Hicks problem for the follow- 
ing parameter values: $ = 0.7, y = 30, ® = 0.001. Use initial guesses for the 
cir) profile based on the results in Figure A.9. 


(a) How many solutions are you able to find? Given the results in Fig- 
ure 7.19, how many solutions do you expect. Explain and justify your 
answer. 


(b) Compare and contrast your c(1) solutions to those in Figure A.9. 


A.6 Exercises at 


Exercise A.6: Comparing shooting and collocation 
Solve the isothermal, first-order reaction-diffusion problem with an ODE solver, 


an algebraic equation solver, and the shooting method. 


ld dc 2 2 nt 
Be Bae oo ee =0 
r4 dr (r =) es la 


¿=i r=qtli 
dc y arts 
qO r=0 


(a) Solve the problem with the shooting method for the first-order reaction 
in a spherical geometry, n = 1, q = 2, using ® = 0.1, 1,10, 50. 


(b) Compare c(r) from the shooting method with the analytical solution. 


(c) Solve the problem using the collocation method. Which method do you 
prefer and why? 


Exercise A.7: Transient solution of the dispersed PFR 


Revisit the transient PFR example of Chapter 8, Example 8.1. Solve the problem 
for a range of dispersion numbers. Can you get a CSTR-like solution for large 
values of the dispersion number? Can you get a PFR-like solution for small 
values of the dispersion number? Do you have numerical accuracy problems 
at either of these limits? 
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